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PREFACE TO THE FIRST EDITION 


The entire field of Plane Surveying having been dealt with in the first 
volume, the subject-matter of this volume covers the remainder of a 
degree course, and includes Field Astronomy, Geodetic Surveying and 
Levelling, Topographical and Reconnaissance Surveying, and Mapping. 

As in Volume I, an endeavour has been made to meet the requirements 
of private students and practising surveyors, particularly with regard to 
the subject of Field Astronomy. In this branch of surveying it is essential 
that the student should acquire a sound grasp of the fundamental 
conceptions before proceeding to a consideration of the actual observa- 
tions. The author has emphasised this necessity by devoting Chapter I 
entirely to explanations regarding the quantities dealt with in astronomical 
determinations. It is hoped that the arrangement of this chapter and the 
inclusion of typical worked examples on the use of the Nautical Almanac 
will facilitate an understanding of the fundamental principles of astro- 
nomical measurements. 

Chapter II deals with the instruments and practice of Field Astronomy 
as applied to the determination of Time, Azimuth, Latitude and Longi- 
tude. For each determination the primary method is described as well 
as the less refined observations by ordinary field instruments. 

Chapter III covers the field work of Geodetic Surveying. The catenary 
method of base measurement by invar wires or tapes, having superseded 
all others, is treated at length, but a few typical base bars have been 
described as a matter of interest. 

The subjects of Theory of Errors, Survey Adjustment and Geodetic 
Computations are dealt with in Chapter IV. In a general textbook, 
considerations of space preclude detailed treatment of these subjects, 
but it is thought that the matter given will prove amply sufficient for 
the needs of the majority of readers. . 

Chapter V deals with Geodetic Levelling, including Precise Spirit and 
Trigonometrical Levelling. ^ r ~ . 

Topographical, Geographical ^nd .Reconnaissance Surveys., are treated 
in Chapter VI. Several of the .survey methods haver alreadyvbeen given 
in detail in Volume I, and these are referred to only to the extent of 
indicating special features applicable to small scale work. The subjects 
of Barometric Levelling and Photographic Surveying, including Stereo- 
Photographic and Aerial Surveying, are given at greater length. 

Chapter VII deals with Map Construction, and includes a resumd of the 
principal map projections employed. 

Sets of illustrative numerical examples and answers are given, and lists 
of references on the various subjects treated are inserted after the appro- 
priate chapters. As in the case of Volume I, no attempt has been made 
to prepare exhaustive bibliographies, but the author has selected text- 
books and papers which are commonly accessible and many of which 


m 


PREFACE 


he has himself found useful. He would take this opportunity of expressing 
his indebtedness to various official publications, particularly those of 
the Survey of India and the United States Coast and Geodetic Survey. 

This volume is illustrated by 114 diagrams, which are original with 
the exception of Figs, 23, 25, 31 and 70 by Messrs. Bausch and Lomb, 
88 by Messrs. C. F. Casella and Co., 29 by M. A. Jobin, 26 by Messrs. 
C. H. Steward, 22 by Messrs. Troughton and Simms, 45, 57 and 58 by 
Messrs. E. R. Watts and Son, and 72, 96, 97 and 99 by Messrs. Carl Zeiss. 
The author gratefully acknowledges the kindness of those firms in placing 
their illustrations at his disposal, and would also express his thanks to 
Messrs. The Cambridge and Paul Scientific Instrument Co. for information 
relative to their invar precise staff. 

D. C. 


PREFACE TO THE SECOND EDITION 

In revising Chapters I and II, we have merely followed closely the 
author’s original text, introducing modifications that were rendered 
necessary by the recent changes in the mode of reckoning astronomical 
time and in the NauUcal Almanac , and revising the paragraphs on the 
prismatic astrolabe, wireless signals and the determination of longitude, 
as well as the examples. In addition a number of minor alterations 
have been made, but there has been no attempt to make a general revision, 
as our desire was to retain the features of Prof. Clark’s presentation. 

L. J. Comrie 
J. E. E. Craster 

1934, March , 



PREFACE TO THE THIRD EDITION 


In view of the progress that has been made in geodetic methods and 
instruments since the last edition of this book was published, it seemed 
to be impossible to carry out the task of preparing a new edition satis- 
factorily unless a number of additions, now included in this volume, 
were made. Consequently, while I have tried to avoid altering the 
original character of the book in any way, or to depart from the original 
text more than was really necessary, I have found it necessary to make 
certain additions which I hope will add to the general usefulness of the 
book, both to the practical man and to the student. 

Among other additions may be mentioned short descriptions of some 
modern light-weight geodetic theodolites and of other field apparatus ; a 
description of modern precise traversing which I believe is more com- 
prehensive than any that can be found in other text-books of the same 
kind ; fairly detailed discussions of the rectangular spherical and Trans- 
verse Mercator systems of co-ordinates ; lapse-rate formulae for the 
graduation of aneroid barometers, etc. 

As the 45° prismatic astrolabe has come much into favour with British 
surveyors during recent years, the paragraphs in Chapter II which deal 
with the prismatic astrolabe have again been revised in order to provide 
a fuller description of the 45° model and of the method of using it, and 
the original illustrations of the 60° prismatic astrolabe of Claude and 
Driencourt (Figs. 29 and 30 in the last edition) have been omitted to 
make room for illustrations of the later type of instrument. 

The original Chapter IV on Survey Adjustment and Geodetic Computa- 
tion has been extended to form two separate chapters, one on adjustment 
and the other on computation, and the matter on both subjects has 
been considerably expanded. In the original edition, Clark included a 
discussion on survey adjustment, which, although admirable in its way 
and sufficient to enable the student to apply the principles of the method 
of least squares to very simple problems, was not sufficient to enable him 
to apply them to the more complicated requirements of practice, nor did 
he make any mention of the exceedingly useful checks that are available 
during most stages of a least square adjustment. In this edition, the 
mathematical theory of least squares has been excluded, as it was in the 
original, but I hope that the matter now added will enable a student to 
apply the method with confidence to most practical problems. 

In the chapters on Field Astronomy and Geodetic Computation I have 
added a number of proofs of various formulae which were not given in the 
original editions as I think these will make the book more complete and 
add to its general usefulness. At the same time, owing to limitations of 
space, a proof of every formula is not given and only those which are 
reasonably simple and which help to illustrate basic principles have been 
included. Nearly all of these proofs are printed in small type so that 
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they can be omitted on a first reading or by those who are not interested 
in the mathematical theory. The book, as it stands, of course, makes no 
pretence at being a treatise on mathematical geodesy, and some rather 
difficult proofs, such as that of Colonel A. R. Clarke’s formulae for latitude 
and longitude from the length and azimuth of long lines, have been 
omitted on account of their length or mathematical difficulty. 

During the last twenty years or so Transverse Mercator co-ordinates 
have come into very extensive use for official surveys in different parts 
of the world. These surveys provide fixed points on the ground whose 
positions are accurately determined, and, in addition to letting them 
serve as a useful “ yard-stick ” by which to test the accuracy of his own 
work, the ordinary private surveyor may often save himself a considerable 
amount of unnecessary work both in the office and in the field if he makes 
proper use of these points. Accordingly, I have thought it advisable to 
include a fairly complete description of the Transverse Mercator system, 
especially as it is important that those who have to use it should know 
something of its limitations and of the principles on which it is based. 
The rectangular spherical system of co-ordinates has also been fairly 
extensively used both at home and abroad, but the modern tendency 
is to replace it by the Transverse Mercator. In spite of this, the theory 
of the rectangular spherical system illustrates important basic principles, 
and leads up very naturally to the slightly more difficult theory of the 
Transverse Mercator ; consequently it too has been described at some 
length. A third system of co-ordinates — the conical orthomorphic — is 
also used in various places, and, accordingly, the principal formulae 
relating to it have been stated but no attempt has been made to prove 
them. 

In most text-books that deal with the subject, the theory of these 
three main systems of linear geodetic co-ordinates is considered as part 
of the subject of map projections. In modern practice they tend to be 
definite co-ordinate systems, rather than ordinary map projections, and 
accordingly it seems best to treat and consider them as such, and as part 
of ordinary geodesy, so that the detailed description of them is included 
in Chapter V rather than in Chapter VIII. 

I regret that it has not been possible to spare more space for the impor- 
tant subject of air survey. However, this tends to be a highly specialised 
subject in itself, which is developing very rapidly, and some good text- 
books, describing the most recent practice, are now available. 

Dr. L. J. Comrie, who originally wrote Appendix I, on Mechanical 
Computing, for the second edition, has revised this section, with par- 
ticular reference to the current vogue of using twin calculating machines 
for rectangular co-ordinate survey. 

I owe special thanks to Captain G. T. McCaw, C.M.G., O.B.E., M.A., 
for much advice and assistance, and particularly for looking over certain 
parts of the text and for sending me notes on points that appeared to 
require correction, qualification or amendment. Other acknowledgments 
are due to Colonel Sir Gerald Lenox-Conyngham, M.A., F.R.S., for 
various suggestions and for sending me notes of some errors that he 
had found in the third edition of Vol. I and which are now included 
in the list given on page xvi ; to Mr. E. J. H. Dale, of Capetown, for 



PREFACE 


ix 


pointing out a rather serious and misleading error in the formation of the 
normal equations from weighted observation equations which appears 
in two examples in the previous editions and which is corrected in this 
one ; to the Controller, H.M. Stationery Office, for permission to use 
information published in VoL II of the Admiralty List of Radio Signals ; 
to Captain S. C. Saward, Director of Surveys, Gold Coast, for permission 
to include the table given on page 161 for sag correction of a tape used 
on a slope which is taken from the Gold Coast Survey publication Tables 
for Use in the Department ; to the Director of the United States Coast 
and Geodetic Survey for permission to use the illustrations from U.S.C. 
G.S. publications that appear in these pages as Figs. 87, 88, 89, 90 and 
91 ; and to Messrs. Cooke, Troughton & Simms, Messrs. E. R. Watts and 
Son, and Messrs. H. Wild & Co. for the provision of information or photo- 
graphs relating to instruments of their manufacture, for permission to 
include illustrations of these instruments in this book, and in some cases 
for the loan of the blocks. The description of the adjustment of the 
transit instrument given on page 47 and the greater part of the 
description of the adjustment of the zenith telescope given on page 49 
have been taken direct from the original author’s companion volume, 
Field Astronomy . 

J. Clendinning. 

Angmering-on-Sea, Sussex. 

March 19 th> 1943. 
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AMENDED REFERENCES IN VOL. I, THIRD EDITION 

The references in the third edition of Vol. I are to the second edition of 
Yol. II. The publication of a new edition of the latter necessitates 
corrections to some of these references and the following list gives those 
required . These corrections have been made in the fourth edition of Vol. I 
which is now published. As the new edition of Vol. I only differs from 
the third by some additional matter which has been added as Appendices or 
Notes at the end . so that the page numbering in the main body of the booh is 
unaltered , all the references to Vol. I in this , the third edition of Vol. II 
apply to both the third and fourth editions of Vol. I. 
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CORRIGENDA TO VOL. I, THIRD EDITION 

The following errors in the third edition of Vol. I have been noted since 
publication , but have been corrected in the fourth edition now published : — 

Page 167. 8th line from bottom. Second term on right. In the expres- 
sion for 8 , for \ . sin 3 8 read ^ sin 3 8. 

„ 235. 7th line from top. For r b = r a \/ n 2 + p 2 read r h = r a \/ n + p 2 . 

, , 235 . 11th line from top . For r b ==r a "\/ n 2 + 2 p 2 read r h = r a \/ n-\- 2p 2 . 

„ 236. 26th line from top. Change — sign before SZ X into +. 

„ 236. 27th line from, top. For second minus sign at beginning of 
line substitute the symbol [ 

„ 236. 28th line from top. At end of line delete the minus sign and 
substitute the symbol ] 

„ 236. 30th line from top. For x = l t cos oc x read x x = l x cos a a . 

„ 256. 5th line from bottom. For “ Mackeleyne’s ” read “ Maske- 
leyne’s.” 

,, 261. 16th line from bottom. For 9° read 90°. 

275. 20th line from top. For Sy = 31 . cos a + l . 8a . sin V cos a 
read Sy = 81 . sin a -f- l . 8a . sin 1" cos a. 

„ 484 and subsequent pages. For “ anabatic ” substitute “ anallactic 5 ’ 
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SURVEYING FOR ENGINEERS 
HIGHER SURVEYING 
CHAPTER I 

FIELD ASTRONOMY-INTRODUCTORY 

Survey methods in general are directed to obtaining only the relative 
positions of points, but when their absolute positions on the earth’s 
surface are required, recourse must be had to astronomical determina- 
tions. The branch of mathematical astronomy with which the surveyor 
has to deal relates to the determination of time, true meridian, latitude 
and longitude. Apart from their applications in pure geodesy, observa- 
tions for these quantities are required for the following purposes. 

(1) In the execution of the framework of a large survey it is necessary 
to obtain the true bearing of at least one of the lines and the latitude and 
longitude of at least one of the stations, so that the survey may be located 
as representing a portion of the surface of the earth. 

(2) The direction of the true meridian may be determined in order to 
provide a reference meridian for traverse bearings. Its superiority over 
the magnetic meridian, by virtue of its permanence, is particularly evident 
if survey lines have to be retraced at a later date. On other than small 
surveys, reference to true meridian is essential because of the facility 
afforded of checking the angular work at intervals by astronomical 
observations. 

(3) Rapid surveys of an exploratory character are sometimes entirely 
controlled either by means of the latitudes and longitudes of a few points 
at wide intervals or by the latitudes of points and the directions, or 
azimuths, of the lines joining them. 

(4) The field work of establishing interstate boundaries, involving the 
setting out of a considerable length of a meridian, a parallel of latitude, 
or an oblique line, is dependent upon astronomical determinations. 

The Celestial Sphere. The celestial bodies with which the surveyor is 
concerned are the so-called fixed stars and the sun, the moon and planets 
being of minor importance. 

On viewing the stars, one sees a number of bodies of very varied 
distance from the earth, but all of which are so remote that straight lines 
from a star to different points on the earth, or even to different points on 
the earth’s orbit round the sun, may for all practical purposes be con- 
sidered parallel. In other words, the orbit of the earth may be treated 
as a point in comparison. 

Since the surveyor has to deal only with the angular positions of the 
stars, and not with their linear distances from the earth, it is very 
convenient to consider them studded upon the surface of an imaginary 
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sphere, called the celestial sphere, at the centre of which the observer is 
stationed. This conception is quite legitimate, since the relative angular 
positions of the stars as they are seen from the earth would remain 
unchanged if they were projected along the straight lines joining them 
to the observer until they were situated on the spherical surface. The 
radius of the celestial sphere is to be imagined indefinitely great, so that 
the diameter of the earth’s orbit may be regarded relatively as a point. 

On watching the stars for some time, it is seen that, although they 
maintain the same situations with respect to each other, their positions 
relative to the horizon are continually changing, some stars apparently 
moving more than others in a given time. Indeed, the observed motion 
resembles that which might be expected if the stars were actually fixed 
upon a sphere rotating from east to west. This motion is an apparent 
one, and is due to the real daily rotation of the earth from west to east 
about the axis joining its north and south poles. The apparent rotation 

of the celestial sphere is, therefore, equal 
in rate and opposite in direction to that 
of the earth, and is about the axis of 
the earth produced. The points in 
which the prolongation of the earth’s 
axis meets the celestial sphere are called 
respectively the north and south celestial 
poles. About those points the stars 
appear to travel along concentric cir- 
cular paths with perfectly uniform 
angular velocity. 

It will be found convenient to dis- 
regard the fact that the diurnal motion 
Fig. i. of the celestial sphere is only apparent 

and to assume that it is real, and 
that the earth’s rotation is annulled. 

Geometrical Properties ol the Sphere. Many of the quantities involved 
in astronomical determinations are parts of the celestial sphere, and the 
surveyor should have some knowledge of spherical geometry and trigono- 
metry. The more important definitions relating to parts of the sphere 
are here collected for convenience of reference. 

(1) A great circle of a sphere is the circle in which it is intersected by 
any plane passing through the centre. The diameters of all great circles 
are also diameters of the sphere. The circles EAQ, PCAP', and EBDQ 
(Eig. 1) are great circles. 

A small circle is the circle in which the sphere is intersected by any 
plane not passing through the centre. Thus BCD is a small circle. 

(2) The axis of any circle of a sphere is that diameter of the sphere 
which is perpendicular to the plane of the circle, the ends of the axis 
being called the poles of the circle. Thus P and P' are the poles of the 
great circle EAQ and also of the small circle BCD, if the planes of those 
two circles are parallel. 

In the case of great circles, the poles are equidistant from the plane of 
the circle, but are not so with regard to small circles, the nearer being 
referred to as the pole. " 
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Great circles passing through the poles of a great or small circle are 
termed secondaries to that circle. Thus the great circle PCAP' is a 
secondary to both EAQ and ROD. 

(3) The distance between two points on the surface of a sphere is 
measured by : 

(a) The arc of the great circle on which both points lie, or 

(b) The angle which this arc subtends at the centre of the sphere. 

Thus the distance between the points A and C may be expressed either 

as the arc AC, since PCAP' is a great circle, or as the angle AOC. 

The distance between a point on the spherical surface and a great or 
small circle is the distance from the given point to the point of intersection 
of the circle by that one of its secondaries which passes through the given 
point. The arc AC, or the angle COA, therefore expresses the distance 
of C from the circle EAQ, since PCAP' is the secondary to that circle 
which passes through C. 

(4) The angle between two great 
circles is measured by : 

(a) The spherical angle at either of 
their points of intersection. Thus in 
Fig. 2, the angle between the great 
circles PAP' and PA'P' is the spherical 
angle APA'. 

(b) The angle between the planes in 
which they lie, as angle AO A'. 

( c ) The plane angle between the 
tangents to the circles at either inter- 
section, as angle TPT'. 

(d) The arc intercepted by them on 
the great circle to which they are both 
secondaries, as arc AA' of the great circle EAA'Q. 

(e) The distance between their poles. Thus the angle between the 
great circles EAA'Q and HR is the distance between their poles P and Z, 
namely the arc PZ of the great circle PAP' or angle POZ. 

(5) A spherical triangle is a figure on the surface of the sphere bounded 
by three arcs of great circles. Thus if the points Z and S are joined by 
an arc of a great circle, PZS is a spherical triangle. Since an arc of a 
great circle is proportional to the angle at the centre of the sphere 
subtended by it, the sides of a spherical triangle are measured in terms 
of the central angles which they subtend. The angles of the triangle are 
the angles between the great circles which form the sides. Certain 
relationships then exist among the sides and angles of a spherical triangle 
and the investigation of these relationships forms part of the subject of 
spherical trigonometry. 

In general, as in plane trigonometry, the formulae of spherical trigono- 
metry are deduced in a form that is not always suitable for computation, 
although it may be much the more convenient form for ordinary mathe- 
matical investigation or manipulation, or for deducing special formulae 
in work, such as spherical astronomy, where a solution depends on the 
use of spherical trigonometry. Consequently, where necessary, we shall 
first of all give the formula that is most useful in mathematical work 
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and then the one that is most useful for computation by logarithms. 
Sometimes, however, the one used for computing is also suitable for 
mathematical work, and vice versa . 

(6) If three of the six parts of a spherical triangle are known, the 
methods of spherical trigonometry enable the triangle to be solved. 

Let A, B and 0 denote the angles of a spherical triangle, and a , b and c 
the sides opposite these angles, i.e. the angles at the centre of the sphere 
subtended by the sides. Let s = \{a + 6 + c). 

The General Triangle . (1) Given two angles and the side opposite one 
of them, as A, B and a , 

The side b is derived from : — 


sin b — 


sin a sin B 
sin A 


(i) 


C is obtained as in case (6) following and then c by substituting c and G 
for b and B in (i). 

As in plane trigonometry, b is ambiguous in this case, since there are 
two possible values for it, corresponding to the calculated value of one 
being the supplement of the other. The fact that the greater angle subtends 
the greater side removes the ambiguity in certain cases, and in practice 
it is usually possible to select the correct value for the unknown angle. 

This formula is suitable either for purely mathematical work or for 
computing. 

(2) Given two sides and the contained angle, as 6, c, A, 

cos a = cos b cos c + sin b sin c cos A . . . . (ii) 

B and G can be obtained from case (6). 

Formulae (i) and (ii) are the fundamental formulae of spherical 
trigonometry, as all the others can be derived from them. 

For logarithmic work a may be computed from 

cos a = K cos (<f> — b) (iii) 

, , , sine cos A rr cos c , 

where tan <f> = , K = If a is a small angle, or if the 

1 nna /* nnc A 0 7 


complete solution of the triangle is required, compute B and G from 

x i / r > , ™ cos lib — c) A 

tan i (B + G ) = f k— - • cot ^ .... 

cos |(6 + c) 2 


tan (B 


sin \ (6 
sin \ (6 


c) A 
~c) COt ~2 


whence \{B + C) and %(B — G), and B = \(B + C) + f (.£ — G) and 
C = |(R + G) — \(B — C). Then find a from case (1) or, when a is 
very small, from one of the tangent formulae in cases (3) and (5). 

(3) Given the three angles. A, B and C, 

cos A + cos B cos G 

COS a = r -k y - T -A, (vi) 

sm B sm G v 1 


This formula is derived from (ii) by substituting the supplements of 
the sides and angles in the original triangle to form a new triangle (the 
“ polar triangle ”) in which these supplements become the corresponding 
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angles and sides, i.e. a' = (180° — A), A ' = (180° - a }, t/ = (180° 

B f = (180° — 6), c' = (180° — * C), C' = (180° — c). By using the polar 
triangle, all formulas in spherical trigonometry give rise to analagous 
formulae in which the sides of the triangle become the angles of the polar 
triangle, and vice versa . 

For computing purposes use : — 


/: 


sm 


or cos * 


V 

/ cos (8 


cos S cos (8 — A) 


sin B sin G 


• B) cos (8 - C) 


sin B sin C 


or tan 


i -Vs 


cos S cos (8 — - A) 


(vii) 


(viii) 


(ix) 


cos (8 — B) cos (S — C) m 

where 8 = l(A + B + C). Similarly, for h and c. Of these three 
expressions, (ix) is to be preferred for computing purposes. 

(4) Given the three sides a, b and c. 

For mathematical work the most suitable formula will generally be : — 

cos a — cos b cos c 


cos A — . , . 

sm b sm c 

with similar expressions for cos B and cos C. 
For computing use : 


sm 


A __ ^/sin (s 


b) sin (s — c) 


sin b sin c 


A 

or cos ^ 


or tan 


A __ /sin ( ) 
2 ““ V si 


sin s sin (5 — a) 


sin b sin c 


— b) sin (5 — c) 


sin sin (<$ — a) 

where s — l(a + 6 + c), with similar expressions for B and G, 

(5) Given two angles and the side between them, as A, B and c, 

cos c cos A + sin A cot B 


cot b 


sm c 


when a and C can be found from cases (1) and (6). 

For computing use : — 

, , . , yx cos i (A — B) , - 

tan i(a + 6) = ^ ZT ^- ) tonic 


tan | (a 

; # ' 

whence i(a + b) and \(a 


6 ) = 


sin \{A — B) 


tan \c 


(xi) 

(xii) 
(xiii) 

(xiv) 

(xv) 

(xvi) 


sin % (A + B) 

6), and thence a = \(a + b) + — b) ; 

b = + b) — \{a — b). C can then be found from case (6). 

(6) Given two sides and the angle opposite one of them, as a, b and A. 

sin A sin b 
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- sin i> (A -f- B) , , / ... x 

tan 4 c = - — T — -p~ tan \(a — b) (xvm) 

2 sm \(A — B) 2 7 v / 

after which G can be found by substituting G and c for B and b in (xvii). 
For computing use the same formulae or 

tan ^ == cS|STl cot|(J+jB) • • • • {xix) 

, cos i (-4 -f- B) - . L . . 

tan i c = cos f (JTT ~jf) tan i + 6 ) • • • • (**) 

As in case (1) there may be an ambiguity about B and c as computed 
from (xvii) and (xviii), but, as before, it is usually not difficult to decide 
which value to adopt. 

(7) The following two formulae are sometimes useful in mathematical 
work : — 

sin a cos B = sin c cos b — cos c sin b cos A . . . (xxi) 

sin ^4 cos b = sin 0 cos i3 + cos <7 sin I? cos a . . . (xxii) 

Similar formulae, involving c and G on the left-hand side, are, of course, 
obtained by making the appropriate substitutions. 

(8) In every spherical triangle the sum of the three angles is greater 
than 180® and less than 540°. The amount by which this sum exceeds 
180° is called the spherical excess and is denoted by E or e. Then 


E = (A + B + 0) - 180° ..... (xxiii) 

tan 2 \E = tan tan | (s — a) tan f(s — b) tan l(s — c) . . . . (xxiv) 


In geodetic work the spherical triangles on the earth’s surface are 
comparatively small and the spherical excess seldom exceeds more than 
a few seconds of arc in numerical value. In this case the spherical excess 
(in seconds of arc) is usually computed from the approximate formula : — 

e = bfL r < xxv > 

where R is the radius of the earth and A is the area of triangle expressed 
in the same linear units as R (see page 252). 

The Right-angled Triangle. If one of the angles of the spherical triangle 
is a right angle, the formulae are considerably simplified. Since only two 
parts, other than the right angle, need be known for solution of the 
triangle, the following formulae meet all cases. 

Let G be the right angle. 

sin a = sin A sin c = cot B tan b 
sin 6 = sin B sin c = cot A tan a 
cos c = cos a cos b = cot A cot B 
cos A ~ cos a sin B = tan b cot c* 
cos B = cos b sin A = tan a cot c 

Some Useful Series 

The following series, here tabulated for reference purposes only, are 
often useful in astronomical and geodetic work. 
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(I) Binomial Expansion, 

(x + a) n = x n + nx n ~ 2 a + ^-x n ^ 2 a 2 +^- — — ^■x n ~ 2 a z + . 


x n ~ r a T +. 


21 * 3! 

n(n — l)(n — 2) . . . . (n — r + i) 4 

rl 

(2) Taylor’s Theorem for a single variable (with remainder term), 

h 3 


/(* + h ) = /(*) + ¥'(*) + !;/"(*) + *,/"'(*) + 


3!' 


fon 

+ nff n(x) 1 (n+ 1)1 


f n+1 (a) where a; < a < (a; + A).' 


(3) Maclaurin’s Theorem (with remainder). 

1"2 /y*3 

/(*) =/(°) + ¥'(0) + 2J /"(0) +-| /'"(0) + 


vtt+1 


0*7$ o«i 

+ »! ^(°) + (¥+ 1 )! 


-/"(a) where 0<a<# 


(4) Exponential Series. 
e : 


rt»2 ^v> 3 /v4 /y* 5 

1 +* + 2!+3l+l+l] + 


a* = 1 + a; log e a + 
e = 2-7182818285 


(# l°ge J 1 ) 2 + (g loge &) 


2? 


3! 


+ 


[a; 2 < oo ] 
[x 2 < co ] 


(5) Logarithmic Series. 


log e (1 + x) ■ = a? 


y.2 


r 3 


+ 7 — t + 


l0ge (1 —«)=—* - 
l0g,(» + 1) = l0g 0 * + 2 £ 2 ^; 


a; 4 
' 4 




(2x + 1) " r 3(2xH-l) s + 5(2% + l) s 
log 10 N = log e Y . log 10 e where log 10 e = 0*4342944819 
log e N = log 10 Y . log e 10 where log e I0 = 2*3025850930 

(6) Trigonometric Series. The following series hold when 6 is expressed 
in circular measure : — 

sin 0=6 
cos 6=1 


+ 


] [*> 0 ] 


cot 6 


6 3 

Q 5 

6 7 

. ' . [B 2 < 00 ] 

3! 

+ 51- 

7! + • • • * V * • • 

6 2 

0 4 

6* 

. . [ 0 * < 00 ] 

2! 

+ 4! ' 

6! + 

6 3 

, 20 5 

170 7 , 626° 

r „ 7rn 

3 

+ 15 

+ 315 1 2835 + * * ’ 

N 

V 

i 

e 

e s 

20 5 B 1 

1 — i 

A 

lJS 

3 

~ IB " 

~ 945 4725 +;•••* 
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sec. 0 = 1 -f- 


+ 24 + 720 


cosec 6 


sin -1 6 ■■ 


1 , 0 , 76> 3 31 e 5 

6 + 6 + 360 + 15120 + 

„ i e 3 i x 3 d 5 , i x 3 x 5 d 7 


8 + 2'"3 2 x' 4 '5 


2 X 4 X 6' 7 


[-<?] 

, [0 2 < '3T 2 ] 


.[ 0 2 < 1 ] 


— sin- 1 0 


e z e 5 

tan" 1 0 == 0 — — + — ■ 
o o 

tm- l e = Z-l + A= 


_L + i_ 

50 s t 7 ^ 


[ 0 2 < 1 ] 
[ 8 2 > 1 ] 


cot" 1 0 


sec" 1 0 : 


tan" 1 0 


11 1 x 31 1 x 3 x 51 

2 ‘ 30 s 2 X 4 * 50 5 2 X 4 X 6 * 7 0 7 


+.[^>i] 


cosec" 1 0 


sec" 1 0. 


(7) Reversion of Series . — If a quantity y can be expressed as a series in 
ascending powers of another quantity x , in which each succeeding term 
in the series is numerically less than the term that precedes it, it is 
often required to express a; as a converging series in ascending powers 
of y. This may be done by the use of the following formulae : — 

If y = ax + bx 2 + cx 3 + dx i + ex 5 + 

where ex 5 < dx* < cx 3 < bx 2 < ax. Then 

. _ l . ( 2Z> 2 - ac.) (5b* - 5a6e + a*d) 

X ~a a* y + a 5 y a 7 y 

(146 4 — 21a6 2 c + 6a 2 bd + 3a 2 c 2 — ea z ) _ 

+ 5> '»■- 

If y = a# + fe 3 + cx* + dx 7 -j- ea? -j- 

wliere ex 9 < dx 7 < cx 5 < bx 3 < aa. Then 

_ y by 3 , (36 2 — ac) s (126 3 — 8a6c + « 2 d) , 

a; __ _ _ + — ?/ -io r 


55ab*c + 10 a*bd 


DEFINITIONS OF ASTRONOMICAL TERMS 

The quantities dealt with in field astronomy may be classified as 
relating to : (1) the earth, the celestial sphere, and the observer ; (2) the 
position of a celestial body ; (3) the classification of stars ; (4) the sun ; 
(5) corrections ; (6) time. 
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The Earth, the Celestial Sphere, and the Observer (Fig, 3) 

■The Terrestrial Equator, EjAjQj, is the great circle of the earth, the 
plane of which is at right angles to the axis of rotation. The north and 
south terrestrial poles, P x and P x ', are its geometrical poles, and are 
consequently equidistant from it. 

The Celestial Equator, EAQ, is the great circle of the celestial sphere 
in which it is intersected by the plane of the terrestrial equator. It is 
therefore midway between the celestial poles P and P'. 

The Horizon, (a) The Sensible Horizon is a plane passing through the 
observer at right angles to the direction of gravity at the place of observa- 
tion. It is the plane in which the line of sight of a level telescope lies. 
(b) The True , national or Geocentric Horizon is a parallel plane through 
the centre of the earth. 

The distance between these planes being negligible in comparison 
with the radius of the celestial sphere, they are to be regarded as coincident) 
and intersecting the celestial sphere in a great circle called the Celestial 
Horizon, or simply the Horizon. In 
Fig. 3, HR represents the horizon of 
the place X. In the case of the rela- 
tively near bodies forming the solar 
system, the radius of the earth subtends 
an appreciable angle at the celestial 
body, and results of observations from 
the sensible horizon must be corrected 
to the values they would have if taken 
at the centre of the earth from the true 
horizon (see Parallax, page 19). 

The Zenith and Nadir are the poles of 
the celestial horizon, the zenith Z being 
the point overhead in which the direc- 
tion of a plumb line at the observer 
would meet the celestial sphere, the nadir N being the corresponding 
point vertically below him. 

Terrestrial Meridians are lines of intersection of the surface of the earth 
by planes passing through its axis, as P 1 A 1 P 1 '. If the earth were perfectly 
spherical, they would be great circles through the poles and secondaries 
to the equator. 

Celestial Meridians are corresponding great circles of the celestial 
sphere passing through the celestial poles. The celestial meridian of 
a place or an observer, referred to at the place as the meridian, is 
that great circle which passes through the poles and the zenith and, 
necessarily, through the nadir also. It is therefore a secondary of 
the celestial horizon as well as of the equator, and cuts both the 
horizon and the equator at right angles. PZP' is the meridian of the 
observer X. 

Vertical Circles are great circles of the celestial sphere through the 
zenith and nadir. They are all secondaries to the celestial horizon. The 
observer’s meridian is one such circle. 

The Prime Vertical is that particular vertical circle which is at right 
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angles to the meridian, and which therefore passes through the east and 
west points of the horizon. 

The Latitude (<f>) of a place is the angle between the direction of a plumb 
line at the place and the plane of the equator. It is marked + or — (or 
N. or S.) according as the place is north or south of the equator. It will 
be seen from the definitions of the zenith and the celestial equator that 
latitude may also be defined as the angle between the zenith and the 
celestial equator. The latitude of X is therefore represented by ZOA. 

The Co-latitude of a place is the complement of the latitude, and is 
therefore the angle ZOP between the zenith and the celestial pole. 

The Longitude (L) of a place is the angle between a fixed reference meridian, 
called the prime or first meridian, and the meridian of the place. Longi- 
tude is measured from 0° to 180° eastwards or westwards from the prime 
meridian, and must therefore be marked E. or W. The prime meridian 
universally adopted for astronomical and geodetic work is that of 
Greenwich. PZ Gr BP' being Greenwich meridian, the longitude of X is 
angle BOA west, measured on the plane of the equator. 

The Position of a Celestial Body 

The fact that the situation of a point on the surface of the earth is 
completely specified by |he co-ordinates latitude and longitude suggests 
the employment of similar means to designate the position of a body 
on the celestial sphere. In any system of co-ordinates for this purpose, 
it is necessary to adopt a plane of reference, one of the two angular 
co-ordinates being measured at right angles to this plane, and the other 

upon it. This plane should pass through the 
centre of the sphere, and the first co-ordinate 
is consequently measured upon a secondary 
to the great circle formed by the intersection 
of the reference plane with the sphere. The 
second is expressed as the angular distance 
between a certain specified point on this great 
circle and the secondary through the body. 
The radius to the specified point may be 
regarded as a fixed direction of reference. 
Thus in Eig. 4, let ABCD be the great circle 
of reference, or its plane, C being the fixed 
Fig. 4. point thereon. The position of the heavenly 

body S is designated by (1) the angle SOB, 
or arc SB, of ESBF, the secondary to ABCD through S, (2) the angle 
COB, on the plane of reference, or the arc CB of the reference circle, 
between the fixed direction 00 and the plane of the secondary through S. 
To avoid all ambiguity, it is necessary in designating the first co-ordinate 
to state on which side of the reference plane the body is situated, and 
to have an established method of measuring the second angle as regards 
direction. 

Co-ordinate Systems, Several systems of co-ordinates are available 
according to the particular reference plane and reference point adopted. 
Three systems are of service in field astronomy : (1) altitude and azimuth ; 
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(2) declination and right ascension; (3) declination and hour angle. 
The horizon is the reference plane in (1), and the equator in (2) and (3). 

The Altitude {h) of a celestial body is its angular distance above the 
horizon, and is measured on the vertical circle passing through the body. 
In Fig. 5 angle AOS, or arc AS, represents the altitude of the star S to 
an observer whose horizon is HAR. 

Note. It follows from the definition of latitude that the altitude of the pole P 
equals the latitude of the place of observation. 

Co-altitude or Zenith Distance (z) is the complement of the altitude, 
and is therefore the angular distance between the body and the zenith, 
i.e. angle SOZ, or arc SZ. 

The Azimuth {A) of a celestial body is the angle between the observer’s 
meridian and the vertical circle through the body. There is no universally 
accepted manner of reckoning azimuth, both quadrantal and whole 
circle methods being used, and in the latter the north point of the horizon 
is most often taken as the origin. ZPR being the meridian, and R the 
north point of the horizon in Fig. 5, the azimuth of S may be expressed 
as angle ROA, arc RA, or the spherical angle PZS, measured from north 
towards east. Occasionally azimuths are reckoned clockwise from the 
south point of the horizon. In this case, the azimuth of S would be the 
exterior angle, HOA = 180° + ROA, where H is the south point of the 
horizon. 

The Altitude and Azimuth System. The co-ordinates altitude and 
azimuth are much used in field astronomy. 

The observation of altitude is that most 
frequently required, and, since it is measured, 
subject to correction, by the angle of eleva- 
tion as registered on the vertical circle of a 
theodolite, the observation is a simple one. 

Since these co-ordinates not only depend 
upon the position of the observer, but are 
constantly changing owing to the diurnal 
apparent motion of the celestial body about 
the pole (Fig. 5), they are useless as a means 
of permanently recording the positions of 
heavenly bodies. For this purpose it is 
necessary to employ a system of invariable 
co-ordinates, and the equator must be the reference plane, since a star 
in its daily motion maintains a practically constant angular distance 
from the equator. The point of reference on the equator must partake 
of the apparent movement for constancy of the second • co-ordinate. 
This is secured in the declination and right ascension system. 

The Declination (§) of a celestial body is its angular distance from the 
plane of the equator, and is measured on the great circle — generally 
called the declination circle— through the body and the celestial pole. 
Declination is measured from 0° to 90°, and is marked + or — according 
as the body is north or south of the equator. Thus in Fig. 6 the declination 
of the star S is measured by the angle BOS or the arc BS. 

Co-declination or Polar Distance (p) is the angular distance between the body 
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and the pole. It is termed north polar distance when measured from 
the north pole, its value being 90° — the declination or 90° + the declina- 
tion according as the declination is + or — . When reference is made to 
the south pole, the quantity is called south polar distance, and equals 
90° — the declination or 90° + the declination according as the latter is 
— or +. The angle SOP, or arc SP, is the north polar distance of S, and 
angle SOP', or arc SP', the south polar distance. 

The Eight Ascension (B.A.) of a celestial body is the angle between the 
declination circle through a fixed point on the equator called the First 
Point of Aries, T (page 18), and the declination circle of the body. It is 

measured eastwards from C V, the right ascen- 
sion of S in Fig. 6 being angle TOB or arc 
°pB of the equator. Right ascension is 
intimately related to time measurement, and 
it is found convenient to reckon it in time 
units from 0 to 24 hours instead of from 0° to 
360° (see page 22). 

The Declination and Right Ascension 
System. The observations of field astronomy 
do not involve the measurement of declination 
and right ascension, but these co-ordinates 
are constantly required in the reduction of 
observations and are employed for recording 
the positions of celestial bodies. Their values 
for a fixed point in the heavens, although nearly constant, are not 
absolutely so. Owing to the fact that the earth is not quite spherical, 
the attractions of the sun, moon and planets exert a disturbing 
couple which causes a slow secular movement of the plane of the 
equator, called precession. In addition, due to variation in the value 
of this couple, a small periodic disturbance, called nutation, is produced. 
These phenomena cause a variation in the position not only of the plane 
of the equator but also of the first point of Aries , and in consequence, 
although the positions of the stars relatively to each other are unaffected, 
both their declinations and right ascensions undergo slow alteration, 
increasing in some cases, decreasing in others. The fact that the earth’s 
velocity in its orbit is an appreciable fraction of the velocity of light 
causes a displacement, known as aberration, of star positions from their 
mean position. A further source of variation in the magnitude of the 
co-ordinates arises from the fact that the stars do not occupy quite fixed 
situations on the celestial sphere. This motion, called proper motion, is 
partly real, due to an actual change of position of the body in the heavens, 
and partly apparent, due to the movement of the solar system in space. 
The correction of star positions is described and illustrated in the Nautical 
Almanac . The variation of the declination and right ascension of the 
sun is very much greater than for the stars, and is treated on page 18. 

The Declination and Hour Angle System. The plane of the equator is 
also used as the reference plane in this system of co-ordinates, the first 
co-ordinate being declination as defined above. The reference direction 
is that of the observer’s meridian, the reference point being that in 
which the celestial equator is intersected by the meridian. 
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The Hour Angle (t) of a celestial body is the angle between the meridian 
of the observer and the meridian or declination circle of the body. When 
it is considered in relation to the length of the day, it is measured west- 
wards (or in the same direction as the apparent motion of the body) 
from the part of the observer’s meridian situated above the pole, that is 
from the position of upper transit (see below), and is reckoned in arc from 
0° to 360°, or in time from 0 h to 24 h . Thus, in Fig. 6, the hour angle of S 
is about 240° or 16 h and is represented by the large angle EOB = 180° + 
QOB, arc EQB, or the corresponding large spherical angle ZPS. Some- 
times, however, and more particularly in theoretical work, it is more 
convenient to reckon it from 0° to 180°, or from 0 h to 12 h , in terms of the 
smallest angle west (positive) or east (negative) of the meridian above 
the pole. In this case the hour angle of S in Fig. 6 would be taken as arc 
E°pB, small angle EOB, or the small spherical angle ZPS, and would be 
negative. 

Owing to the apparent motion of a celestial body, its hour angle is 
constantly changing, but at a uniform rate in the case of a star, or at a 
nearly uniform rate in the case of the sun. 

Circumpolar Stars are sometimes defined as those having polar distances 
less than the latitude of the place of observation. Such stars are, at any 
point in their diurnal path round the pole, always above the observer’s 
horizon, and therefore do not set. 

In Fig. 7, the latitude of the observer whose horizon is HOR is angle 
ZOE = POR. Any star such as S, the polar 
distance of which is less than POR, and which 
therefore lies within the segment PTR of 
the celestial sphere, is continually above the 
horizon, and is non-setting to the observer. 

Stars in the segment P'HK are never visible 
to him, while all the others appear to rise 
and set. No stars are non-setting to a 
person on the equator, his horizon being 
POP 7 , while to an observer at the north pole 
all the stars in the northern celestial hemi- 
sphere are non-setting, since his horizon is 
EOQ. For purposes of field astronomy, 
however, the term circumpolar is usually 
confined to stars near to the pole, i.e. to those whose polar distance 
is less than 10°. 

Transit or Culmination. When a celestial body crosses the. observer’s 
meridian, it is said to transit or culminate. In one revolution round 
the pole every body crosses the meridian twice, the two transits being 
distinguished as the upper and lower respectively (U.T. and L.T. in Figs. 7 
and 8), the former occurring above, and the latter below the pole. Fig. 8, 
which represents the polar region from the point of view of the observer, 
shows that lower transits can be observed only in the case of non-setting 
stars, and that a star attains its greatest altitude at upper transit and 
its least altitude (or greatest distance below the horizon, if a setting star) 
at lower transit. 

Elongation. A celestial body is said to elongate or to be at elongation, 
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when it appears to attain its maximum distance from the meridian. 
The two elongations, E.E. and W.E. in Fig. 8, are distinguished as the 
eastern and western elongations respectively. # 

The Astronomical Triangle. Many of the' observations of field astro- 
nomy involve the evaluation of such parts of the spherical triangle formed 



Fig. 8. Fig. 9. 


by the pole, the zenith and a celestial body as will enable it to be solved 
for the quantity under determination. This triangle PZS (Fig. 9) is 
called the astronomical triangle. Its three sides are : 

PZ (an arc of the observer’s meridian) = the co-latitude of the observer 

PS (an arc of the declination circle of the body) = the co-declination 
or polar distance of the body 

ZS (an arc of the vertical circle through the body) = the co-altitude 
or zenith distance of the body. 

The angles are : 

at P =s the hour angle of the body 

at Z = its azimuth 

at S = the parallactic angle. 

Solution of the triangle requires that three of the parts should be 
known. The side PS is obtained from the declination of the body tabu- 
lated in the Nautical Almanac. Two of the quantities PZ, ZS and t 
commonly make up the data. Of these PZ can be obtained by independent 
observations, ZS may be observed, and t is obtained from the readings 
of a chronometer. The unknowns, usually t, A or ZS, are then calculated 
by means of the formulae given on pages 4 to 6 or their equivalents. 

The Right-Angled Astronomical Triangle. Two important cases occur 
according as the parallactic angle or the azimuth is a right angle. 

In the former case (Fig. 10) the celestial body appears to the observer 



Fra. 1 0 Fig. 11. 
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to attain its maximum distance east or west of the meridian, Le. the body 
is at elongation. Solution of the triangle for the altitude, azimuth and 
hour angle of the body in terms of its declination and the latitude of the 
place gives : 


sin A = 
cos t = 


cos 8 
cos 
tan c/> 
L tan 8 


When the azimuth is a right angle, the body is on the observer’s prime 
vertical (Fig. 11), and F 


sin h = 


cos t = 


sin 8 
sin <f> 
tan 8 
tan <f> 


The Classification of the Stars 

Nomenclature. For convenience in distinguishing particular stars, 
they have been arranged in named groups called constellations. This 
system of classification originated with the ancients and the number of 
constellations has been somewhat extended in modern times but several 
of the groupings which have been proposed are not in common use. 

The brighter stars of each constellation are named by assi g n i ng to each 
a letter of the Greek alphabet followed by the name of the constellation 
in the genitive case. The letters are assigned roughly in order of bright- 
ness. Thus a Tauri is the most brilliant star belonging to the constellation 
Taurus, the Bull ; fi Leonis is the second brightest in the constellation 
Leo, the Lion, and so on. Letters indicating the relative brightness of 
stars refer only to the constellation to which they belong and do not 
serve to compare the brightness of stars in different constellations. 
Thus 7] U rsce Majoris is a much brighter star than a Draconis. The fainter 
stars in a constellation are distinguished by numerals increasing in the 
order of their right ascensions. 

A second way of referring to a particular star is to quote its index 
number in one of the various star catalogues that have been published. 
Thus Boss 1234 is the star so numbered in the Preliminary General 
Catalogue of Lewis Boss. 

Several of the more important stars have been given special names, 
e.g. a Ursce Minoris or Polaris, the Pole Star ; a Lyras or Vega ; pOrionis 
or Rigel, etc. A full list of these names will be found in the Nautical 
Almanac, or in Norton’s Star Atlas and in a new Admiralty annual 
publication entitled Apparent Places of Fundamental Stars which gives 
the apparent positions of 1,535 stars. 

Magnitude. The quantity termed the magnitude of a star is a measure 
of its brightness. Magnitudes are noted in the Nautical Almanac for all 
the stars of which particulars are given and are indicated by numbers. 
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the smaller the number the brighter being the star. The brightness of 
a star of magnitude m is about 2\ times that of a star of magnitude 
m + 1. There are 10 stars brighter than magnitude 1-0, and their 
magnitudes are given as fractions. Thus the magnitude of Vega is 0*1, 
indicating a brightness 0*9 of a magnitude greater than the unit. Of those 
stars, Sirius and Canopus have their magnitudes represented by the 
negative quantities — 1*6 and — ' 0*9 showing that their brilliancy is 
2-6 and 1*9 magnitudes greater than a star of unit magnitude. 

Since a bright star is easily discovered in the field of view of a telescope, 
and observations of it can consequently he made with greater convenience 
than in the case of a faint star, a table of magnitudes is of service in 
enabling the surveyor to select suitable stars for observation. Under 
favourable conditions, stars down to about the sixth magnitude are visible 
to the naked eye, but, if possible, observations with a small theodolite 
should be restricted to those that are brighter than the sixth magnitude. 

The Sun 

The preceding explanations of the apparent positions of celestial 
bodies have been given more particularly with reference to the stars, 
which are so remote that the values of their astronomical co-ordinates 
are unaffected by the orbital motion of the earth. In considering the 
apparent motion of the sun, however, it must be kept in view that (a) its 
mean distance from the earth is only about 1/250,000 that of the nearest 
star, ( b ) the earth performs a circuit of the sun yearly. The apparent 
path of the sun in the heavens is therefore the result of both the diurnal 
and annual real motions of the earth. 

Effect of Earth’s Annual Motion. The principal facts relating to the 
earth's motion about the sun and their effects upon the apparent position 
of the sun are as follows. 

(1) The earth's orbit lies in a plane. The apparent path of the sun is 
necessarily in the same plane, and, since this plane passes through the 
centre of the celestial sphere, it intersects the latter in a great circle, 
called the Ecliptic . The apparent motion of the sun is along this great 
circle. 

(2) The earth's orbit is an ellipse having the sun in one of the foci. 
The earth is thus at varying distances from the sun, being nearest about 
January 2, when it is said to be in perihelion, the sun being then in 
perigee, and farthest about July 4, when the earth is said to he in aphelion 
and the sun in apogee. The points of perihelion and aphelion in the 
earth's orbit, being situated at the ends of the major axis of the ellipse, 
are termed the apses of the orbit, the line joining them being called the 
apse line. 

(3) The plane of the ecliptic is not coincident with that of the equator. 
The angle between them is called the Obliquity of the Ecliptic , the value of 
which at 1941*0 is 23° 26' 49" with a mean annual diminution of 0 W, 47. 
The axis of the earth is therefore inclined to the plane of the ecliptic at 
an angle of 90° minus the obliquity of the ecliptic, or about 66|°, and 
remains practically parallel to itself throughout the year. 

The effect of the obliquity is shown by the diagrammatic plan and 
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sections of the earth’s orbit, Figs. 12, 13 and 14. On or about March 21 
the axis of the earth is perpendicular to the line joining the earth and the 

<1 


Vernal Equinox 

'Mar. 21) 





_Ljne Perihelion 

Vmter Solstice 
/ (Dec. 22) 
/ 


. «v OjA utumnal' Equinox 
(Sept. 23) 


Fig. 12. Plan of the Earth’s Orbit. 

sun, and the sun is in the plane of the equator. The instant at which 
this occurs is called the Vernal Equinox , day and night being of equal 
duration throughout the earth. About June 21 the earth is so situated 

Summer s — x 

Solstice f \ 23' 

SCOT 17 r J Winter Ws 

S.ZT^ V — Solstice 

Fig. 13. Section on Line of Solstices. 

that its axis is in the same plane as the line joining the earth and the 
sun, this line now making an angle with the plane of the equator equal to 
the obliquity of the ecliptic. The sun is therefore vertically over a point 
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Fig. 14. Section on Line of Equinoxes. 

on the parallel of latitude 23° 27' N., called the Tropic of Cancer, this 
instant being termed the Summer Solstice. The Autumnal Equinox 
occurs about September 23, and the Winter Solstice about December 22, 
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the sun being then over the Tropic of Capricorn, or 23° 27' S. The line 
of equinoxes is the line of intersection of the planes^ of the ecliptic and 
the equator, and is at right angles to the line of solstices. 

Apparent Motion of the Sun. The apparent motion of the sun produced 
by the annual circuit of the earth may now be traced. At the vernal 
equinox the sun is seen from the earth as if projected along the line of 
equinoxes upon a certain point on the celestial equator. This equinoctial 
point was at one time in the constellation Aries, but, owing to the 
precession of the equinoxes (page 12) towards the west at the rate of about 
50**3 a year, it is now situated in the constellation Pisces . It is called the 
First Point of Aries (T), and has already been referred to as the point 
from which right ascensions are reckoned. The sun’s right ascension at 
the vernal equinox is therefore zero. The changing position of the earth 
in its orbit causes the sun to travel apparently eastward along the ecliptic, 
i,e, in the opposite direction to the apparent diurnal rotation of the 
celestial sphere. The latter motion being superimposed, the sun appears 
to move westward across the heavens daily at a slightly slower rate than 
the stars. Since right ascensions are measured eastwards from , the 
right ascension of the sun increases, at a variable rate (page 22), by about 
1° or 4 rn daily, having the values 6 h at the summer solstice, 12 h at the 
autumnal equinox, and 18 h at the winter solstice, the return to the vernal 
equinox completing the annual circuit of the ecliptic. 

Since the sun crosses the equator at the vernal equinox, its declination 
is then zero. From March 21 until June 21 the sun travels northwards 
from the equator, attaining its maximum north declination of about 
23 ° 27 ' at the summer solstice. From June 22 to September 23 the north 
declination decreases until it is again zero at the autumnal equinox. 
The sun then crosses the equator at the other equinoctial point, called 
the First Point of Libra (— ), and proceeds southwards, its south declina- 
tion increasing to a maximum of 23 ° 27 ' at the winter solstice on Decem- 
ber 22. The south declination thereafter decreases until the equator is 
again crossed at T. 

Corrections 


In general, the immediate results of astronomical measurements 
require correction before they can be utilised. Excluding corrections 

which depend entirely upon the 
o instrument and method of observa- 



tion employed, the more important 
corrections required in ordinary 
field astronomy are here described. 

Refraction. Rays of light pro- 
ceeding from a celestial body to 
an observer, on entering and 
passing through the earth’s atmo- 
sphere, undergo a gradual bending 
due to the increasing density of the 
atmosphere as the surface of the 
earth is approached. In conse- 
quence of the observer’s being 
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conscious only of the direction in which the rays reach him, the body 
is seen displaced from its actual position in altitude. Thus in Fig. 15, 
the celestial body S appears to the observer A to be situated at S', and 
a refraction correction, R = S'AS, must be applied to reduce the 
observed or apparent altitude h f to the true altitude k. The correction 
is always negative to observed altitudes. 

Except for low altitudes, the magnitude of the correction is nearly 
proportional to the cotangent of the apparent altitude, being zero when 
the body is in the zenith. It also depends upon the density of the air 
through which the rays pass, and this varies with changing barometric 
pressure and temperature. To obtain the value of the correction for a 
particular observed altitude, barometric pressure and temperature, 
reference is made to refraction tables, those of Bessel * being most 
commonly used. 

In the absence of tables, and neglecting pressure and temperature 
corrections, refraction is approximately given by 

R = 58" cot h* 

provided h' is large. If the body is very near the zenith, R is approx- 
mately 1" for each degree of zenith distance. 

The value of the refraction correction is always somewhat uncertain, 
since the assumptions made in the calculation of tabulated values are 
not applicable to all states of the atmosphere. With a view to minimising 
the uncertainty, observations should not be made of stars of low altitude, 
and should be duplicated in such a way that errors of refraction are more 
or less balanced out by taking the mean of the resulting values. 

When accurate values of the altitudes of celestial bodies are required 
the barometric pressure and atmospheric temperature should be read at 
the time of observation. For all purposes required in field astronomy, 
it is sufficient to observe the barometric pressure by means of an ordinary 
aneroid which has been carefully standardised against a good mercury 
barometer. 

Parallax. Parallax is the apparent change in the direction of a body 
when viewed from different points. 

The particular case with which we are 
concerned may be distinguished as 
parallax in altitude, or diurnal parallax, 
and relates to the difference between 
the altitude of a celestial body as 
observed from the sensible horizon at 
the surface of the earth and its altitude 
from the true horizon at the earth’s 
centre. Thus in Fig. 16, if A is an 
observer, and O the centre of the 
earth, the altitudes of a body S at A 
and 0 being respectively h' and h } the 
parallax of S is h — V — ASO = P. 

The co-ordinates of celestial bodies are given in the Nautical Almanac 
with reference to the centre of the earth, and altitudes to be used in 

* Given in mathematical tables, such as Chambers’s. 
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reductions must also be referred to* the centre. Observed altitudes are 
converted to geocentric altitudes by application of the parallax correction, 
which is represented by the angle P subtended at the body by the earth’s 
radius, and which is always positive. The value of the correction becomes 
negligible in the case of" the stars because of their remoteness and the 
comparative insignificance of the length of the earth’s radius. In the case 
of observations of the sun or other bodies of the solar system, however, 
parallax becomes appreciable, and an appropriate value for the correction 
must be applied. 

Parallax vanishes when the body is in the zenith. It attains its greatest 
value when the body is on the horizon, as at S 1? and the quantity is then 
termed the horizontal parallax, H, of the body. On the assumption 
that the earth is spherical, the amount of the correction may be investi- 
gated as follows. 

Let D = distance of the body from the earth’s centre 
R = mean radius of the earth : 

R 

then sin H — ^ whence H. 

From triangle OAS, s¥ gL) = § 
sin P — sin H cos h\ 

Except in the case of the moon, P and H are sufficiently small to 
allow of the approximation 

P = H cos h' 

The mean value of the sun’s horizontal parallax is 8"*80. It varies 
from 8"-95 early in January to 8"-66 early in July on account of the sun’s 
varying distance from the earth, and is given in the Nautical Almanac 
for every tenth day of the year. 

Semi-diameter. In taking a single measurement of the sun’s altitude, 
the observation is made upon either the lower or the upper edge or 
limb. To reduce the measured altitude to that of the sun’s centre, a 
correction for semi-diameter is applied, positively in the one case and 
negatively in the other. The amount of the correction is the value of 
the angle subtended by the sun’s radius. It varies throughout the year 
between limits of about 16' 18" and 15' 45" owing to the varying distance 
of the earth from the sun. Its value is tabulated in the Nautical Almanac 
for every day of the year. 

The necessity for applying the correction is obviated if, as is frequently 
the case, observations are made on both limbs. The mean of the two 
measured altitudes then represents the apparent altitude of the centre 
at the instant corresponding to the average of the times of the two 
observations, provided that the interval of time between the observations 
is small. 

Time 

A knowledge of some of the aspects of time measurement is required 
by the surveyor because of its intimate relationship with hour angle, 
right ascension and longitude. 

The rotation of the earth on its axis and its complete revolution in 
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its orbit, being each performed with absolute regularity, afford suitable 
standards by which to divide up what is known as time or duration, the 
former interval being the day, the latter the year. It will be sufficient 
to consider the division of time into days, as the measurement of long 
periods does not enter into field astronomy. 

The Day. The day may be defined as the interval between successive 
transits of a celestial body in the same direction across the meridian : 
according as the body is a star, the sun or the moon, we have a sidereal, 
solar or lunar day. 

Although the rate of rotation of the earth is perfectly uniform, yet 
the day as measured by transits of the sun or moon is of variable length, 
since the apparent diurnal motion of those bodies is not simply due to 
the earth’s axial rotation. The sidereal day may, however, be regarded 
as constant. It is not strictly so, owing to the existence of precession 
and nutation, which, by affecting the position in space of the earth’s 
axis, have a minute effect upon the times of transit of the stars. By 
adopting the interval between the transits of 

T as the day, we have a unit which for every / \ 

practical surveying purpose is invariable. / c 

Sidereal Time. The sidereal day is the / 
inteival of time between two successive upper / S \ \ 
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A sidereal clock therefore records the right ascensions of stars as they 
make their upper transits. 

It will now be evident why hour angle and right ascension are measured 
in time in preference to angular units. In the case of the stars, those 
angles are reckoned in sidereal time units. Since a rotation of the celestial 
sphere through 360° occupies 24 h , one hour is equivalent to 15°, and 
hours, minutes and seconds are converted to degrees, minutes and seconds 
by multiplying throughout by 15. Thus, 5 h 12 m 43 8 is equivalent to 
78° 10' 45". Conversely, division by 15 reduces angular measure to 
time. Conversion tables are given in the Nautical Almanac. 

The sidereal division of time, although of great importance in astro- 
nomy, is not suited to the needs of everyday life, for the purposes of which 
the sun is the most convenient time measurer. On account of the increase 
in the sun's right ascension from 0 h to 24 h in the course of the year, the 
noon transit of the sun is recorded by the sidereal clock as occurring at 0 h on 
March 21, 6 h on June 21, 12 h on September 23, and 18 h on December 22. 
The adoption of sidereal time for ordinary purposes would thus lead to 
endless inconvenience, which is obviated by the use of solar time. 

Solar Time. The interval between successive noon transits of the sun 
is not constant, two causes operating to produce a variation in the length 
of the solar day. 

(1) The apparent diurnal path of the sun differs from those of the 
stars because it lies in the ecliptic. In consequence, even although the 
eastward progress of the sun in the ecliptic were uniform, the time elapsing 
between the departure of a meridian from the sun and its return thereto 
would vary because of the obliquity of the ecliptic. 

(2) The sun does not advance at a constant rate along the ecliptic, 
because the motion of the earth in its orbit is not uniform on account of 
the ellipticity of the orbit. 

The variation in the solar day may be examined with reference to 
the sun's right ascension. The obliquity of the ecliptic and the sun’s 
unequal motion both cause a variable rate of increase of the sun’s right 
ascension. If the yearly change in right ascension from 0 h to 24 h were 
at a uniform rate, then, since right ascensions are measured on the plane 
of the equator, the solar day, although different from the sidereal day, 
would be of constant length throughout the year. 

Time as reckoned from the transits of the sun is called Apparent 
Solar Time . It is the time given by a sun-dial, but, owing to the variable 
length of the day, cannot be recorded by a clock having a constant rate. 

To obviate this disadvantage, there has been adopted for common 
use a system of measurement called Mean Solar Time , or simply mean 
time, in which the day is of invariable length, and which is at the same 
time free from the disadvantages of sidereal time. The mean solar day 
is the average of all the apparent solar days of the year. Mean solar 
time may be conceived as being determined by an imaginary point, called 
the mean sun, which moves at a uniform rate along the equator , its 
constant rate of increase of right ascension being the average rate of 
increase of the sun’s right ascension. The mean solar day may therefore 
be defined as the interval between two successive transits of the mean sun. 
Civil and Astronomical Reckoning. In the ordinary reckoning of time 


FIELD ASTRONOMY— INTRODUCTORY 


23 


the day commences at midnight, and is divided into two periods, am. 
( antemeridiem ) and p.m. (postmeridiem). Astronomers, however, with a 
view to avoiding ambiguity, count the mean solar day as beginning at 
midnight, but divide it continuously from 0 h to 24 h . The former system 
is called civil time, and the latter astronomical time. 

To Convert Civil Time into Astronomical . — If the civil time is am., 
make no change ; if p.m., add 12 h . 

Thus, June 80, 2 a.m. is expressed astronomically as June 30 d 02 h . 

June 30, 2 p.m. ^ „ „ June 30 d 14 h . 

To Convert Astronomical Time into Civil. If the astronomical time is 
less than 12\ make no change and mark a.m . ; if greater than 12 h , subtract 
12 h , marking p.m. 

Thus, June 30 d 10 h is equivalent to June 30, 10 a.m. 

June 30 d 20 h „ „ June 30, 8 p.m. 

It is to be observed that what are called civil and astronomical times 
are simply systems of reckoning mean solar time.* 

The Hour Angle and Right Ascension ol the Sun. The relationships 
between hour angle, right ascension and time which have been given 
on page 21 for sidereal time are similar in the case of solar time. We 
have, therefore, 

At any instant the apparent solar time is the hour angle of the sun + 12 h , 
and the mean solar time is the hour angle of the mean sun + 12 h . 

Sun's Hour Angle + Sun's Right Ascension = the Sidereal Time , and 
similarly, 

Mean Sun’s Hour Angle + Mean Sun’s Right Ascension = the Sidereal 
Time. 

As before, since the hour angle is zero at upper transit, 

Sun’s Right Ascension == the Sidereal Time of Apparent Noon , and 

Mean Sun’s Right Ascension — the Sidereal Time of Mean Noon. 

Interconversion of Time Systems, The aim of observations for time is 
usually to determine mean time at any 
instant, but since the mean sun is 
merely a convenient hypothesis, mean 
time cannot be found directly. Apparent 
solar time is obtained from sun observa- 
tions, while star observations give 
sidereal time, and it is therefore 
necessary to be able to deduce the 
mean time equivalent of the computed 
result. 

Relationship between Mean and 
Apparent Solar Time, The difference 
at any instant between apparent and 
mean time is known as the Equation of 
Time (E). This quantity is usually 
defined as the amount which must be 
added to or subtracted from apparent time to give mean time. It may 
be expressed as the angle SPM (Fig. 18) between the meridian of the true 

* Before 1925 January 1, the astronomical day was reckoned from noon, instead 
of from midnight. For further explanation see the Nautical Almanac . 
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sun and that of the mean sun, and is therefore the difference at any 
instant between the respective hour angles or right ascensions of the 
true and mean suns. In particular, at the instant of apparent noon, the 
sun’s hour angle being then zero, the mean time equals the equation of 
time + 12\ Thus if the value of the equation of time at apparent noon 
on a certain day is + 8 m , apparent noon occurs at 12*8 p.m., the mean 
sun being ahead of the true sun. If the value is — 8 m , the sun transits at 
11.52 a.m. 

The amount of the equation of time and its variation are due to the 
two sources of variation in the length of the apparent solar day, namely, 
the obliquity of the ecliptic and the sun’s unequal motion therein. The 
difference due to obliquity has a maximum value of about zb 10 ra , that 
due to unequal motion about zb 7 m . The period of these two components 



are different, and on combining them we have the equation of time as 
represented in Fig. 19. The true sun and the mean sun are on the same 
meridian four times during the year, the equation of time then vanishing. 
This occurs about April 16, June 14, September 1 and December 25. The 
maximum values attained are roughly + 14 m about February 11, — 4 m 
about May 14, + 6 m about July 27, and — 16 m about November 3. 

The equation of time is tabulated in the Nautical Almanac for every 
midnight, but in the sense apparent — mean, so that it must be added 
algebraically to mean time to give apparent time, and vice verm . The 
G.M.T. of apparent noon, i.e. the moment when the sun transits at 
Greenwich, is also given. 

Relationship between Mean and Sidereal Time Intervals. The difference 
between the lengths of the mean and sidereal days is a constant amount, 
since both are defined by points (the mean sun and ) which move at 
constant rates along the equator. The motion of the mean sun being in 
an eastward direction, the mean solar day is evidently longer than the 
sidereal by the daily increase in the right ascension of the mean sun. 
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Now the total increase of 24 h in this quantity is accomplished in the 
interval from one vernal equinox to the next. This period is called the 
tropical year, and is equivalent to about 365-2422 mean solar days. The 
daily increase in right ascension of the mean sun, or the amount by which 
the mean solar day exceeds the sidereal, is therefore 

24 h 

365*2422 * ^ sid - er ^ ai - 

The matter may be considered, in another way. In a tropical year 
the earth actually makes 366*2422 revolutions on its axis, but since it 
has in that period travelled round the sun, the latter has made one upper 
transit less than °p, so that we have the relationships 

365*2422 mean solar days = 366*2422 sidereal days 
Me an time units in any interval __ 365*2422 __ 1 

Sidereal time units in the same interval ~~ 366*2422 1*002738 

= 0*997270 

1 mean solar day = 24 h 03 m 56 8 *56 sidereal time 
I sidereal day = 23 h 56 m 04 8 *09 mean time. 

The conversion of mean time intervals to sidereal units, or vice versa , 
is facilitated by the use of the tables of equivalents published in the 
Nautical Almanac as Tables III and IV. 

It is to be understood that the above relationships refer only to the 
conversion of time intervals from one unit to another, and do not enable 
one to deduce the mean time at a particular instant from the sidereal 
time of that instant, or vice versa (for which see pages 35 et seq .). 

p 




Connection between Time and Longitude* Let PA and PB (Fig. 20) 
be the meridians of two places separated by BL of longitude, 

t 4 and t B = the respective hour angles at those places of a time 
measurer T (T, the apparent sun, or the mean sun) 
at any instant 
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, Then t A ~~t Ti = APB » SL. 

Difference of longitude, expressed in time units, is therefore equal to 
difference of local time, whether the time system is sidereal, apparent 
solar or mean solar. 

In particular, in Fig. 21, let PEP'Q be the meridian of Greenwich, 
S the sun, and M the mean sun. It is evidently afternoon at a place X 
west of Greenwich, the sun having crossed the meridian PAP' some 
little time before. The local apparent time is AOS' (the hour angle of 
the sun) + 12 h and AOM + 12 h represents local mean time. Now at 
Greenwich the sun transited some hours before, Greenwich apparent time 
being represented by QOS' + 12 h , and Greenwich mean time by 
QOM + 12 h . Therefore, with the convention that west longitudes are 
positive and east longitudes negative, we have 

Greenwich Time — Local Time = Longitude in time . 

At the instant of local midnight, local time is 0 h , so that 

Greenwich Time of Local Midnight = Longitude in time . 

These relationships are applicable to sidereal, apparent solar or mean 
solar time. The local time referred to, however, is that at the meridian 
of the place and is not necessarily that adopted for every day purposes. 
To obviate the inconvenience arising through each place using its own 
local time, the various countries of the world have adopted Standard 
Times, which are referred to the meridian of Greenwich and in most 
cases differ from Greenwich time by an integral number of hours. Thus 
Greenwich time itself is used in Great Britain, Ireland, France, Belgium, 
Spain and Portugal. Mid-European time is that of the meridian l h E. 
Canada is divided into five time belts, the Atlantic, Eastern, Central, 
Mountain and Pacific, which are respectively 4 h , 5 h , 6 h , 7 h and 8 h W. : 
the last four of these are adopted in the United States. A complete list 
of the standard times adopted in various countries is given in the Nautical 
Almanac. 

Interpolation, by Successive Differences, from the 
Nautical Almanac and other similar Tables 

To Interpolate the Value of a Varying Tabulated ^Quantity by Means of 
Second and Third Differences. The required value may be obtained 
(a) by simple or linear interpolation between the successive tabulated 
values on the assumption that the rate of change is uniform and equal 
to its value at the middle of the interval, (h) by interpolating strictly, 
taking higher order differences into account. 

Let/_ 2 , /^/g, etc., be successive values of a function that it is 
desired to interpolate, and let the first differences between these values, 
be denoted by A', with appropriate suffixes, e.g. /„ 1 —/_ 2 = A'_g, 
/- 1 ~“/o “ A 'ho fi — /o = A'*,/, — f x = A'§. Similarly, the differences 
known as the second differences, are denoted by A", with suffixes, e.g. 
A*— — A'_g = A"—!, A'* — A'_ j = A" 0 , A'g — A'$ — A" x , and so on. 
These differences may be represented thus : — 
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Suppose now that we wish to find f n , i.e. the value of the function at a 
fraction % of the way between / 0 and f v There are a number of formulae 
available, but, generally speaking, the most suitable one, especially if 
third and higher order differences may be neglected (as they may in most 
cases which arise in practical astronomy and geodesy), is Bessel's : — 

fn = /o + "A'* + B"( A" 0 + A"*) + B'" A'"* + B*( A\ + A‘\) 

+ B°A v i + . . . 

where n is the fractional value of the interval between two tabular values 
and 

7?" — — I) 

2 . 2 ! 

— 1 )(»r i) 

3! 

_ (£ + Vnjn -l)(n- 2) 

2.4! 

*>,, (n + 1 )n(n - 1) (» - 2) (n - 4) 

5 ! 

Neglect of the last four terms in the equation is equivalent to simple 
linear interpolation. The third term is a maximum when n = J and its 
value is then one-eighth of the average second difference. Hence, as 
successive differences in general decrease very rapidly in value, the 
criterion for deciding if second differences must be taken into account is 
whether one-eighth of the second difference is negligible in value or not. 
The coefficient, B in of the fourth term has a maximum positive value 
when n is approximately 1/5, its value then being + 0*008, and a maximum 
negative value when n is approximately 4/5, its value then being — 0*008. 

The quantities B”, B r ", B iv i etc. are called the Besselian Interpolation 
Coefficients. Values for B” and B nt are tabulated, for different values 
of n, in Tables XXII and XXVII and for Bf* in Table XXIII of the 
Nautical Almanac . B n is always negative, since n is always less than 
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unity ; R"‘ is plus for values of n between 0 and 0-5 and negative for values 
of n between 0-5 and 1-0 ; and B u is always positive. Table XXII can 
be used when A" 0 -f A"!, and A'" are less than 1,000. If these quan- 
tities lie between 1,000 and 10,000 use Table XXVII. 


Example. Find log 7531 given the following logarithms : — 


Number 

Logarithm 

A' A'' 

A"' 

7300 

863 3229 





■f 59088 


7400 

869 2317 

- 792 




+ 58296 

4 19 

7500 

875 0613 

- 773 




4 57523 

+ 21 

7600 

880 8136 

- 752 




4 56771 

4 20 

7700 

886 4907 

- 732 




-f-56039 

4 18 

7800 

892 0946 

- 714 




4 55 325 


7900 

897 6271 




Here, the third differences remain practically constant, so there is no 
point in proceeding beyond them. In this example : — 


f 0 = 8750613, n « 0-31, A'* = + 57523 

(A" 0 4 A" t ) = - 773-752 = - 1525, A'"* = + 21 
From Table XXVII, B" = - 0*0535, B'" = 4 0*0066 

/o = 8750613 

nxA'j = 0*31 X 4 57523 = 4 17832*13 

4 A",) = - 0-0535 X - 1525 = 4 81.59 

B'" A"'i = 4 0*0066 X 21 = 4 0-14 


/ « 8768526-86 

log 7531 = S768527 

Another common interpolation formula, the Gregory-Newton formula, 
makes use of the binomial coefficients and is as follows : — 


fn —/o + \ + ' 



A table of the second and third binomial coefficients, to three decimal 
places in terms of n to two decimal places, is given on page 437 of 
Chambers’s Seven-Figure Mathematical Tables. Accordingly, it may be 
more convenient to use this formula, instead of the one given, when the 
differences are small or the Nautical Almanac is not available. In general, 
however, the Gregoiy-Newton formula is inferior to the Newton-Bessel 
formula. 


Interpolation may also be performed without differences by using the 
Lagrange formula. This formula, for differences up to the third, may be 
written 


/» — + L 0 f 0 + L lt /i + L 2/2 




FIELD ASTRONOMY— INTRODUCTORY 29 

where 


and 

The Lagrange coefficients are tabulated in Table XXIII of the Nautical 
Almanac ; and L 2 are always negative, and L 0 and L x always positive. 

In ordinary practice, the Lagrange formula is not nearly so convenient 
to use as the Bessel formula, but cases sometimes do arise when it is better 
to employ it, especially when a calculating machine is being used. One 
case where it may be useful is when the interval of a table is being halved, 
so that n = in which case the formula reduces to the very simple form 

/*= °‘0625 (-/_!+ 9/ 0 + 9/ x ~/ 2 ). 

In the above, it has been assumed that the argument advances by 
equal intervals, as nearly always occurs in practice. Sometimes, however, 
values of a function are given at intervals which are not equal and here it 
becomes necessary to use the method of “ divided differences.” As this 
case occurs very seldom in ordinary field astronomy and geodesy it is not 
given here but will be found described in Whittaker and Robinson’s 
The Calculus of Observations , or in the same authors’ shorter work A 
Short Course in Interpolation. 

In using the Nautical Almanac, or other similar tables, the interval of 
tabulation is so close that third and higher order differences are seldom 
or never required, so that the Bessel formula may be written : — 

fn = / 0 + + i // (A /, fl j + A ,/ 1 ) 

— /o + wA'i + ^"(A| — 

Inverse Interpolation. Suppose that, in the last example, we are given 
the logarithm 876 4975 and we want to find the anti-logarithm of this 
from the table. This is the reverse case to the one we had before. 
Symbolically, it means that the numerical value of f n is given and the 
argument, F n , corresponding to this value is required. Obviously, we 
have the solution if we can determine n. 

One method is to proceed by successive approximations. First, find 
an approximate value of n from the equation 

n&'i = /» -/o 

With, this value of n, enter Table XXII and obtain approximate values 
for B", B'" and B“. Substitute these in the equation 

ntS.' k =/„ -/, - B"( A" 0 + A" x ) - B'" A"'j - £“(A% + A*^) 

and solve for n. If third and subsequent differences are negligible, this 
solution mil generally give a value of n sufficiently accurate for all 
practical purposes. If not, use this value of n to obtain new values of 


L. 

L 


_ n(n — l)(m — 2) 

1 ~~ 6 

(n -f- 1) (n — 1) (» - 2) 
°“ 2 

(n + 1 )n(n — 2) 


L i = 


+ 


(n + 1 )«■(«. — 1) 


2 - 1 6 
L-i + T'o + 4 - L z = 1. 
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j B", B"' and B iv from Table XXII or XXVII and XXIII in the Almanac 
and substitute these values in the last equation. 

Example. From the table of differences used in the previous example find the 
number whose logarithm is 876 4975. 

Here/„= 876 4975 / 0 = 875 0613, A'*= 57523. 

/„ -/„= 14362 
14362 

n ~ ^=5 0-2497 approximately. 

57523 

From Tables XXII and XXIII 

B" - - 0*047, B'" = + 0-008, B™ = + 0-009 

A" 0 + - - 1525 ; A'"* - + 21 

Then the equation gives 

57523ft — 14362 - 0-047 X 1525 - 0-008 X 21 
= 14362 - 71-675 - 0-168 
= 14290-11 

giving n sss 0-24842 approximately. 

Using this value of n and Table XXVII we get 

B" - - 0-0467 ; B'" = -f 0-0078 

and 

57523ft- 14362 - 71-22 - 0-16 
- 14290*62 

which gives ft — 0-24843 

Hence, the anti-log of 876 4975 is 752 4843, as may be verified from a table of seven- 
figure logarithms. 

The method of successive approximations may be avoided, and the 
interpolation may be made directly, by the use of the following formula 
which, with different symbols, is the one given in Winterbotham’s Survey 
Computations for inverse interpolation up to fourth differences. 

8 B 8 2 /2B Z <7\8 3 /5£ 3 5BC D\ 8 4 

n ~A A’A 3+ \A 3 AJ A 3 V^ 3 A 2+ AjAJ 

where/* — /„ = 8 and 

A — A'i — *A" m + T VA'"i + 

0 = iA'"i 
D = 

in which A" m = f(A" 0 + A",) and A iv m — |(A* 0 + A'”,). 

In nearly all cases that occur in practice the higher order terms in this 
equation are negligible. 

A very useful pamphlet on interpolation, in the form of a reprint from 
the Nautical Almanac for 1937 and entitled “ Interpolation and Allied 
Tables,” may be obtained from H.M. Stationery Office for Is. This 
pamphlet, among other things, contains useful hints on interpolation 
when a calculating machine is used. The more essential tables, so far as 
the surveyor is concerned, and an explanation of the methods of naing 
them, are, however, contained at the back of each year’s issue of the 
Almanac. 


■ \A"‘ 

■ |A“ 


, 1 Aiv 
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Double Interpolation, In the cases so far considered the quantity to be 
interpolated is a function of a single variable only. Sometimes, however, 
a quantity is tabulated which is a function of two variables. For example, 
the Table on page 161 gives a factor to be used in determining the 
catenary correction for a tape or wire used on a slope. This factor 
depends on the slope and on a quantity B, which is a function of the 
weight of the tape per unit length, the span involved and the pull used. 

Let Z 9 with suitable suffixes, represent the tabulated function or entry, 
X 0 , X 1} X 2 - . To, Y % F 2 . . . successive values of the arguments 
in the columns and rows and let it be required to interpolate the value 
Z mn for an mth part of the interval X x — X 0 and an nth part of the interval 
Y x — Y 0 . If the table has not already successive differences tabulated, 
form one as follows : — 


-A. 


f® 

Ac 

Ar 

A" 

Yi 

Ac 

Ar 

A" 

r 2 

Ac 

x 0 . 

• 

Zqq 

A Cqq 

A r oo 

A// 

11 00 

%qi 

Ac 01 

A r 01 

A" 

A 01 

Zq n 

Ac 0 2 

X, . 

- 

%io 

Ac 10 

A" 

11 10 

Ac n 

Ar n 

A " 

L\ n 

Z 12 

ACjg 

x a . 

• 

■2/20 

Ar ao 


Ar 21 

^22 


Here A Cqq = Z XG Z$ Q ; Ac 01 = Z xx — Z GX ; Ac 10 = Z 2 # — Z XQs etc. 
Ar 00 = Zq X * Zq o j Ar 10 = Z xx Z XQ ; Ar 01 = Z 02 — Zq X} etc, 

A = Ac 01 — Ac 00 = Ar 10 — Ar 00 , etc: 

Then 

Z»m = %oo + wA c 00 + nAr 00 + mnA " 00 + l)(Ac 10 — A c 00 ) 

+ \n{n — l)(Ar 01 — A r 00 ) 

Usually the fC mesh ” of the table is chosen so that only the first four 
terms in this formula are required. 

Example . Take part of the table on page 161 which is used for computing sag 
correction on a slope when the tension is applied at the lower end of the tape, and 
find the value of h for B ~ 0*125,0= 21° 15'*. Then m — 0-5, n — 0*25. 


B 

' 6° ■' 


o 

O 

t 

25° 

o 

O 

CO 

0 12 

0*000508 

- 40 

0*000468 

■ : - 45 

0*000423 


-j~ 86 

- 8 

+ 78 

- 7 

+ 71 

0*13 

594 

- 48 

546 

- 52 

494 


+ 93 

■ — 8 

+ 85 

- 9, 1 

+ 76 

0*14 

687 

- 56 

631 

- 61 

570 
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Her e,Z 00 = 0-000508; Ar 00 = - 40; Ac 00 = +86; A" 00 = -3; 

(Acjo Acqq) = + 7 ; (ArQji Argo) — o. 

* h = 0-000508 + 0-000001 (0-5 X 8G - 0-25 X 40 - 0-5 X 0-25 X 8 

- i X 0-5 X 0-5 X 7 + i X 0-25 X 0-75 X 5) 
« 0-000508 + 0-000001 (43 - 10 - 1 - 0-875 + 0-469) 

= 0-000540. 

In surveying, the occasions on which “ Tables of Double Entry/’ such 
as the one just given, are most frequently used are when rectangular 
co-ordinates or the convergence of the meridians are tabulated in terms 
of latitude and longitude. 

It is obvious that interpolation by successive differences is of great 
value when constructing special tables, either of single or double entry, 
because the function can be computed for a comparatively few values 
of the argument only and intermediate values interpolated by the use 
of the successive differences. Here it is well, when computing the pre- 
liminary table, to compute it to at least two places more than that ulti- 
mately required in the completed table. 

The Use of the Nautical Almanac 

The Nautical Almanac. The Nautical Almanac* in common with 
similar foreign publications, contains such particulars of the varying 
positions of celestial bodies as are required for the reduction of observa- 
tions. 

Commencing with the issue for 1931, the Nautical Almanac was re- 
designed, and furnished with a very complete explanation. It will be 
assumed, in the remarks that follow, that the reader has a copy before 
him. Certain further slight changes were introduced in 1935 and subse- 
quent years, so that the examples in this chapter will be taken mainly 
from 1941. 

The values of the published elements are continually changing, and in 
applying any of the quantities to the reduction of an observation its 
value at the time of the observation is required. It is therefore generally 
necessary to interpolate the value corresponding to a given instant from 
the tabulated values. Further, the value of the elements are given for 
certain times on the meridian of Greenwich, and it is usually required 
to obtain their values for a particular instant of local time at a place east 
or west of Greenwich. It is then necessary to express the given time in 
terms of Greenwich time before the interpolation can be performed. 

The manner in which the Nautical Almanac is used for the working 
out of common problems is illustrated below. 

Commencing with the Nautical Almanac for 1941, the number of stars 
whose mean and apparent places are given has been reduced to 208, and 
these places are now given only to 0 S -01 in right ascension and 0"*1 in 
declination. From 1941 onwards a separate volume, giving the apparent 
places of 1,535 stars, will be issued annually under the title Apparent 
Places of Fundamental Stars , and this publication should be used in 
preference to the Nautical Almanac when work of a precise nature is 
being undertaken, or when a greater choice of stars than those now 
listed in the Nautical Almanac is desired. 

* Published annually by the Admiralty two years in advance. 
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Notation. The following notation * is adopted : — 
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Altitude 

. h 

Greenwich apparent time . 

G.A.T. 

Azimuth . 

. A 

Greenwich mean time 

G.M.T. 

Co-altitude or zenith distance 

. z 

Greenwich sidereal time 

G.S.T. 

Co -declination or polar „ 

■ P 

Greenwich apparent noon . 

G.A.N. 

Declination . 

. a 

Greenwich mean noon 

G.M.N. 

Equation of time . 

. E 

Greenwich sidereal noon . 

G.S.N. 

Hour angle . 

t 

Local apparent time 

L.A.T. 

Latitude 

• * 

Local mean time . 

L.M.T. 

Longitude . 

. L 

Local sidereal time . 

L.S.T. 

Right ascension 

.R.A. 

Nautical Almanac . 

N.A. 


The astronomical method of writing dates is year, month, day, hour, 
etc. 

1. To obtain the Sun’s Declination at any given Date and Greenwich 
Mean Time. 

Rule . Express the hours, minutes and seconds as a fraction of a day. 
This can be done by ordinary arithmetic or, more conveniently, by means 
of Table XI (pp. 624-5) of the Nautical Almanac. So determine n, the 
fraction to be used in the interpolation. Then obtain from the Tables 
for the Sun given on pages 6-21 the sun’s apparent declination at Green- 
wich for zero hour on the given date, and interpolate for the hours, 
minutes and seconds by the methods already described for interpolation 
by successive differences. 

Example. To find the value of the sun’s declination at 1941 July 4 d ll h 50 m 39 s 
G.M.T. from the following data : — v . 


Date 

Declination 

A' 

A" 

1941 July 3 

23° 

00' 

55" -5 

- 286"*5 


4 

22 

56 

09*0 

- 310-5 

- 24"-0 

5 

22 

50 

58-5 

- 334-4 

- 23-9 


22 

45 

24-1 




Here it is seen that the third differences are negligible. 

From Table XI of the N.A . (pp. 624-5), 11^ 50* 39* = 0-49351. Hence, n=0-49351 
and B" (p. 646) = - 0-062. 

/ 0 = Declination at July 4 d 0* = -f 22° 56' 09" *0 

nA'* = 0-49351 X - 310"-5 = - 2 33 -2 

B*( A\ + A\) = - A'i) * - 0*062 X - 47-9 » + 3 *0 


Sum = f n « Dec. at 4 d 11& 50** 39* . = + 22 53 38 -8 

In this case the neglect of second differences would have caused an 
error of 8", which is about the maximum error that could occur with the 
sun’s declination. The maximum error with the right ascension or 
equation of time is 0 8# 1. ■ 

The sun’s right ascension and the equation of time can be found in a 
similar manner using the data given on pages 6 to 21 of the N.A. In 
these cases the second differences are very small and can usually be 
neglected. 


* The notation here is that commonly used in surveying, and differs in some 
instances from that used in the Nautical Almanac , and in astronomy generally. 
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2. To find the Greenwich Time corresponding to a Given Instant of 
Local Time* 

Mule . To the given local time, expressed in astronomical reckoning, 
apply the longitude in time, adding if west and subtracting if east. The 
resulting Greenwich time is on the same system, apparent, mean or 
sidereal, as the local time. 

Example. Find G.A.T. corresponding to L.A.T. April 24 (a) 12.15 p.m., (b) 5.23 p.m. 
at a place in longitude 32° 15' E. 

h m 

(a) Given L.A.T., expressed astronomically = Apr. 24 12 15 

East longitude in time = — 2 09 

Corresponding G.A.T. — Apr. 24 10 06 

(b) Given L.A.T., expressed astronomically — Apr. 24 17 23 

East longitude in time = — 2 09 

Corresponding G.A.T. = Apr. 24 15 14 

3. To find the Local Mean Time corresponding to a Given Instant of 
Local Apparent Time. 

In this case it is required to find the value of E, the equation of time, 
at the given instant. As the time given is apparent, we utilise the G.M.T. 
of transit of the sun at Greenwich (N.A, pp, 22-29), i.e. the G.M.T. of 
apparent noon, as the difference between this time and 12 h is the 
equation of time at apparent noon. 

Mule. Find G.A.T. corresponding to the given L.A.T. Interpolate 
the value of G.M.T. of transit at Greenwich to this G.A.T. Then 
L.M.T. = L.A.T. + G.M.T. of transit at Greenwich — 12 h 

Example . A time observation on 1941 Aug. 13, at a place in longitude 64° 45' W.» 
gave L.A.T. as 17 h 34 m . Find the corresponding L.M.T. 


d h m 


Given L.A.T. 

= Aug. 13 

17 

34 

West longitude 

sst 

+ 4 

19 

G.A.T. 

« 13 

21 

53 


- 13d ]2h + 9h 53m 
= 13J 12 h + 04-4118 


ii m s 

From N.A., p. 26, G.M.T. at G.A.T. 13d I2h = 12 04 47*44 

0*4118 X - 108*80 = - 4*45 

— 0*061 X — 1 *1«*05 » -f 0*06 

Sum = E -f 12 h at G.A.T. 13 d 21 h 53 m = 12 04 43*05 

L.A.T. = 17 34 00*00 

Sum — 12** a-* L.M.T. = 17 38 43*05 

4. To find the Local Apparent Time corresponding to a Given Instant of 
Local Mean Time. 

Mule. Interpolate the value of E from those given for mean midnight, 
and add the value so obtained algebraically to the L.M.T, 

Example. Find L.A.T. corresponding to L.M.T. 1941 Feb. 25 d 21^ 06 m at a place 
in longitude 64° 45' W. 


Given L.M.T. 

= Feb. 

d h 

25 21 

m 

06 

West longitude 

= 

+ 4 

19 

G.M.T. 

= Feb. 
- Feb. 

26 01 
26 d *0590 

25 


From N.A., p. 8, E for Feb. 26 d = — 13 07*37 

0*0590 X + 9 S *98 = -f 0*59 

— 0*014 X + l s *13 = — 0*02 

Sum « E for Feb. 26 d OP 1 25“> *s — 13 06*80 
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d h m s 

Given L.M.T. = Feb. 25 21 06 00-00 

E (Apparent - Mean) = — 13 06-80 

Sum = Required L.A.T. = Feb. 25 20 52 53-20 

5. To find the Sun’s Right Ascension and Declination at any Instant 
of Local Time. 

Rule. First obtain the corresponding G.T. If this is G.M.T. interpolate 
the values given for every midnight. If the time obtained is G.A.T., 
interpolate the values at transit at Greenwich (N.A. pp. 22-29), which 
are, of course, for G.A.T. = 12 h . 

■ . Example, Find the sun’s R.A. on 1941 Nov. l d 16 h L.A.T. at a place in longitude 
87° 1 5'E. 

■ ' d ' h ■ m 

Given L.A.T. — Nov. I 16 00 

East longitude — — 6 49 

G.A.T. = Nov. 1 10 11 

= Oct. 31 d 1 2h ~f 22t 11m 
= Oct. 31 d 12d -f 0d* 92431 
h m s 

From N.A., p. 28, R.A. at G.A.T. 31 d 12& = 14 25 07*89 

0*92431 X 235 s *23 = + 3 37*43 

- 0*017 X + l s *59 = - 0*03 

Sum = R.A. at G.A.T. Nov. Id 10 h 11“= 14 28 45*29 

6. To find the Local Mean Time o! Local Apparent Noon. 

Rule, Interpolate the G.M.T. of transit at Greenwich to the given 
longitude. 

Example. Find the approximate L.M.T. of L.A.N. in longitude 5*» 42“ East on 
1941 April 25. 

h m s 

From N.A. , p. 24, G.M.T. of transit at Greenwich = 11 57 58 

— 0*24 X — 10 s . 2 = -f 2 

Sum = L.M.T. of L.A.N. = 11 58 00 

7. To find the Local Mean Time of Local Sidereal 0 h „ 

Rule. Correct the G.M.T. of transit of first point of Aries for the date 
at the rate of 9 S *8296 for every hour of longitude, adding if east and 
subtracting if west. This is most conveniently done with the aid of 
Table IV. 

Example . Find the L.M.T. of local sidereal Qt on 1941 Dec. 7 at a place in longitude 
4t 23“ E. 


From N.A. y p. 21, Transit of Aides, Dec. 7 = 
Correction for 4 h East (p. 617) = 

h 

18 

m 

55 

24*27 


-f 

39*32 

Correction for 23“ East (p. 617) = 


+ 

3*77 

Sum = L.M.T. of local sidereal 0 h = 

18 

56 

07*36 


8, To find the Local Mean Time corresponding to a Given Instant of 
Local Sidereal Time. 

Rule . Find the L.M.T. of the preceding local sidereal 0 h , as in the 
previous example, and to it add the mean time equivalent (from Table IV) 
of the given sidereal time. 

Example . Find the L.M.T. corresponding to 1941 Dec. 8 d 13 h 08“ 54 s *2 L.S.T. afc 
a place in longitude 4 h 23“ East. 
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From Example 7, L.M.T. of preceding L.S. Oh 
Mean time equivalent (p. 617) of 13k 

G8 m 


5# 


0*-2 


Sum = L.M.T. 


d h m 

7 18 56 07-36 

12 57 52-22 

7 58-69 
53-85 
•20 

8 08 02 52*3 


9, To find the Local Sidereal Time Corresponding to a Given Instant 
of Local Mean Time, 

Mule. Correct the G.S.T. at 0 h at the rate of 9 S *8565 for every hour of 
longitude, adding if west and subtracting if east, and to this add the 
sidereal equivalent of the given L.M.T. 

Example . Find the L.S.T. corresponding to 1941 Dec. 8 d 08 h 02™ 52-3 s L.M.T., 
at a place in longitude 4h 23™ East. 

h m s 

From N.A., p. 20, G.S.T. at Oh = 5 05 25-77 

Correction for 4 h East (p. 616) ~ — 39*43 

Correction for 23 m East (p. 616) = 3*78 

Sidereal equivalent (p. 616) of 8 h = 8 01 18*85 

2™ = 2 00-33 

52 s -3 = 52-44 

Sum = L.S.T. = 13 08 54-2 


10. To find the Local Mean Time of Transit of a Star, 

Mule. Since the R.A. of the star equals the L.S.T. at the instant of 
its upper transit, convert this L.S.T. to L.M.T., as in Example 8. The 
lower transit is separated by 12 sidereal hours from the upper. 

Note. For the purpose of selecting stars for observation, a rough estimate of 
the time of transit is usually all that is required. It is then sufficient to subtract 
from the R.A. of the star, increased if necessary by 24h, the G.S.T. at Oh for the date. 

Example. Find the approximate L.M.T. at which j8 Leonis will be on the meridian 
on 1941 April 11. 

h m 

From N.A., p. 316, R.A. of Leonis — 11 46 

From N.A., p. 10, G.S.T. at Oh = 13 15 

Difference — L.M.T. of transit = 22 31 

11. To find the Local Sidereal Time of Elongation of a Star. 

Mule . To the R.A. of the star apply its hour angle at elongation 
(page 15), in time, adding for west and subtracting for east elongation. 
The result, increased or diminished by 24 h if necessary, represents the 
L.S.T. of elongation. 

Example . Find the L.S.T. at which /3 Ur see Minoris will elongate on the evening 
of 1941 July 27, at a place in latitude 55° 52' N. 

h m s 

From N.A., p. 325, R.A. of /? Ursce Minoris = 14 50 50*5 

a = +74° 24' 06 / '-2 

At elongation cos t = 

log tan 55° 52' = 0-168835 

log tan 74° 24' 06" = 0-554126 

log cos t = 9-614709 

t = 65° 40' 50* = 4 22 43-3 

L.S.T. of W. elongation = 19 13 33-8 

As the sidereal time at 0 h is approximately 20 h 17™ (N.A., p. 14), it is evident 
that the western elongation is the one that occurs in the evening. 
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Modifications when Standard Time is Used, It is, generally speaking, 
more convenient to keep the mean time clock on the standard time 
used in the country of observation, although the apparent and sidereal 
times required will always be local* Conversion from one system of time 
to another is then done by converting the given time to the corresponding 
Greenwich time, as in paragraph 2, then converting to the required 
system of time at Greenwich, and finally reducing the time so obtained 
to the desired local or standard time. The principal conversions dealt 
with may be summarised, in the new form, as follows, 

3a. To find the Standard Mean Time corresponding to a Given Instant 
of Local Apparent Time. 

G.A.T. = L.A.T. -f west longitude 
== L.A.T. — east longitude 

G.M.T. — G.A.T. — - 12^ + G.M.T. of transit at Greenwich, inter- 
polated from apparent noon to the given G.A.T. 

Standard mean time = G.M.T. — west longitude of standard meridian 
= G.M.T. + east longitude of standard meridian. 

4a. To find the Local Apparent Time corresponding to a Given Instant 
of Standard Mean Time. 

G.M.T. = Standard mean time + west longitude of standard 
meridian 

— Standard mean time — east longitude of standard 
meridian 

G.A.T. == G.M.T. 4- Equation of time (Apparent — Mean), inter- 
polated from 0 h to the given G.M.T. 

L.A.T. — G.A.T. — west longitude 
= G.A.T. 4- east longitude. 

8a. To find the Standard Mean Time corresponding to a Given Instant 
of Local Sidereal Time. 

G.S.T. = L.S.T. 4- west longitude 
= L.S.T. — east longitude 

G.M.T. — Mean time of the preceding transit of the first point of 
Aries 4- mean time equivalent (Table IY) of given 
G.S.T. 

Standard mean time = G.M.T. — west longitude of standard meridian 
= G.M.T. 4* ©ast longitude of standard meridian. 

9a. To find the Local Sidereal Time Corresponding to a Given Instant 
of Standard Mean Time. 

G.M.T. — Standard mean time + west longitude of standard 
meridian 

— Standard mean time — east longitude of standard 
meridian 

G.S.T. = Sidereal time at 0 1 * + sidereal equivalent (Table III) of 
given G.M.T. 

L.S.T. = G.S.T. — west longitude 
= G.S.T. 4- east longitude. 

Examples 

1. Compute the value of the sun’s declination for the instant on the morning of 
1941 Oct. 28 at which its hour angle is 50° at a place in longitude 50° E. The sun’s 
declination at transit at Greenwich is 


1941 Oct. 26 

27 

28 
29 


- 12 24 06-6 

- 12 44 32-6 

- 13 04 46-6 
-.13 24 48-3 


1226*0 

1214-0 

1201-7 
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2. Find the true altitude of the sun’s centre from an observation which gave an 
apparent altitude of 55° 34' 23" to the sun’s upper limb. Take the sun’s horizontal 
parallax as 9" and semi-diameter as 15' 53". 

3. Find the standard mean time of L.A.N. on 1941 July 21, at a place in New 
South Wales in longitude 142° 30' E. Standard time in New South Wales is 10h 
fast on Greenwich. 

Date G.M.T. of Transit at Greenwich 


1941 July 19 

h 

12 

m 

06 

06*89 

20 

12 

06 

10*82 

21 

12 

06 

14*22 

22 

12 

06 

17*06 


s 

+ 3*93 
+ 3-40 
+ 2*84 


4. The Greenwich sidereal time at Greenwich mean midnight on a particular 
day is found from the N.A. to be 7b 20™ 35s. An observation of a star is taken in 
longitude 2° west at local sidereal time 17 h 30™ 50 s . The correction of S.T. for longitude 
is 9 s *86 per hour. Find the local mean time at instant of observation. 

366*2422 sidereal days = 365*2422 mean solar days. (XJniv. of Lond,, 1918). 

5. At what standard time does make its upper transit on 1941 Nov. 4, at a 
place in longitude 122° 15' W. in the Pacific time belt (8 h W.) ? 

G.M.T. of G.S.N., Nov. 4 - 21b 05™ 09*-3. 

6. Calculate to the nearest second the Indian standard mean time (corresponding 
to the meridian 5 h 30™ E.) of transit of p Draconis (R.A. — 17 h 29™ 08 s *5) on 1941 
July 2, at a place in longitude 84® 30' E., given that G.S.T. at 0 h on July 2— 18 h 38™ 
33«*7. 

7. From the following data calculate the Greenwich mean time of transit of the 
star A at the place B. 

h m 

Right ascension of star A 10 00 

Sidereal time of mean midnight at Greenwich 22 00 

Longitude of place B 8 W. 

8. Find, to the nearest second, at what Eastern standard time (corresponding to 
the meridian 5 h W. of Greenwich) y Cassiopeice (8—4* 60° 23' 56", R.A. = 0 h 53™ 13 s *l) 
elongates on the evening of 1941 Aug. 31, at a place in latitude 50° N. and longitude 
70° W., and state whether the elongation is eastern or western. The transit of the 
first point of Aries at .Greenwich on Aug. 31 is at lb 24™ 39 s *l. 

9. At what L.S.T. was ft Ceti (8 = — 18° 24' 47", R.A. = 0 h 39™ 4Qs*5) on the prime 
vertical at a place in latitude 22° 32' S., and what was then its altitude ? 

10. At what L.S.T. did a Booiis (8=4* 19° 35' 35", R.A. = 14b 12m 05*-7) attain 
an altitude of 60° on the east side of the meridian at a place in latitude 32° 17' N. ? 


CHAPTER II 

FIELD ASTRONOMY— OBSERVATIONS 

The quantities to be obtained by the observations of field astronomy 
are time, azimuth, latitude and longitude. Each can be determined in 
several ways, and the selection of a suitable method is based chiefly upon 
the instrumental means available and the degree of precision required. 

The observations to be described do not exhaust those available for 
the different determinations. The principal methods are given, including 
those employed for the most refined field determinations as required in 
geodetic survey. It is impossible to state definitely the probable accuracy 
to be expected from the different methods of determination as it depends 
very largely upon the capability of the instrument used. 

The data required in the reduction of observations include, in many 
of the methods, quantities which necessitate astronomical observation 
for their evaluation. Thus, observations for time are made in connection 
with determinations of azimuth, latitude and longitude. In some cases 
the same observation yields more than one quantity. For determinations 
of low grade it is satisfactory to make one observation serve a double 
purpose, but in deliberate work each unknown is generally observed for 
independently, though accurate values for time and latitude may be 
derived simultaneously by observations on three stars at equal altitudes 
and time and azimuth by two stars on the same vertical. 

ASTRONOMICAL AND GEODETIC POSITIONS 

From the definitions of time, azimuth, latitude and longitude, it is 
evident that the values of those quantities are influenced by the direction 
of the vertical or plumb line at the place. The results of astronomical 
determinations therefore include the effect of local deviations caused 
by the irregular distribution of mass in the earth's crust. The amount 
of local deflection cannot be measured directly. It is deduced by com- 
parison of the astronomical position obtained by observation with the 
geodetic position computed with reference to the spheroid which best 
represents the form of the whole earth or a particular part of it (page 283), 
Hence, in order to obtain an estimate of the local deflection at any single 
point it is necessary to have a number of astronomical observations at 
various survey stations covering a fairly considerable area surrounding 
the given point. The discrepancies at different points are of great interest 
and importance in geodetic investigations. Their numerical values are 
usually relatively small but they are seldom or never zero. In many 
cases they exceed the probable errors of the instrumental observations 
in themselves, and sometimes they have been found to amount to as much 
as 30" of arc. Consequently, although the determination of their values, 
and the elimination of their effects, belong to the province of the pro- 
fessional geodesist rather than to that of the professional engineer, it is 
important for the latter to recognise the limitations they impose on the 
value of astronomical determinations, by themselves, as a check on 
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positions established by triangulation or traverse, or as a framework to 
be substituted in place of either. For these reasons, therefore, it appears 
advisable to give some further consideration to this subject. 

Astronomical and Geodetic Latitudes and Longitudes and the Deviation 
of the Plumb Line, The difference between the geodetic and the astro- 
nomical latitude is illustrated in Fig. 22. The curve EPQP' represents 

a section through a meridian on the 
earth’s surface, PP' being the polar 
axis and EQ the equatorial axis. 
Since the earth is an oblate spheroid 
in shape, this curve will he an ellipse. 
At any point A draw the line 6AB 
normal to the curve at A. Join A 
to C, the centre of the ellipse. Then 
the angle ACE is the geocentric 
latitude ip and the angle ABE is the 
geodetic latitude </>. 

Now suppose an abnormally heavy 
mass to be concentrated at the 
point X. A plumb bob suspended 
at A will then be drawn by gravita- 
tional attraction towards X, so that 
the plumb line will no longer lie along the normal 6AB but along some 
other line dAD. All astronomical observations for latitude ultimately 
depend on the indications of a spirit level, and, as the level is at the 
centre of its run when its tangent plane there is perpendicular to the 
plumb line, it will he seen that the latitude measured by the instrument 
will he the angle ADE and not the geodetic latitude ABE. The measured 
latitude ADE is called the astronomical latitude, and the difference 
between this and the geodetic latitude — the angle BAD in the figure — is 
called the deviation of the vertical, or of the plumb line, in latitude. If 
the mass X lies to one side of the meridian plane, and not exactly on it, 
there will be a similar deviation in the local time, so that the astronomical 
longitude L A will not coincide with the geodetic longitude L G . When 
the point of observation is not on the equator this difference between 
astronomical and geodetic longitudes will lead to a difference between 
the astronomical and geodetic azimuths, since the effect will be slightly 
to tilt the plane in which horizontal angles are measured. Let A a and A a 
be the astronomical and geodetic azimuths. Then it can be proved 
that 

A a Aq = {L A Lq) . sin (f>g 

where <p Q is the geodetic latitude. This equation is known as the “ Laplace 
equation,” and points at which both geodetic and astronomical longitudes 
and azimuths have been observed are known as <c Laplace points.” In 
important and extensive geodetic surveys it is now customary to correct 
the observed astronomical azimuths by means of this equation after 
values have been obtained for the deviations in longitude. This is not 
necessary when all the points lie on, or very close to, the equator, as 
sin <p Q is then zero or very small. 
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■ Effect o! the Deviations of the Plumb Line on the Survey of Position, 
In order to appreciate the effect which the deviations of the plumb line 
may have on the relative positions of points established by survey or 
geodetic methods s consider Fig. 23 which represents a short arc AB of a 
meridian. To simplify matters let this 
arc be short enough to be considered 
an . arc of a circle of radius R and 
centre C. Then, a direct measurement, 
by triangulation or traverse, between 
the points A and B will give the length 
of the arc AB, which is equal to 
R X A<f> G , where Aj> G is the difference 
in the geodetic latitudes of A and B. 

Owing to deviations of the verticals at 
the two points, astronomical measures 
will give a difference of astronomical 
latitude of A <f> A . Hence, assuming 

that as the deviations are very small 
M is not appreciably altered in value, the length of the arc AB by 
computation from the astronomical measures will be E x A <j> Af so that 
the difference in lengths as obtained from geodetic and astronomical 
measurements will be JS(A <f> G - AfJ. If (A<^ - A<£,) = 10", this 
difference amounts to about 1,000 ft. on the earth’s surface. Deviations 
in longitude will produce a somewhat similar effect, the linear displacement 
in this case being given by B(AL a — A L G ) cos <f>* 

From the above explanation it will readily be realised that closely 
spaced astronomical determinations of position are not of much value 
as a check on such operations as theodolite traversing or on triangulation 
(see Vol. I, page 232). On the other hand, astronomically determined 
azimuths are invaluable for checking the propagation of angular error in 
traversing, especially in low latitudes where the difference between the 
geodetic and astronomical azimuths is always small, although, unless 
corrections are made, astronomical azimuths also may have their limita- 
tions when applied to very refined work. 

Effect of the Deviation of the Vertical on Azimuth ControLf It has 
already been pointed out (page 40) that slight deviations of the plumb 
line will cause discrepancies between the astronomical and geodetic 
azimuths. Unless they are allowed for, these small deviations in azimuth 
will naturally cause local “ swings ” in traversing or triangulation, but, 

* It is usual to express the deviations of the vertical in terms of seconds of arc 
measured along the meridian and along the prime vertical, and these components 
are called the meridional and prime vertical components respectively. The meri- 
dional component is </> A — <f> G and the prime vertical component is [L A *— L G ) . cos </> G . 
One advantage of expressing the deviation in longitude in this way, instead of directly 
in terms of (L A — L G ), is that it affords a convenient method of forming a rough 
mental estimate of the amount of each component in feet. For this purpose, V 
of arc on the earth’s surface, measured either along the meridian or along the prime 
vertical, may be taken at 100 ft. approximately. 

f For further information on this subject see a very useful and interesting paper 
by Captain G. T. McCaw, C.M.G., Q.B.E., M.A., on 44 Astronomical Azimuths and 
their Introduction into Triangulation ” in Empire Conference of Survey Officers. 
Report of Proceedings . 1928 . 
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bo far as fixing the relative positions of points by either of these methods 
is concerned, the effects will not be nearly so serious as those of the dis- 
placements in astronomically determined positions caused by the devia- 
tions in latitude and longitude. The reason for this, of course, is that the 
length of any arc subtending a given angle depends on the radius of the 
circle of which the arc forms a part, and the length of any survey line, 
or series of lines, is almost infinitesimally small when compared with the 
radius of the earth. 

The disturbance in azimuth in latitude 55°, corresponding to a devia- 
tion of 10" in longitude, which is rather a large figure, is 8M9 of arc, and 
the lateral displacement caused by this at the end of a line one mile in 
length is 0*21 ft., or one part in twenty-five thousand of the length of the 
line. If the latitude is 10° the corresponding deviation in azimuth is 
I "*74 and the linear displacement in position 0*044 ft., or one part in a 
hundred and twenty thousand of the length of the line. It follows, 
therefore, that, when great accuracy is sought, some corrections to the 
observed azimuths may be necessary when working in high latitudes, and, 
if such corrections are not made, work carried out in high latitudes may 
not appear to give such good results as work carried out by exactly 
similar methods in places near the equator. It should, however, be 
noted that small discrepancies between the geodetic and astronomical 
longitudes and azimuths, due to deviations of the vertical, must not be 
confused with discrepancies caused by normal accidental errors of observa- 
tion. If the observed values of (L A — L G ) are no more than those that 
can be expected from the quality of the observations themselves, it would 
be wrong to suppose that the whole effect is due to the displacement of 
the zenith, or to apply the Laplace equation. Even at the equator, 
differences between the computed geodetic and the observed astronomical 
azimuths are usually found. The Laplace equation can be written 

(L a - L g ) = — (A, - Ag) . cosecjE, 

so that, with <j> = 0 and (A a — A G ) finite, this would lead to an infinite 
value of (L A *— L G ). This, of course, is absurd, and here it must be 
assumed that the apparent (A a — A Q ) is not a true value, in the sense 
that it represents a real deviation to which the Laplace equation is 
applicable, but is due entirely to ordinary errors of observation. 

Owing to the application of wireless time signals to determining 
longitude, there is now no great difficulty in taking fairly frequent 
observations for longitude. If this is done, and (L A — L 0 ) is determined 
at a number of points, the corrections to the astronomical azimuths at 
these points can be worked out. The geodetic longitudes will normally 
be based on the astronomical longitude at the initial station of the survey 
and, at this point, the true geodetic longitude will not usually coincide 
with the astronomical longitude. Hence, all the computed geodetic 
longitudes will be affected by the unknown (L A — L a ) at the beginning of 
the survey. So far as any work likely to be carried by engineers is 
concerned, however, it will suffice if the mean (L A — L & ) is taken, and the 
result applied, with its proper sign, to each longitude determination, 
including that at the initial station, to give a corrected (L A — L Q ) from 
which to work out the azimuth correction. Even this, or for that matter 
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the application of a Laplace correction at all* is only necessary for the 
very highest class of work, and for most purely engineering surveys the 
disturbances to azimuth caused by local deviations of the vertical can be 
considered to be negligible and can thus be ignored. 

A further point to be considered is the frequency of check azimuth 
observations on such work as theodolite traversing and triangulation. 
If no correction is to be applied to the observed azimuths it follows that 
there is not much point in taking observations at closer intervals than 
those in which the probable error in bearing, due to the propagation of 
angular error, is less than the probable error of the observed azimuths, 
the latter p.e. including any that may arise from the unknown deviations 
of the vertical. 

The numerical values of (L A — L G ) vary a good deal, but, when they 
are unknown, they may, for purposes of estimating probable error but 
not, of course, for purposes of applying corrections, be taken at about 
± 3", though this value is often greatly exceeded in practice. 

Astronomically Determined Latitudes and Longitudes as a Control for 
Mapping. It might at first be thought that, owing to the ease and 
accuracy with which observations may now be made with modem 
instruments, astronomical observations for latitude and longitude might 
serve admirably as a framework for mapping on a fairly small scale. 
Provided there are no unusual climatic difficulties, a given area can be 
covered with a network of astronomically determined points much more 
quickly than it can be covered with a network of points fixed by triangula- 
tion or traverse. Moreover, any errors of observation that may be made 
at one point are not carried forward when fixing other points, whereas 
in triangulation or traversing errors of observation tend to be propagated 
and magnified. In addition, if it is desired to survey a particular district 
before the framework in other districts is complete, or nearly complete, 
astronomical latitudes and longitudes can be observed at once in that 
district without having to wait for the framework to be completed else- 
where. This is not the case with triangulation or traversing, which, as a 
rule, have to be pushed forward as a whole and not surveyed in bits and 
pieces. 

In spite of all these advantages, the possibility of the existence of 
deviations of the vertical, of unknown and varying amounts, sets a 
limit to the usefulness of astronomically determined latitudes and longi- 
tudes as a framework for mapping. If the scale of the map is very small, 
or if the map is to be a rough geographical one only, where errors in 
position of, say, a quarter of a mile or more do not greatly matter, the 
use of an astronomically determined framework can be justified, especially 
if speed of production is a main consideration ; but, when the scale is 
reasonably large, and reasonable accuracy is desired, it is inadvisable to 
rely solely on astronomically fixed points for systematic mapping pur- 
poses, and it is far better to lay down a proper network of points fixed 
by triangulation or by accurate theodolite traverse. It must be stated, 
however, that there has been a tendency in recent years to rely on astro- 
nomical fixings as a basis for mapping on medium scales, more particularly 
when, in order to produce the map quickly, the detail survey has been 
done by air survey methods. 
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INSTRUMENTS 

The theodolite is the most generally useful instrument for the observa- 
tions of field astronomy, and all sizes from 3 in. to 12 in. are employed 
for the purpose. For determinations in connection with geographical 
mapping, the 5-in. or 6-in. micrometer instrument gives sufficiently 
accurate results, and is that most commonly used. The astronomical or 
nautical sextant may be employed in certain cases for the measurement 
of altitude. For primary determinations, as required in geodetic survey- 
ing, the principal instruments used are the portable transit instrument 
for time, the geodetic theodolite for azimuth, and the zenith telescope, 
or the theodolite with eyepiece micrometer, for latitude observations. 
In recent years, however, owing to the general standard of excellence and 
the adaptability of modern geodetic theodolites, the tendency, even in 
the most precise work, has been to take all astronomical observations, 
whether of time, azimuth or latitude, with an instrument of this kind. 
The theodolite is an all-round instrument, capable of measuring ordinary 
horizontal and vertical angles, as well as of being used for astronomical 
observations. Consequently, when it can be used for astronomical work, 
there is no point in carrying other instruments as well. 

The Theodolite. The modern large theodolite, described on pages 164 
et seq, is usually entirely suitable for astronomical work, but certain types of 
engineer’s transit theodolite are imperfectly adapted for the measurement 
of altitude. The provision of micrometer reading of the circles instead 
of verniers is very desirable, but of even greater importance is the necessity 
for the mounting of a sensitive spirit level on the frame carrying the 
vertical circle micrometers or verniers. This altitude level, being inde- 
pendent of the inclination of the telescope, defines the horizon throughout 
the observation, and serves to show whether the instrument remains 
stable. Its sensitiveness should be about 5" per 1*5 or 2 mm. division 
for a 5-in. or 6-in. theodolite, and must be carefully determined so that 
altitudes observed with the bubble off centre may be corrected. The 
use of a striding level to ensure horizontality of the horizontal axis is also 
necessary. 

Accessory parts required are : (a) means for illuminating the field of 
view ; (6) a diagonal eyepiece ; (c) sight vanes fitted on the upper and 
lower sides of the telescope tube to give a line of sight parallel to that of 
the telescope to facilitate pointing to a star ; (d) a dark glass to fit on 
the eyepiece when observing the sun. 

For star observations it is necessary to illuminate the field sufficiently 
to enable the cross-hairs to be seen. In older instruments this is usually 
effected by having the trunnion axis hollow and attaching a small lamp 
to one of the standards. The light is projected along the axis, and is 
reflected by a very small mirror in the telescope. Alternatively, a paper 
reflector may be attached in front of the objective. It should be bent 
over the lens and be provided with an opening to enable the light from 
the star to enter the telescope. A lamp is held or placed so that just 
sufficient light is reflected down the tube. In the more modem type of 
instrument, such as the Wild or Tavistock, the illumination of the cross- 
hairs is effected by means of a special low- voltage system, built into the 
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instrument itself. This system may be operated either from dry batteries 
or from accumulators, and the intensity of the light may be controlled 
by means of a variable resistance provided for the purpose. The same 
system is also now used extensively to provide illumination for the 
micrometers used in reading the circles. When a theodolite is provided 


with a system of complete internal electrical illumination it is well, when 
precise angular observations are being taken, to use the electrical illu- 
mination of the micrometers for daylight observations as well as for night 
ones. The advantage of doing so is that the illumination of the circle 
graduations is more even and constant than it would be if ordinary 
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daylight illumination were used, and small errors in reading are thereby 
reduced. 

The diagonal eyepiece {VoL I, page 28) is used when the altitude 
exceeds about 45°. The proportions of the theodolite must be such that 
the telescope can be transited without having to disturb the focus of the 
eyepiece. In observing the sun with the diagonal eyepiece, it should be 
remembered that the prism inverts the image, so that with the usual 
Ramsden type the sun appears right side up but inverted in azimuth. 

The Portable Transit Instrument. This instrument (Fig. 24) is an 
adaptation of the transit circle used in observatories, but is of much 
smaller size. It is set in the plane of the meridian for observing star 
transits for time and longitude determinations, and is occasionally utilised 
for the observation of azimuth, the referring object (page 83) being placed 
sufficiently near the plane of the meridian to be within the range of the 
eyepiece micrometer. The instrument may also be fitted for latitude 
observations by the Taleott method (page 98), 

Various sizes are used, that illustrated being suitable for primary 
determinations. In the larger instruments, the telescope objective has a 
focal length of 36 to 45 in. and an aperture of about 3 in. The powers 
of the various eyepieces provided range up to over 100 diameters. The 
telescope is mounted on a rigid axis resting on wye supports as in the 
theodolite, and provision is made for reversing the axis without lifting 
the telescope by hand. A sensitive striding level is essential. The vertical 
circles are of small diameter, and are used only for setting the telescope 
approximately at any required altitude. The instrument must have a 
very stable support, the best form being a masonry pier well founded and 
insulated from vibrations by having a narrow surrounding air space 
below the ground. 

In a design of portable transit instrument, known as the broken- 
telescope transit, which is used on the Continent and in America, the 
light which passes through the object glass is reflected through a right 
angle by means of a prism placed in the trunnion axis.* This hollow 
axis is continued beyond the supports, and the eyepiece is fitted at one 
end. A small electric lamp for the illumination of the field is carried at 
the other end of the axis. With this optical arrangement the standards 
can be made much lower than in the ordinary pattern, so that the instru- 
ment is very compact. 

A transit is observed by taking the time at which the star crosses each 
of several vertical hairs forming the reticule. When the times are taken 
by the eye and ear method (page 70), no more than five hairs can be 
used in order that the intervals between successive passages may permit 
of the times being booked. When the instants are registered by chrono- 
graph, eleven or more passages are recorded, and the influence of accidental 
errors of observation on the mean result is consequently reduced. 

Still better results are obtained by the use of the transit or impersonal 
micrometer, fitted with its movable vertical hair in the focal plane of the 
telescope. The micrometer drum carries five contact points, which make 
an electric circuit as they pass a fixed contact spring, and the instants 

* For an example of an instrument in which the broken-telescope principle is used, 
see the description of the Wild Astronomical Theodolite on page 180. 
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of the contacts are registered on the chronograph sheet. In observing a 
transit it is only necessary, as the star crosses the field of view, to keep it 
continuously bisected by the movable hair. \ Two milled heads are pro- 
vided for actuating the micrometer screw so that, by using both hands, a 
steady motion may be imparted to the hair. An automatic cut-out is 
fitted, and no record is transmitted except while the star is traversing 
the middle part of the field defined by two fixed vertical hairs. Four 
complete revolutions of the micrometer screw are required to carry the 
hair across this space, so that twenty contacts are made and registered on 
the chronograph sheet. 

The principal adjustments of the transit instrument are those of the 
striding level and horizontal axis and of the eollimation line. The former 
adjustments are made in the manner described for the theodolite (page 168). 
The eollimation adjustment is performed by sighting a well-defined 
distant point with the middle hair of the eyepiece micrometer. The 
exact bisection of the object sighted is effected by movement of the 
azimuth tangent screws. On reversing the telescope in its supports, the 
line of sight should still bisect the object. If it does not, the error may be 
eliminated by moving the hair half-way towards the image of the object 
by the adjusting screws controlling the diaphragm. The test and adjust- 
ment are repeated if necessary, but the complete elimination of eollimation 
error is not really essential (see page 189). 

The portable transit instrument is seldom used nowadays in survey 
work except possibly for primary determinations of longitude where the 
highest possible standard of accuracy is required. For all ordinary geodetic 
purposes a good geodetic type of theodolite, fitted with an eyepiece 
micrometer, is used instead. In some theodolites (e.g., the large Tavistock 
and the Wild Astronomical theodolite) the eyepiece micrometer may be 
turned through 90° about the longitudinal axis of the telescope so that 
it can be used for observing star passages either in azimuth or in altitude. 

The Chronograph. The chronograph (Fig. 25) is an instrument which 



Fig. 25 . Chronograph. 


reproduces the time record of a chronometer in graphical form. A 
sheet of paper to receive the record is wrapped round a cylinder which is 



Fig. 27. Tape Chronograph. 
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rotated by the action of a descending weight at the uniform rate of 
either one or two revolutions a minute. The speed is controlled by a 
governor. The pen carriage is mounted on a screw which is also rotated 
by the descending weight, so that the pen moves uniformly along the 
cylinder. A helix is therefore traced upon the paper, but by means of an 
electrical connection with a chronometer a sharp break in the line is made 
every second by the chronometer automatically breaking the circuit. 
Whole minutes are usually recorded by the absence of the regular mark 
at the fifty-ninth second. The chronometer may 7 be arranged to break 
the circuit at the even seconds only, and the whole minutes are then 
indicated by an additional mark at the fifty-ninth second. 

For taking transits with the aid of the chronograph, there is provided 
in the chronograph circuit a key or button, which the observer holds in 
his hand and depresses at each passage of the star across a hair. The 
circuit is thereby broken, and the instants are recorded by the pen in 
the same manner as the breaks made by the chronometer. The positions 
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Fig. 26. Chronograph Record. 


of these additional marks relatively to the second or two-second marks 
can be scaled with considerable precision, since the speed of rotation of 
the cylinder is sufficiently steady that it may be assumed uniform between 
adjacent chronometer marks. When an impersonal micrometer is used, 
the chronograph sheet is automatically marked at the instants at which 
the movable hair, bisecting the star, reaches the positions corresponding 
to contacts on the micrometer head (Fig. 26). 

In a compact form of the instrument, known as the tape chronograph 
(Fig. 27), the record is received upon a continuous strip of paper which 
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is fed through at a uniform rate. The instrument illustrated is operated 
by a small electric motor, and the speed is regulated by means of a 
rheostat. The record of the micrometer contacts is made alongside 
that of the chronometer seconds instead of being superimposed upon it. 
In some instruments the armatures carry needle points instead of pens, 
and a series of fine punctures forms the record. 

The Zenith Telescope* This instrument (Fig. 28) is used for precise 
determinations of latitude by the Talcott 
method of measuring small differences 
of meridian zenith distance of pairs of 
stars (page 98). The telescope is similar 
in size to that of the portable transit 
instrument, and is mounted either cen- 
trally on, or at one end of a short 
horizontal axis levelled by a striding 
level. An eyepiece micrometer, with 
movable horizontal hair, is an essential 
feature. The value of one division of 
the micrometer head is about 0**5, and 
the range of the movable hair about 20'. 

The vertical axis, carrying the supports 
for the horizontal axis, is made long to 
ensure a true motion of the telescope in 
azimuth, its deviation from true verti- 
cality being measured by means of one 
or two chambered latitude levels attached 
to the telescope and having a sensitive- 
ness of about 0"*8 per mm. The vertical 
circle or arc is used simply for setting 
the telescope approximately to any 
required altitude. The horizontal circle 
enables the line of sight to be set 
approximately in the meridian, and 
azimuth stops are provided for clamping 
on to the circle so that the telescope may 
be quickly swung through 180° from a 
north to a south star. The instrument 
support must be very stable, and should 
preferably be of masonry. 

In adjusting the instrument, the striding level is used as in the case of 
the theodolite for the horizontal axis adjustment. If the telescope is 
mounted centrally on the horizontal axis, the collimation adjustment is 
performed as for a transit instrument. In the eccentric type of instru- 
ment illustrated this adjustment may be made by the double reversal 
method used for small theodolites, two points being established on either 
side of the instrument and at a distance apart equal to twice the eccen- 
tricity of the telescope. The value of one turn of the micrometer screw 
is calculated from the sidereal time required for a circumpolar star at or 
about elongation to move through the angle corresponding to one turn, 
or it is derived by least squares from the results of the latitude observa- 


Fig. 28. Zenith Teeescope, 
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tions themselves. If the time of passage of a circumpolar star at elonga- 
tion is used to determine the value of the micrometer screw, then the 
change in elevation dh of the star corresponding to a change dt in the hour 
angle, expressed in seconds of arc, is given by dh — — cos S . dt. It is of 
importance that the movable hair should be truly horizontal when the 
instrument is levelled. This should be tested by setting the movable 
hair upon the image of a distant point to one side of the field of view. 
The instrument being levelled and the telescope clamped in altitude, 
the point sighted should remain upon the hair while the telescope is moved 
in azimuth. Otherwise, the eyepiece must be rotated by means of the 
appropriate adjusting screws. 

Although a good deal of modern work in primary latitude determina- 
tion has been performed by means of the transit instrument, instead of 
the zenith telescope, the general tendency in recent years has been to 
replace both instruments by a good geodetic theodolite. A transit 
instrument can be made equivalent to a zenith telescope by the attach- 
ment of a sensitive spirit level to one or both of the setting circles and 
by using the eyepiece micrometer with the movable hair in the horizontal 
position. A precise theodolite fitted with a suitable eyepiece micrometer 
may be similarly adapted for refined latitude observations by fitting a 
sensitive level. 

The Astronomical or Nautical Sextant. The framework of this instru- 
ment (Fig. 29) is a gun-metal casting, the curved limb of which carries 



Fig. 29. Astronomical Sextant. 


the graduated arc 1. At the centre of curvature there is fitted an axis 
about which the index arm 2 rotates. The latter is provided with a 
vernier reading against the arc, and is controlled by a clamp and tangent 
screw 3. It also carries the index glass 4 , the vertical axis of which is 
collinear with the axis of rotation of the arm. This glass is wholly silvered, 
and is fixed in a metal tray in a manner permitting its adjustment perpen- 


FIELD ASTRONOMY— OBSERVATIONS 


51 


dicular to the plane of the arc. The horizon glass 5, mounted on the frame, 
is silvered on the lower half and of plain glass on the upper half. 

The arc has a radius of from 6 to 8 in., and is graduated to 20' or 10' 
according to the size of the instrument. In accordance with the principle 
of the sextant (Vol. I, page 56), the divisions are figured at twice their 
actual value so that readings may represent the angles measured. Sub- 
division is carried to 20" or 10" by the vernier, which is usually of the 
extended type (Vol. I, page 43). The graduation of the arc is continued 
for a few degrees beyond the zero to form an arc of excess (see index 
error, page 52). 

The telescope is screwed into the collar 6, formed on a short pillar, 
called the up-and-down piece. This can be raised or lowered by a screw 
to vary the position of the line of sight relatively to the upper edge of the 
silvered part of the horizon glass and so equalise the brightness of the 
direct and reflected images. Two telescopes accompany the instrument — * 
the long or inverting telescope 7 and the star telescope 9 . The former is 
generally provided with two eyepieces S } of different powers. The reticule 
usually consists of four lines forming a square in the centre of the field. 
The star telescope is of low power and wide field, and is convenient in 
identifying stars and for terrestrial observations. In addition, a plain 
tube 10 3 with a pin-hole sight, is provided, but its utility is chiefly confined 
to terrestrial observations and to preliminary sights in astronomical 
work. Two sets of coloured shades, 11 and 12, are fitted on hinges so 
that they may be brought into action when observing the sun. When 
it is desired to reduce the brightness of the direct and reflected images 
equally, as when making a solar observation by artificial horizon, a dark 
glass is fixed on the telescope eyepiece. 

Testing and Adjustment of Sextant. The geometrical relationships of 
the sextant which can be established by adjustment are : 

(1) The index glass should be perpendicular to the plane of the arc. 

(2) The horizon glass should be perpendicular to the plane of the arc. 

(3) The line of sight should be parallel to the plane of the arc. 

(4) The mirrors should be parallel to each other when the index reads 
zero. 

The following further requirements influencing the accuracy of the 
instrument are not adjustable, but the errors arising from their non- 
fulfilment can be ascertained and allowed for. 

(5) The axis of rotation of the index arm should pass through the 
centre of graduation of the arc. 

(6) The glasses forming the mirrors and shades should have their faces 
accurately parallel. 

(7) The graduation of the arc should be uniform. 

1. Adjustment of Index Glass. Object. To set the index glass perpen- 
dicular to the plane of the arc. 

Test. (1) Clamp the index arm near the middle of the arc. 

(2) Place the eye just above the plane of the arc and near the index 
glass. The part of the arc seen by reflection in the index 
appear continuous with the arc itself. 

Adjustment If the reflected part appears to rise (fajj 
the glass is leaning forward (backward). Turn the a i 
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the back of the glass in the direction thus indicated until the test is 
passed. 

2. Adjustment of Horizon Glass. Object. To set the horizon glass 
perpendicular to the plane of the arc. 

Test, (1) Point the telescope on a star, 

(2) Move the index arm to either side of the zero. This should cause 
the reflected image to pass exactly over the direct image. 

Adjustment. Turn the adjusting screw at the top of the horizon glass 
until the test is fulfilled. 

Note. Although a star forms the best object for sighting, the test may be per- 
formed by observing the sun. If the instrument is used for terrestrial observations, 
as in the case of the sounding sextant (Vol. I, page 551), it is sufficient to sight any 
distant straight line, making the direct and reflected images appear continuous. 
On tilting the instrument, the continuity should be maintained. 

3. Adjustment of Telescope. Object. To make the line of sight parallel 
to the plane of the arc. 

Test. (1) Fit the inverting telescope, and turn the eyepiece until two 
of the wires are approximately parallel to the plane of the arc. 

(2) Sight one star directly, and bring the reflected image of another, 
not less than 90° distant, into coincidence on one of the wires. 

(3) Move the instrument until the images appear on the second parallel 
wire. The contact should remain perfect. 

Adjustment. Alter the inclination of the telescope by the opposing 
screws controlling the collar. 

Note . A simple alternative test can be performed indoors as follows. Set the 
sextant on its legs on a table. Place on the arc two small objects of exactly equal 
height to serve as temporary sights. Sight along them, and mark where the line 
of sight meets a vertical surface at least 20 ft. distant. Now sight through the 
telescope, andjnote how far the telescope line of sight strikes above or below the 
mark. This difference should be the same as the difference between the height of 
the temporary sights and the vertical distance between the centre of the telescope 
and the plane of the arc. 

4. Index Error. Object. To ascertain the reading of the vernier index 
when the index glass is parallel to the horizon glass. 

The position of the index when the mirrors are parallel, i.e . when the 
direct and reflected images of a very distant object are coincident, is 
the true zero from which angles are measured on the arc. If this does 
not coincide with the zero of the graduations, the difference is the index 
error, positive or negative, which must be applied to all observations 
alike. As its value is liable to change, it is preferable to ascertain the 
amount of the correction, rather than attempt to keep the instrument 
free from error. 

Test. First method : Point the telescope at a star and bring the direct 
and reflected images into coincidence. The reading of the vernier is the 
index error, which is negative when the vernier index is to the left of the 
zero, or on the arc, and positive when off the arc (on the arc of excess). 

Second method : (I) Set the index at about 30' on the arc and sight 
the sun. 

(2) The direct and reflected images should appear approximately in 
contact. Complete the contact of the right and left limbs by the tangent 
screw, and note the reading. 
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(3) Set the index at about 30' off the are, make the contact as before, 
and note the reading. 

(4) The index error is given by half the difference between the two 
readings, and is subtractive (additive) when the greater reading is on 
(off) the arc. 

Notes. (1) Since index error is applied to all observations, it must be determined 
with as great refinement as is employed in the observations, and several determina- 
tions may be made and the mean adopted. As the error changes with change of 
temperature, it is advisable to ascertain its amount on each occasion of observation. 

(2) As a check on the observation in the second method, the sum of the readings 
on and off the arc should equal four times the sun’s semi-diameter, as given in the 
Nautical Almanac for the date. 

(3) As the arc of excess is read in the opposite direction from the arc itself, car© 
must be exercised in reading the vernier off the arc. 

(4) In the case of a sextant used for terrestrial observations, the first method of 
setting is employed with the sight taken on a distant object. 

Adjustment. If it is desired to eliminate the error, clamp the index 
at zero, and bring the reflected image of a celestial body into coincidence 
with the direct image by turning the adjusting screw at the base of the 
horizon glass. 

Note. After performing this adjustment, the perpendicularity of the horizon 
glass should again be tested and, if necessary, re-adjusted, in which case a further 
adjustment of index error may be found necessary. 

5. Centering Error, The error produced by non-coincidence of the 
axis of rotation of the index arm with the centre of graduation of the 
arc cannot satisfactorily be detached from the effects of refraction due 
to non-parallelism of the mirrors and shades, or from errors arising from 
defective graduation or from flexure. It is therefore usual to group all 
such residual errors under the name of centering error, and from the 
results of testing to prepare a table of corrections, for various angles, to 
be applied in the manner of index error. The examination is most 
conveniently made by the use of fixed collimators, and in this country 
it is usual to have the test performed by the National Physical Laboratory, 
Teddington. Flexure of the instrument may, however, affect the constancy 
of the corrections, which should therefore be determined from time to 
time, and the surveyor may have to undertake field tests. 

One method consists in observing the angular distance between two 
stars and comparing the result, after correction for index error and 
atmospheric refraction, with their calculated distance apart. To facilitate 
making the refraction correction, the stars selected should lie as nearly 
as possible on the same vertical circle. Several pairs of stars are thus 
observed, and the centering error is ascertained for several points on the 
arc. An alternative method consists in observing latitude by circum- 
meridian altitudes of north and south stars (page 101), which should be 
of about equal altitude. The difference between the latitude deduced 
from the north star and that from the south star represents the centering 
error corresponding to the double altitude observed in the artificial 
horizon. In the northern hemisphere the error is positive or negative 
according as the latitude given by the south star is the greater or smaller, 
and vice versa for the southern hemisphere. 
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H a good theodolite is available the test can be made by measuring 
the angles between different distant objects by means of both theodolite 
and sextant the angular elevations of the objects also being measured 
with the theodolite. The angle measured by the latter is the horizontal 
angle whereas the one measured by the sextant is the angle measured in 

ob^ect s Clmed Pkne COntainiDg the point of obse r v ation and the two 

Let « be the horizontal angle between the two objects, h x and h 2 their 
angular elevations and of the angle measured 
directly between them with the sextant. Then in 
the spherical triangle ZAB, Eig. 30, 

cos a = sin h t sin h 2 + cos h 1 cos h 2 cos x 
= sin h z sec M sin (h 1 + M) 

where tan M = cot h 2 cos «. If «' and a are small 
angles, use 

sin fa = sin f (h 2 — hj) sec $ 

where 

a sin fa 

tan 6 — - — - ^ CQshi 



. cos h e 


Fig. 30. 


' sin f (h ? 

Comparison may then be made between the 
value of a computed from the above formula and 
with the sextant. 

The Artificial Horizon. It has not been found 
, , practicable to fit the sextant with levelling 

apparatus so that altitudes may be observed directly, and such measure 8 
ments are made either by observing the angle of elevation from the sea 
horizon and applying a negative correction for the dip of the horizon or 
by the use of an artificial horizon. izon, or 

The artificial horizon consists essentially of a horizontal reflecting 
surface, and the sextant observation of altitude consists in measuring 
the angle between the celestial body and its image measuring 

as seen m the reflector. In Eig. 31, let AB be the 
horizontal reflecting surface, D the position of the 
sextant, and S a celestial body. DE being a hori- 
zontal line, the required altitude h is EDS = BCS 
The angle measured is SDS', and by virtue of the 

™£™? fleCti0 ? a ? d the P arap elism of AB and 
DE, SDS is evidently twice the required altitude 
There axe two general types of artificial horizon 
according to whether the reflector is a glass plate 



Fig. 31. 
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shallow iron or wooden tray (Fig. 32) about 6 in. by 3 in. To shield 
the surface of the mercury from wind, the tray is covered by a collapsible 
roof with sloping faces of glass plate worked 
to a uniform thickness and with truly plane 
surfaces. The mercury is contained in an iron 
flask when not in use. This type of horizon 
can be used at sea. 

Observing by Artificial Horizon. In the 
measurement of altitude, the artificial horizon 
is placed on the ground in front of the ob- 
server and at a convenient distance for 
sighting the reflected image. The latter is 
viewed directly. By moving the index arm, 
the celestial body is then brought down until 
the two images are approximately in contact. This preliminary sighting 
should preferably be done with the blank tube, or simply through the 
telescope collar, and when the index arm is clamped at the approximate 
angle, the inverting telescope is screwed on as quickly as possible, and the 
two images are made coincident by the tangent screw. 

In the case of solar observations the required coincidence consists in 
making one disc just touch the other. To ascertain whether the measure- 
ment is being made to the sun’s upper or lower limb, the rule is that, 
with an inverting telescope, the images are continually overlapping in 
the forenoon and separating in the afternoon for the upper limb, and 
vice versa for the lower. 

When taking repeated sights, except in the case of observations of 
equal altitudes, the glass roof should be reversed for half the observations 
as a precaution against the effects of possible non -parallelism of the glass 
plates. Under all circumstances the index correction is applied to the 
measured angle before halving it. 

Notes. (1) Practice is necessary for acquiring speed in observing with the artificial 
horizon. The use of a sextant stand is helpful, but if this is not available, the observer 
should sit on the ground and rest the right arm against the knee. 

(2) The brilliancy of the reflection depends upon the cleanness and chemical purity 
of the mercury. Dirty mercury may be cleaned by straining through chamois leather 
or by pouring it a few times through a paper funnel with a very small opening. 

(3) Should the mercury be accidentally spilled, any liquid may be substituted 
temporarily : viscous liquids such as treacle or heavy oil are preferable to water. 

The Prismatic Astrolabe. Any determination of latitude and longitude 
involves, directly or indirectly, a relation between the position of the star 
at the moment of observation and the direction of the vertical at the 
place of observation. In most surveying instruments, such as the transit 
circle and the theodolite, the apparent direction of the vertical is indicated 
or controlled by means of a spirit level attached to the instrument. 
Consequently, the accuracy of the observations depends to a very large 
extent on the sensitivity and accuracy of the indications of the spirit 
level. The astrolabe is an instrument which has been designed to make 
the observations not only independent of the indications of a spirit level 
but also of the readings on a vertical circle. A spirit level is not necessary 
since one of the essential rays in the optics of the instrument is reflected 



Fig. 32. Mercurial 
Artificial Horizon. 
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from an artificial horizon. Neither are readings on a vertical circle 
necessary because all readings are taken at a fixed vertical angle. 

ihe astrolabe in its original form was designed by MM. Claude and 
Drieneourt, who used a 60° prism to control the fixed altitude at which 
s ars are observed. In British practice, the original form has now given 
way to an improved type designed by Captain T. Y. Baker, R.N., which 
is manufactured by Messrs. Cooke, Troughton & Simms, and has been 
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It may be noted that it is not essential that the prism should be so 
accurately constructed that the observed altitude should be exactly 60° 
or 45°. So long as all stars in a series are observed at the same altitude — 
and, apart from ordinary errors of observation, this is secured by the 
design of the instrument — a small error in the construction of the prism, 
causing the observed altitude to differ slightly from the nominal altitude, 
does not matter. Observations to at least three stars are necessary, and 
the resulting equations take into account, and can be used to determine, 
the error of the prism. 

The astrolabe can only be used to determine latitude, longitude and 
time ; it cannot be used for observation of azimuth. 

Fig. 33 shows a side elevation of the 45° astrolabe and Fig. 34 a front 
elevation with the telescope 
removed. In Fig. 33, ABCDEA 
is a pentagonal, or Prandl, prism 
in which the faces AE and CD 
are silvered, but on AE a cir- 
cular part of the silvering is 
removed. A small right-angled 
prism AEF, with an acute angle 
of 22|°, is cemented on the face 
AE of the pentagonal prism. 

The artificial horizon consists 
of mercury held in a shallow 
metal tray, and is placed, as 
shown, in front of the face EF 
of the acute angled prism. A 
telescope placed near, and look- 
ing down into, the face CB of 
the pentagonal prism enables 
magnified images of the star 
to be seen clearly but serves no 
purpose other than this. 

The principle of the instru- 
ment is very simple. A ray of 
light entering the face AB at 
right angles to it is reflected 
horizontally from the face CD and is then reflected again from the face 
AE, the reflected ray entering the objective at 45° to the horizontal. 
This gives one image of the star. A second, and direct, image is formed 
by reflection from the artificial horizon, the reflected ray passing through 
the unsilvered portion of the face EF of the prism AEF and then through 
the face CB, no deviation of the ray taking place in its passage through 
the prism as the faces EF and CB are both parallel and are perpendicular 
to the ray entering EF. Thus, on looking through the telescope, two 
images of the star are seen but it will be noticed that they appear to 
move in opposite directions. The observation is made when they 
appear to coincide or to lie against each other in the same horizontal 
line. 

As, owing to diffraction, either image of the star is of finite dimensions, 


FRONT ELEVATION 
(telescope removed) 



45° Prismatic Astrolabe 
Fig. 34. 
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it would be very difficult to judge when the centres were coincident if 
the two images were superimposed one on top of the other. Consequently, 
half of the face AB of the pentagonal prism is left uncovered and a weak 
deviating, or duplicating, prism is placed over the other half with its 
edge parallel to the edge of the main prism. The effect of this prism is to 

cause two images, lying close together, to be 
formed in the pentagonal prism and the in- 
strument is set so that the image formed in the 
artificial horizon passes midway between these 
two images. The appearance in the telescope 
is therefore as shown in Pig. 35, and the 
observation is taken when the three images 
appear to lie, close to the vertical wire in the 
telescope, on a horizontal line. A fine motion 
adjustment screw is provided to bring the 
reflected single image between the duplicate 
images. This screw rocks the whole prism 
casing about an axis parallel to the telescope 
axis and situated near the lowest point of the casing. 

Another useful accessory is provided by means of which several 
observations may be made on the one star. This is done by means of 
weak prisms interposed in front of the mercury pool. If the angle of 
deflection caused by one of these prisms is a, the angle between the 
directly observed star and the reflected image will be 90° + «or 90° — oe, 
according to the way in which the prism is turned. Hence, if it is used 



in both ways, angular elevations of 45° + ~ and 45°—? will be measured, 

z z 

the mean being 45°. In the latest model of the Cooke, Troughton & 
Simms instrument three such prisms are fitted, these giving angular 
deviations of 3', 9', and 15', corresponding to changes of elevation of 
1£', 4|' and 7|'. These prisms are shown in section in Pig. 33 and in 
elevation in Pig. 34. They are mounted in a slide which can be rotated 
through 180° about its horizontal axis and can be pushed into any one 
of three horizontal positions, so as to expose the different prisms in turn. 
This slide engages with a spring detent when the prism is correctly placed 
in the path of the ray. By using these prisms six observations with one 
star are possible. The edges of the slide are marked Rl, R2, R3 and SI, 
S2, S3 respectively, RI and Si referring to the 15' prism, R2 and S2 to 
the 9' prism and R3 and S3 to the 3' prism. For a rising star, the correct 
sequence of observations is Rl, R2, R3 (reverse), S3, S2, SI. For a 
setting star, the order is SI, 82, S3 (reverse), R3, R2, Rl. 

The instrument is provided with a horizontal circle divided into 
degrees, the sole function of this circle being to assist in finding the star. 
The circle is friction tight and can be set so that the zero indicates true 
north when the telescope is in the meridian. This setting is made by means 
of a tubular magnetic compass attached to the telescope support. A 
circular level is fixed to the cover plate, but the instrument need not be 
very carefully levelled as all that is necessary is to ensure that the mercury 
will not run over the side of the containing metal tray. Levelling itself is 
done by three levelling screws and fine adjustments in azimuth are 
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secured by means of a clamp and fine-motion screw fitted between the 
cover plate and the tribrach. 

The stand or stool provided with this instrument is made of mahogany, 
with stretcher bars for stiffness and an adapter for attachment of the 
instrument. This stand is only 18 in. high so that observations may be 
made comfortably from a camp chair. In order to secure rigidity, it is 
well to set the legs of the stand on a concrete platform and to dig them 
in slightly while the concrete is still wet. A wind screen should be erected 
about the instrument and the chronograph and wireless set housed in a 
tent close to the point of observation. 

Preparing a Programme of Work. Before commencing observing it is 
essential to prepare a suitable programme of work. This means that the 
approximate azimuths of a number of stars, and the sidereal times 
when they are at altitudes of 44° 52J' to 45° 071', must be worked out 
beforehand. This information is needed not only for knowing which 
stars to observe, and when to observe them, but also for setting the 
instrument to the proper azimuth and picking up and identifying the 
stars to be used in the observations. Stars should be observed in sets 
of four, one in the north, one in the south, one in the east and one in the 
west quadrant, the azimuths of stars in opposite quadrants differing as 
closely as possible by 180° and each star being within the middle 30° of 
the quadrant in which it lies. 

The first thing to do is to work out the sidereal time at which it is 
proposed to commence observing and then to choose suitable stars. For 
this, the Hydrographical Department of the Admiralty publishes a 
special diagram (No. 5170. “ Diagrams for the Preparation of Star 
Programmes for the 45° Astrolabe ”). From these diagrams the limits of 
Right Ascension and Declination for the stars in each quadrant which 
read 45° zenith distance during suitable hours of observation can be 
obtained. Then, having selected suitable stars, the times and azimuths 
for reading 45° altitude can either be determined from the diagram and 
star azimuth tables or else they must be calculated. Naturally, the 
times to start observing comes a little before the time computed for 45° 
altitude, since the first observation is taken at an altitude of 44° 52|' 
and the last at an altitude of 45° 07!', or vice versa if the star is setting. 
The first observation will, in fact, be taken at a time 30 see<£ cosecA 
seconds before the star is at an altitude of 45°, and the last observation 
the same amount of time later, 4> being the latitude of the place and A 
the azimuth of the star. 

A very much more convenient method of preparing a programme of 
observations for the 45° astrolabe is to use a 44 Mechanical Programme 
Finder/* which is manufactured by Messrs. Cooke, Troughton & Simms, 
and costs £25. Not only does this extremely useful accessory indicate 
suitable stars for observation, but the azimuth and local sidereal time 
at which any one of 956 given stars attains an altitude of 45° can also be 
obtained from it. It consists of a duralumin disc, 10*6 in. diameter, 
over which can be fitted, so as to revolve about its centre, one of ten 
celluloid quadrants giving each degree of latitude from 0° to 60° North 
and 40° South. The positions of 540 stars with northern declinations are 
marked on one side of the plate and those of 416 stars with southern 
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declinations on the other. Each star is numbered and the necessary 
particulars concerning it are given in a special star list which is supplied 
with the instrument. With this accessory, sidereal times can be read to 
I minute of time and azimuths to 30 minutes of arc. Hence, it provides 
an easy and rapid method of selecting suitable stars and of obtaining the 
necessary data for making out a programme of observation. 

If a mechanical programme finder is not available, the selection of 
stars offered by the Nautical Almanac may not be sufficient. In this 
case a good star catalogue should be used. A suitable and up-to-date 
one is Apparent Places of Fundamental Stars , which is published annually 
by the Admiralty and gives the apparent places of 1,535 stars. If a 60° 
astrolabe is used, the preparation of programmes is facilitated by the use 
of a special 60° star list which is published by the American Geographical 
Society. This gives, for each degree of latitude between 60° N. and 60° S, 
the azimuth, local sidereal time, magnitude and right ascension of every 
star that is available for observation with an astrolabe of this kind. 

Observations with the astrolabe should he confined to stars of magni- 
tudes greater than the fourth since the images of smaller stars are very 
faint when viewed in the mercury pool. 

Observing with the 45° Astrolabe. Having set up and levelled the 
instrument some little time before observations are to begin, the surface 
of the mercury in the artificial horizon should, if necessary, be cleaned by 
means of the glass rod provided for the purpose. The instrument should 
then be orientated by means of the tubular compass so that the zero on 
the circle indicates true north. When this has been done the instrument 
should be set to read the azimuth of the first star to be observed. Three 
or four minutes before the star is due to reach its proper altitude it will 
be seen coming into the field of view of the telescope, and, if it is an east 
star and rising, the slide containing the deflecting prisms should be set 
to read Rl, or, if the star is setting, the slide should read SI. Three 
images of the star will now be seen, two moving together in one direction 
and one moving in the reverse direction. These images should be adjusted 
so that the single one comes midway between the other two. This is 
done by means of the small adjusting screw on the right which rocks the 
duplicating prism. The fine azimuth motion should then be used to 
bring all three images very close to the central wire in the telescope. 

At the moment when the three images of the star are seen in the same 
horizontal line, the key of the chronograph is depressed and the slide 
containing the deflecting prisms is pushed over to read R2 (or S2). The 
observation is then repeated, and, in this way, six observations in all 
are made on the one star with the slide in the successive positions Rl, R2, 
R3 (reverse), S3, S2, SI, or in the order SI, S2, S3, (reverse), R3, R2, Rl 
if the star is setting instead of rising. 

The chronometer times may be checked by noting the differences in 
time for the Rl and R2 readings, which should be the same as the 
differences between the S2 and SI readings. Similarly, the R2— R3 
readings should be equal to the S3 — S2 readings. 

It may be noted that it is better to observe a few sets on each of several 
nights than it is to observe a large number of sets on one or two nights. 
If a large number of stars is observed on the same night, the surface of 
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the mercury may get scummed over while observations are in progress, 
in which case it can be cleared by means of the glass rod. 

Computation of Results. For rough work the mean of the times of the 
six observations on a single star may be taken as the observed time when 
the star was at an altitude of 45°. The motion of a star in altitude is 
not, however, exactly proportional to time. Hence, if the mean of the 
observed times is taken as the time of observation, it becomes necessary 
in precise work to apply a second order correction to the zenith distance. 
This correction is given in seconds of are by : — 

- (2^) £(Az) 2 cot A (cot A — tan <j> cosec A) sin 1",* 

where N is the number of observations, A the azimuth of the star measured 
from north through east, <f> the latitude of the place, A z the amount, in 
seconds of arc, by which the altitude for that particular observation differs 
from the standard altitude and, as usual, 27 denotes summation, so that 
27(Az) 2 is the sum of the squares of the individual Az’s. For the later model 
of the C. T. & S. 45° astrolabe, N =» 6 , and A z has the values — IV — 44', 

— 14'j 4|', 7|', so that in this case the quantity 27(A z) 2 sin V 

becomes 0*23 seconds of arc. Hence : — 

Correction to zenith distance in seconds of arc = 

— 0*23 cot A (cot A — tan </> cosec A). 

For logarithmic calculation, the formula may be put in the form 

Correction = - 0-23 

sma sm A cos <f> 

where tan a = sec A . 

The sign of the trigonometrical co-efficient depends on the signs and 
magnitudes of cot A, cosec A and tan c /> , and, if these are given their 
correct signs, no difficulty need be experienced with regard to the sign 
of the correction. The trigonometrical term, which may be called A, is 
given in a diagram, No. 5072, which has been published by the Admiralty. 
Note, however, that the “ Cooke 45° Astrolabe ” referred to in example a 
in this diagram is an earlier type of instrument in which eight observa- 
tions were made instead of six. 

After having corrected the zenith distance of 45° by means of the 
second order term, and applied the corrections for refraction and for the 
error of the prism when this is known, an assumed value for the latitude 
is taken and the azimuth and hour angle of each star are worked out 
from the formulae : — 

J 0 . , sin (s — c) . sin (s — z) 

tan 2 A A = L . — ; — - — - — 

sm s . sm (s — p) 

z sm 5 . sin (s - 2 ) 

* This expression, which only holds for the 45° Astrolabe, can be obtained by 
using Taylor’s Theorem to expand (z + dz) — cos~ 1 [sin <f> sin 8 + cos <f> cos 8 cos 
(tf + dty\ in terms of dt and then making the substitution dt — dz . sec $ . cosec A . 
If an altitude h other than 45° is used the term in the bracket becomes (cot A tan &-» 
tan $ cosec A). Seep. 75. 
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where c = assumed co-latitude of place, z = zenith distance, p = polar 
distance of star and s = \ (c + p + z). From, the hour angle and the 
R.A. of the star the computed sidereal time of observation is obtained 
and this, minus the observed sidereal time, converted into seconds of arc, 
gives dt 2 , the absolute term in the observation equation. ^ Reckoning 
azimuths clockwise from north from 0° to 360°, the equation may be 
written : — 

dt 1 + cot A sec (f)d(j) — cosec A sec <j> dh ~~ dt 2 = 0 for the northern 

hemisphere. 

or dt x — • cot A sec <f>d<f> — cosec A sec <j>dh ~ dt 2 = 0 for the southern 

hemisphere. 

where $ is always taken as positive, dt t is the clock error, or true sidereal 
time minus observed sidereal time, d<j> the correction to the assumed 
latitude, and dh a correction to the assumed altitude.* 

There are three unknowns in this equation, dt l9 d<j> and dh, and hence 
at least three equations are needed to obtain a solution. Usually there 
will be more equations than three, and, in that event, a straight-forward 
solution by least squares is probably the simplest method to use. If the 
computer is not familiar with the use of least squares, the equations can 
be solved three by three and the means of all the results taken, but it is 
better to use a semi-graphic method first described in Rail’s Handbook of 
the Prismatic Astrolabe and now included in Close and Winterbotham’s 
Text-book of Topographical Surveying . Alternatively, another method, 
which is really a combination of the semi-graphic method and least 
squares, is described in Admiralty publication No. H.D. 285, “ Notes on 
the Determination of the Value to be Accepted from Observations for 
Latitude and Longitude with the Prismatic Astrolabe.” The description 
of the method is sufficiently detailed to enable it to be followed and 
used by a reader who is not familiar with least squares. 

An example of an ordinary solution by least squares from four observa- 
tions is given in a paper “ Instructions for the Use of the Prismatic 
Astrolabe and Programme Finder,” by W. Horsfield and W. A. Erritt, 
which is published in the Empire Survey Review , Vol. Ill, No. 21, July, 
1936. The solution there worked out gives a probable error of ± 0**58 
for an unadjusted observation, and dfc 0"*50 for an observation after 
adjustment by least squares. 

It may be noted that if the error of the prism is not known and has not 
been allowed for, the quantity dh wall contain this error as well as any 
small errors that there may be in the assumed altitude of the star. Hence, 
the error of the prism should be fairly well determined after the instru- 
ment has been in use for a short time. d<j> gives the correction to the 
assumed latitude, and, when applied to the latter, gives the corrected 
latitude ; dt x gives the clock error on local sidereal time. 

The differential equation used for determining dt> d<f> and dh may be derived as 
follows : — 

From the astronomical triangle we have : — 

cos z = sin <f> sin $ -f cos <j> cos 8 cos t . 

* See Monthly Notices of the Astronomical Society , Vol. LXIV, pages 107 to 
112, and Captain G. T. McCaw’s “ Report on the Trigonometrical Survey of Fiji,” 
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' Differentiating with respect to z, $ and t, we get : — 

■“ s ^ n zdz — {cos tji . sin. 8 — sin $ cos 8 cos t)d$ «— cos $ cos S sin t dt m 

Then, by formula xxi, page 6, the term in brackets is equal to sin z eos A. Hence, 
inserting this, value' and. substituting sin A . sin z for cos S . sin ^ in the co -efficient 
of dt, we have 

. — sin z dz = 
or dt cos tf> sin A 

or, since dz — — dh, 

dt — cot A sec <j» dj» -f cosec A sec ^ dh — 0, 

where A is the azimuth angle, reckoned the shortest way east or west from the 
elevated pole, and dt is the correction to the hour angle reckoned the shortest way 
from the zenith./ Also, since dt % and dt 2 correspond to times measured westward 
from upper transit, dt 1 —dt 2 = —dt or +dt, according as the star is east or west of 
the meridian, and hence the equation follows. 

The method of observing at least three stars at equal altitudes can, 
of course, be used with a good theodolite provided proper readings are 
taken on the striding level and the appropriate correction made. When 
transport is difficult, the question may arise whether it is worth while 
carrying both a theodolite and an astrolabe or whether to carry one 
instrument or the other. The theodolite is an “ all-purpose ” instrument 
and a good one is capable of doing all that an astrolabe can do, and much 
else besides. The astrolabe, however, has been specially designed for the 
special work that it is intended to do, and it is light in weight. Its 
principal use would therefore appear to be on geographical and other 
similar surveys where determinations of latitude and longitude only are 
required and observations for azimuth and of horizontal and vertical 
angles are not needed. The 45° astrolabe has now been adopted as a 
standard instrument for use by the Boyal Navy in ordinary hydro- 
graphical work. 

Solar Attachment. The solar attachment is a device whereby the 
astronomical triangle may be solved mechanically. It was invented in 
America by Burt, in 1836, in the form of the solar compass, as an improve- 
ment on the ordinary 
compass for setting out 
boundaries along meri- 
dians in land surveys. 

Several patterns are 
now made in a form 
suitable for attaching 
to an ordinary theo- 
dolite. They are used 
principally for the rough 
determination of azi- 
muth, but, unless a 
large number of solar 
azimuths is likely to 
be required, it is doubt- 
ful whether the saving 
of labour in reducing 



= sin z eos Ad<j> — eos $ sin A sin a dt , 
— cos Ad<j> — dz — 0, 


Fig, 36. SoijAk Attachment. 
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ex-meridian observations outweighs the disadvantages of extra weight 
and additional adjustments. 

Pig. 36 illustrates a simple telescope form of solar attachment designed 
by Saegmuller. It is fitted on the top of the theodolite telescope, and 
differs from other forms in not having an arc on which to set off the sun’s 
declination. The solar telescope, besides having a motion about its 
horizontal axis, can be rotated about the upright axis of the attachment, 
called the polar axis, which must be accurately perpendicular to the 
horizontal axis of the theodolite and to the line of sight of the main 
telescope. A graduated hour-circle, divided in hours with 5 m subdivisions, 
is fitted round the polar axis in some forms, and serves to give time 
roughly. 

Evidently, if the theodolite is oriented in the meridian, and the co- 
latitude is set off on the vertical circle, the line of sight of the main 
telescope will lie in the plane of the celestial equator, and the polar axis 
in the earth’s axis (Fig. 37), parallax being considered negligible. If the 
solar telescope were parallel to the main telescope, rotation of the former 

about the polar axis would cause its line of 
sight to sweep out the plane of the celestial 
equator. But if the solar telescope is turned 
about its horizontal axis through an angle 
equal to the sun’s declination for the time of 
observation, with an allowance for refraction, 
the solar line of sight may be brought on to 
the sun by turning the solar telescope about 
the polar axis. This can be done only when 
the polar axis is pointing to the pole, so that, 
when the declination and co-latitude are set 
off, an observation for meridian consists in 
Fig. 37. turning the solar telescope about the polar 

axis and the main telescope about the vertical 
axis until the sun appears in the field of the former. When, on manipu- 
lating the respective tangent screws, the sun is placed in the square of the 
reticule of the solar telescope, the line of sight of the main telescope has 
been placed in the meridian, and the hour-circle reads the time. In the 
absence of a declination arc, the declination is set off by first bringing 
both telescopes into the same vertical plane by sighting any convenient 
point with each, setting the corrected decimation on the vertical circle 
by depressing the main telescope for a north declination and elevating it 
for a south declination in the northern hemisphere, and then bringing 
the solar telescope horizontal by reference to its attached level. 

Timekeepers. The most precise portable timekeeper is the box chrono- 
meter as employed in observatories and on board ship. In field astro- 
nomy it is used for primary longitude determinations and in other circum- 
stances where it can be kept either stationary or on hoard a vessel. The 
instrument is too delicate to maintain a uniform rate during transport by 
land. The pocket chronometer is better adapted for land journeys, but 
is liable to stoppage if subjected to shocks in travelling over rough country. 
The most serviceable timekeeper for field use is that known as the half- 
chronometer watch, which with due care gives results of a suitable 
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accuracy for mapping. A stop-watch is frequently a convenient accessory 
in observing. 

Watch Error and Rate- The result of an observation for time gives, 
by comparison of the computed time with that indicated by the watch, 
the watch error at the mean instant of observation. The magnitude of 
the error is immaterial for purposes of time-keeping. If the watch were 
regulated to keep mean or sidereal time, the L.M.T., Standard M.T. or 
L.S.T. for the place of observation could be obtained at any instant by 
application of the error to the watch reading. It is, however, unnecessary 
that the error should maintain a constant value. What is expected of a 
good timekeeper is that, while subject to a particular set of conditions, 
it should go at uniform speed, so that its error changes uniformly. The 
daily change of error is known as the rate, which may be either a gaining 
or a losing one. 

The length of time a good timekeeper will maintain' a sensibly constant 
rate depends largely upon the degree of uniformity in the conditions to 
which it is exposed. It should be wound carefully and at the same 
hour each day. The rate is liable to variation by change of temperature, 
no matter how carefully compensated the watch or chronometer may 
have been, and is also affected by change of atmospheric humidity unless 
the instrument is enclosed in an air-tight case. It should be kept in 
either the horizontal or the vertical position, as the rate differs for the 
two. The standing rate, or rate when the instrument is stationary, 
differs from the travelling rate developed during transport by land or 
sea. 

Determination of Standing Rate. The value of the standing rate is 
obtained by taking at the same place at least two sets of time observations 
separated by an interval of a few days. A test of the constancy of the 
rate may be made by means of time observations every night or every 
second night for a period of seven to ten days. Each time determination 
should, as far as possible, be made in the same manner. The rate is 
computed from the observed change of error as follows. 

Example , A time observation on Oct. 20 at about 22 h 21™ L.M.T. showed the 
watch error to be 46™ 21»*2 slow, and at the same place on Oct. 26 at about 20 h 13™ 
the error was 45™ 49«*4 slow. Compute the rate, and find the L.M.T. at which the 
watch reads 6 h 42™ 54 s -2 on the morning of Oct. 23. 

d h m 
Oct. 26 20 13 

Oct. 20 22 21 

Interval between observations — 5 21 52 — 5 d *911 

Change of error = 46™ 2L-2 — 45™ 49 a *4 = 31 s *8 gained 

O] .o 

Rate = ^ - A = 5*-38 gaining. 

To find the error on Oct. 23 at 6 h 42™ 54 s *2 watch time. 

Watch time of determination on Oct. 20 was about 22 !l 21™ less 46™ 2 I s *2, say 
21 h 35™. 

Watch interval = 23 (1 06 h 43™ — 20 d 2D 35™ = 2 d 09 h 08™ = 2 d *38 = mean time 
interval with sufficient accuracy. 

Gain* 2*38 X 5*-$8 =* 12**8. 

Required error = 46™ 21®*2 — 12 s *8 = 46™ 08 a *4 slow 
and required L.M.T. — 6 h 42™ 54 s -2 4- 46™ 08 s *4 * 7 h 29™ 02s*6. 

p. & g. s. 
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Determination of Travelling Rate. Three cases occur, according as the 
journey — 

(1) Lies between two points of which the longitude difference is known. 

(2) Returns to the starting point. 

(3) Does not return to the starting point. 

Case (1) occurs in land journeys when travelling between two points 
at which longitude difference can be obtained by telegraph or is otherwise 
known, the travelling rate being required for longitude determinations 
at intermediate points on the route. The watch error is determined 
before starting and again on arrival, but the change of error is due in 
part to the difference between the local times of the two places. The 
latter, being known, is eliminated, and the residual change falls to be 
divided by the time interval between the observations, which is given 
with sufficient accuracy by the watch. In the case of land journeys, 
the travelling rate conditions include the normal rest at night. If, 
however, the surveyor is compelled to remain for a few days at a point 
on the route, and the watch is kept stationary, the circumstance must be 
allowed for in computing the travelling rate (see Example 2 below). 

In case (2), since the observations for watch error at start and finish 
are taken at the same place, the calculation is performed as for standing 
rate. Case (3) necessitates the determination of the travelling rate 
before commencement of the journey. The method is the same as for 
standing rate, except that during the period between the two time 
observations the watches are carried on a daily march of the same duration 
as the average daily march is likely to be during the journey, and under 
as nearly as possible the same conditions. The opportunity should be 
taken, by means of a series of time observations between those from 
which the rate is computed, of testing the constancy of the travelling 
rate, which is more liable to irregularity than the standing rate. 

Example 1. A survey party travels eastwards from A to B, the difference of 
longitude between which is 2° 12' 20"* 8. Before starting, a time observation showed 
the standard watch to be 14 s *2 fast, and after arrival at B the error was 56«*1 
slow. The interval between the time observations, as shown by the watch, was 
9*07 days. Compute the travelling rate. 

2 ° 12 ' 20"*8 

Difference of longitude in time — = 8^ 49^4. 

and, since B is east of A, the change of longitude makes the watch less fast by this 
amount. 

But observed change of error = 6» l 14«*2 -f I'm 56*- 1 « 8™ 10 s *3 lost 
A change of error due to rate = 8 m 49 s -4 ~ 8 m 10*3 = 39 s - 1 gained 
39*1 

whence travelling rate =» — ~ = 4 S *31 gaining. 

y*u7 

Example 2. A time observation at A on Nov. 7 at about 20 u 52«» watch time 
showed the error of a watch on L.M.T. to be 18 m 20*5 fast. On the following morning 
a journey started towards B, and on the evening of arrival on Nov. 15 at about 
21 11 43 m the error on L.M.T. was found to be 49s*6 fast. The watch was kept 
stationary while the party remained at B, and on Nov. 17 at about 20 h 16 m the error 
was 6 m 37 s *9 fast. A return journey to A commenced on the morning of Nov. 18, 
and A was reached on the evening of Nov. 28, the watch error then being found to 
be 16 m 57 s *8 fast at about 22k I2m # Compute the travelling rate. 
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Interval between observations at A - 1 
= Nov. 28d 22h 121,1 - Nov. 7<i 20?* 52® = 21 *? 0P> 20% of which the rest between tho 

observations at B amounted to 
Nov. 17*? 20?* 16*** — Nov. 15d 21?* 43"< = 1<? 22?* 33 »>‘ 

Period during which travelling rate developed 
= 21 *? 01 ?* 20 *** — 1 *? 22 ?* 33»i= 1 9<i gh 47 m — i 9 d.n 0 

Change of error between observations at A 
= 18*** 20 H -5 — 16 m 57 s ’8= I*n 22 s *7 lost 
but of this there was lost during the wait at B 
6"*49 s -6 — 6 * 1 * 37«-9 = lls .7 

change of error due to travelling rate = 1 ® 1 1«-0 lost. 

1'ni 1 1 s.A 

Travelling rate = "j g y ppg = 3 S *7 1 losing. 

■jSt.ote. Instead of having the watches on standing rate while at B» they might 
have been subjected to travelling conditions by being taken on a march during 
each of the two days the party remained at B. In calculating the travelling rate, 
no account would then have to b© taken of the wait at B. 

Comparison o! Watches. When the error of one watch is known, that 
of another can be obtained by comparing their simultaneous readings. 
The comparison is best made by two observers, each having one of the 
watches. At a whole second on his watch, observer A makes a sharp 
tap, at which B estimates the reading of the other to CM or 0 s -2. Each 
notes his reading. This is repeated two or three times, and then the 
same number of signals is made by B after an exchange of watches. 
The precision of such a comparison will probably be not less than that 
of the known error. 

If the comparison is made by a single observer, he must measure the 
short interval between the reading of one watch and that of the other, 
either by counting the ticks of the first watch or by means of a stop- 
watch. The number of ticks per second, usually 2|, or 5, being known, 
the watches, A and B, to be compared are laid side by side, and the 
observer, reckoning from a whole number of seconds on A, starts his 
count of A with the first tick thereafter. He immediately turns to B, 
and reads the position of the seconds hand at the instant corresponding 
to one of the numbers of the count. The time equivalent of the ticks 
counted is added to the reading of the A watch at the start of the count, 
and gives the time to be compared with the reading of the B watch. 
When a stop-watch is used, it is started from 0 m 0 s when the seconds hand 
of the first watch reaches a graduation, and is stopped at the instant of 
reading the second watch. With either method, several repetitions are 
required. * 

Comparison of Chronometers. A highly accurate comparison of box 
chronometers can be made if one keeps mean time and the other sidereal 
time. Box chronometers beat every half -second, and since sidereal time 
gains on mean time by nearly 10 s an hour, there is a steadily varying 
interval between the beats of a mean time chronometer and those of a 
sidereal time chronometer. The beats synchronise about every 3 m , and 
each coincidence marks an instant at which the times on the two chrono- 
meters differ exactly by their readings taken to half-seconds. 

To compare a mean time with a sidereal time chronometer, each is read 
by a separate observer at the instant the beats are in unison. Since 
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the readings are required only to half-seconds, the precision of the 
comparison is dependent upon the selection by one of the observers of 
the coincident beat at which both readings are taken. The exact coinci- 
dence is difficult to distinguish, since several beats almost synchronise, 
but with practice it is possible to detect a lack of coincidence as small 
as 0 s *03, and the probable error is likely to be much less, particularly if 
two or three coincidences are noted. An observer working alone can 
make the comparison by watching one chronometer and counting the 
beats of the other from a whole second near the coincidence. In applying 
the method to the comparison of two mean time chronometers, each is 
compared with a sidereal time chronometer, while a mean time chrono- 
meter is similarly used as the medium for the comparison of sidereal 
time chronometers. 

GENERAL PROCEDURE IN OBSERVATIONS 

The routine in observing depends upon the precision required and the 
instrument used. The theodolite is generally employed for field deter- 
minations, and certain items of routine, common to several observations, 
are described here. 

Observing by Theodolite. In preparing to observe, attention should 
be given to the stability of the theodolite support. If the instrument 
must be supported on an ordinary tripod instead of an observing pillar, 
the tripod should rest on well driven pegs if the ground is at all yielding. 
Needless to say, the theodolite should be in adjustment (Vol. I, page 92, 
and Vol. II, page 168), but nevertheless the routine should be designed 
to eliminate instrumental errors as far as possible. In general, observa- 
tions must consist of an equal number of face right and face left sights, 
and each circle reading must be obtained from both micrometers or 
verniers. In the case, however, of certain observations, such as equal 
altitudes, the aim is to preserve constant instrumental conditions, and a 
change of face is not required. 

In all astronomical observations where altitudes . are observed, the 
barometer and thermometer should be read at the time of observation 
in order to provide data for the calculation of the atmospheric refraction 
correction. The barometric readings may be taken on a good aneroid 
which has been compared against a standard mercury barometer. 

Level. Before observing, the vertical axis must be made truly vertical 
by manipulating the levelling screws and, if necessary, the clip screws 
until the bubble of the altitude level remains central during a rotation. 
It is usual to find that this bubble does not preserve a central position 
throughout a series of observations. The readings of both ends of the 
bubble should therefore be taken immediately after each observation 
and before reading the circles. If the bubble is considerably off centre, 
it should be returned approximately to the central position by the clip 
screws before taking the next sight. The correction to altitude for 
dislevelment is as follows. 

For a tube graduated in both directions from the centre. 

Let EE = sum of the successive readings of the eye end of the bubble for 
the n individual observations, both F.R. and F.L. 
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sum of the .corresponding readings of the object glass end 
value of one division of the level 
level correction to average altitude. 

HO — HE , 

An 

For a tube graduated continuously from the eye end. 

Let G = reading of centre graduation. 

mi H(0 + E) -20 - 

Then c = — . d 

2n 

In azimuth observations the striding level must be used, and the 
azimuth correction for horizontal axis disieveiment is computed from 
the readings of the bubble (page 86). 

Note . A field method of determining a mean value of d which is suitable for use 
with the altitude Bubble of a theodolite is described in Vol I, page 37. Professor 
G. 0. Comstock, in his Text-book of Field Astronomy for Engineers, has described a 
very neat method, known as the “'Wisconsin method,” which can be employed to 
determine the value of d of a striding level at different parts of the vial. The instru- 
ment is set up and levelled with the telescope aligned over one footscrew. This 
screw is then depressed so that the vertical axis of the instrument is thrown 1° or 2° 
off the vertical, the angle of inclination i being measured on the vertical circle by 
bringing the bubble on the micrometer arm back to the centre of its run and then 
reading the circle micrometers. If the lower part of the theodolite is clamped, and 
the upper part is swung slowly in azimuth, the bubble on the striding level will move 
from its central position and it can easily be shown that the angle of depression 8 of 
the bubble will be given by tan 8 = sin a . tan ?*, or for small values of 8 and a, by 
S — a . tan i, where a is the azimuth angle through which the instrument has been 
swung from the vertical plane in which the vertical axis has been depressed, that is 
from the position in which the bubble of the striding level is in its central position. 
Hence, by taking corresponding readings in the bubble and the horizontal circle, 
the values of d for different divisions of the level vial can easily be found. 

The method may also be used for finding values of d for the altitude bubble. In 
this case, after the angle of depression of the vertical axis of the instrument has been 
found, the telescope and vertical circle are swung through 90° and the altitude bubble 
is brought to the centre of its run, after which readings are taken on the vial for 
different values of the angle a. The angle of depression of the bubble will then be 
given as before by the relation 8 — a . tan i. 

Taking Times. Whenever possible, the observer should have the 
assistance of a recorder, who books the level and circle readings and, 
when necessary, reads the times of observations. The observer should, 
as far as possible, allow the celestial body to make its own passage or 
contact, and a few seconds in advance warn the recorder to be prepared. 
At the instant of passage or contact he calls out to the recorder, who reads 
the timekeeper. 

Times are most easily taken on a chronometer. Chronometers beat 
half-seconds, so that the rhythm is not difficult to follow. The best 
method is to observe the hand and count with the beat up to 10, thus— 
I and 2 and 3 and . . . After a little practice, the occurrence of a parti- 
cular instant can be estimated to 0 S *1 with considerable accuracy. Since 
the half -chronometer watch or an ordinary watch is more generally 
used in field astronomy, times cannot usually be taken more accurately 
than to about 0 s *2. In reading a watch it is well to keep count of the 


HO ~* 
d = 

Then c = 


70 


PLANE AND GEODETIC SURVEYING 

ticks while observing the seconds hand. Half -chronometer watches 

usually make 4f , and ordinary watches 5 ticks a second. 

If the observer has not the assistance of an efficient recorder, he must 
himself take the times. In the “ eye and ear ” method, which is applicable 
when the chronometer is used, the observer places the chronometer so 
that it can be heard and seen from the instrument, reads it before the 
observation, and starts counting from the reading. He keejis up a con- 
tinuous count in unison with the beats, and estimates the instant of the 
observation from his count, verifying the minutes on the chronometer 
immediately afterwards. With a half-chronometer or ordinary watch, a 
common method is to hold the watch near the ear while observing and 
to start counting tbe ticks at the instant of bisection or contact. The 
watch is then looked at, and the count is stopped when the seconds hand 
reaches a convenient division. The required time is the watch reading 
at that instant less the time equivalent of the ticks counted. 

A simpler method is for the observer to use a stop-watch, which he 
starts at the instant of passage or contact. He then carries the stop- 
watch to the chronometer or watch, and stops it when the latter reads 
an exact second. The chronometer reading less that of the stop-watch 
is the required time of the observation. 

Note-keeping. The observer should maintain a regular order of reading 
and calling out quantities to the booker, thus : level, eye end, object 
end; vertical circle, micro. I, micro. II; horizontal circle, micro. A, 
micro. B. Only minutes and seconds are read and booked for the second 
micrometer or vernier reading of a pair. For observations with a small 
micrometer theodolite, it should be decided at the outset whether the 
quality of the determination and the state of the instrument as regards 
adjustment of the micrometers warrants correction of the readings for 
run (page 170). In refined observations both back and forward readings 
are taken, and columns are provided in the angle book for the entry of 
run corrections and the means of the corrected readings. Quantities 
entered in ^addition to those read out by the observer are object observed, 
face, time, barometer and thermometer readings (for evaluation of the 
refraction correction), date and place of observations, as well as any 
further data required in reducing the observations. 

Relative Merits of Star and Sun Observations. Star observations are 
likely to yield much more accurate results than those derived from 
observations of the sun. A star appears in the field of the telescope as a 
point of light, and presents an ideal mark for bisection. The great choice 
of stars of known position makes it possible to multiply, without undue 
delay, observations on stars well situated for the determination in hand. 
Errors arising from uncertainties in refraction are effectively reduced by 
pairing and balancing of observations on east and west stars for time and 
azimuth, and on north and south stars for latitude, more particularly as 
the observations forming a pair can be taken within such a short time of 
each other that it is reasonable to assume that the change of refraction 
between them is negligible. Balancing of sun observations for time and 
azimuth, on the other hand, necessitates a wait from morning till late 
afternoon, and it is impossible to make any balance in determining 
latitude by the sun. 
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Nevertheless, solar observations are very useful to the surveyor when 
a refined result is not required, as it is sometimes awkward to have to 
remain away from camp after dark. In malarial regions, especially, star 
observations are not generally undertaken if determinations of sufficient 
precision can be obtained from the sun. 

REDUCTION OF OBSERVATIONS 

, practically all cases, the formula for the reduction of the observations 
.is obtained directly from the solution of the astronomical triangle (page 14) 
by means of the appropriate formula of spherical trigonometry already 
given on pages 4 to 6. This simply means the substitution of one or 
more of the quantities 90° - <£, 90° - 3 and 90° - h for the sides ; and 
A, the azimuth angle, t , the hour angle (reckoned the shortest way, east 
or west, from upper transit) and q, the parallactic angle, for the angles 
of the spherical triangle. In formulae involving s, the half of the sum 
of the sides, if two of the sides are 90° — <f> and 90° — 3 it is convenient 
to use z, the zenith distance, instead of 90° — h, for the third side. Simi- 
iarly , if 90 <f> and 90° — h are used as two of the sides, it is convenient 

to use p, the polar distance, instead of 90° - 3 as the third side. This 
avoids the angle 135° being introduced into the formula. An alternative, 
of course, is to use the eo- latitude and polar and zenith distances instead 
of the latitude, declination and altitude respectively. 

Small corrections, or the effect of errors in the observed or computed 
quantities caused by errors of observation or in the assumed data, may 
generally be found by simple differentiation of a suitable fundamental 
formula. In carrying out this differentiation, and in choosing a suitable 
formula for the process, it is important to decide which quantities are to 
be held fixed and which can vary. For example, if an error in a computed 
azimuth arising from an error in observed time is being investigated, and 
if the formula used for differentiation were sin A sec 3 = sin t sec h it 
should not be forgotten that h, as well as A , varies with time, so that the 

resulting differentiation of A with regard to t would include In this 

? at 

case a better formula to use would be : — 

tan 3 cos ^ = sin <f> cos t + sin t cot A 
which only involves the two variables, A and t and the two fixed quan- 
tities, <f> and 3. . On the other hand, if A were computed from the formula 
sin A sec 3 = sin t sec h and a small error dt were made in the value of t 
used in the computation, and this did not affect the value of h, the error 
in A could be obtained by differentiating A with regard to t, keeping h 
and 3 fixed in the differentiation. 

In certain cases, simple differentiation is not sufficient to deter min e 
a correction as it will only give the first order term and the quantities 
involved may be so great in magnitude that second and even ter ms of a 
higher order are appreciable. Here the solution may generally be obtained 
by using Taylor’s or Maclaurin’s Theorem (page 7) to expand the 
function in powers of a known or observed quantity. An example of such 
a correction is the one to he applied to the mean or standard altitude 
when six observations of a single star are made, by means of the deflection 
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prisms, with a 45° prismatic astrolabe (page 61), or to the azimuth 
computed from the mean of the face right and face left ex-meridian 
altitudes of a star (page 89). 

DETERMINATION OF TIME 

In determining local time, the chronometer times of the individual 
observations are noted, and the result gives for the average instant of 
the observation the error of the chronometer on sidereal or solar time, 
according as a star or the sun is observed. Determinations are made 
from meridian or ex-meridian observations. In the former case, the local 
sidereal time of the instant of transit of a star is given by the star's right 
ascension, and the chronometer error is obtained by comparison of that 
quantity with the chronometer reading at transit. For the sun, the instant 
involved is that of local apparent noon, which is reduced to local mean 
time for the evaluation of the watch error on mean time. When a celestial 
body is observed out of the meridian, the observations are directed to 
obtaining sufficient data to enable the astronomical triangle to be solved 
for the hour angle, from which the sidereal or solar time is obtained. 

Methods. The principal methods are by : 

(1) Transits 

(2) Ex-meridian altitudes of stars or the sun 

(3) Equal altitudes of stars or the sun. 

Time by Star Transits. Observation of the instants of star transits 
forms the most direct method of obtaining local time, and is that employed 
for primary field determinations. The method can be applied to minor 
determinations with small theodolites, but is not commonly employed, 
since the observations necessary to enable the telescope to be placed in 
the plane of the meridian would themselves yield the approximate 
watch error. 

Primary Determinations. Primary determinations are made by means 
of a portable transit instrument (page 46) or a first-order theodolite fitted 
with eyepiece micrometer. With a transit instrument the best results are 
obtained by automatic registration on a chronograph by means of the 
transit or impersonal micrometer. Otherwise the instants of the passages 
of the stars across the successive hairs are transmitted to the chronograph 
record by key. In the absence of a chronograph, the times are taken by 
the eye and ear method. For a precise determination, such as would be 
required in connection with primary telegraphic longitudes, twenty-four 
to thirty-two star transits are observed. These are arranged in groups of 
four to six, the telescope being reversed between each group. 

The approximate direction of the meridian having been set out in 
advance, the telescope is first placed in that plane preparatory to closer 
adjustment. An error in azimuth has only a small effect upon the 
observed time of transit of a star near the zenith, and the chronometer 
time of transit of such a star is first observed and an approximate value 
for the chronometer error obtained. The telescope is then directed to- 
wards a slow moving or circumpolar star which is about to transit. The 
chronometer time of transit is computed, allowing for the approximate 
error, and the middle vertical hair is kept upon the star, the telescope 
being adjusted in azimuth by the slow motion screws until the chrono- 
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meter indicates that the star is on the meridian. A second approximation 
is made by again observing a star transit near the zenith, followed by an 
adjustment on a circumpolar. The line of sight is now very nearly in 
the plane of the meridian, and the amount of the residual error is 
discovered and allowed for in the reduction of the time observations. 

The chronometer error on sidereal time cannot be obtained by direct 
comparison of the right ascensions of the stars with their observed times 
of transit, because it is impracticable to secure that the instrumental 
line of sight lies exactly in the plane of the meridian. The observed 
times are subject to three principal corrections : (1) the azimuth correc- 
tion, due to the line of sight not being oriented precisely in the plane of 
the meridian ; (2) the level correction, due to dislevelment of the hori- 
zontal axis : (3) the collimation correction, due to the line of sight not 
being perpendicular to the horizontal axis. 

The amounts of these corrections to the observed time of transit of a 
star of zenith distance z and declination 3 are as follows : 

Azimuth correction = a sin z sec 3 = aA 

where a is the error of azimuth in seconds of time, a is considered positive 
(negative) if the line of sight is too far east (west) when the telescope is 
pointed south. When the telescope is pointed north, the line of sight is 
changed to the other side of the meridian. 

Level correction — b cos z sec 3 = bB 

in which b is the inclination of the horizontal axis in seconds of time. 
The value of b is given not only by the readings of the striding level in 
the direct and reversed positions, but also includes the inclination caused 
by inequality of the trunnion pivots, if appreciable, b is positive (negative) 
when the west (east) end of the axis is the higher. 

Collimation correction = c sec 3 — cG 

where c is the error of collimation in seconds of time, regarded as positive 
(negative) when the line of sight is to the east (west) of the meridian. 

In these corrections the quantities a, b and c represent instrumental 
errors, while the factors A , B and C depend upon the position of the star, 
and their values are given in tables of star factors. The signs of A, B 
and C for the northern hemisphere are 


Position of star 

A 

B 

0 

South of zenith 

+ 

+ 

+ 

Between zenith and pole 

— 

+ 

+ 

Below pole 

+ 

— . 



The correction bB can be computed for each observation from the readings 
of the striding level and the pivot inequality constant, and is applied 
at the outset to the observed time of transit. In the most precise work 
small corrections are also made for diurnal aberration and chronometer 
rate. The former arises from the effect of the diurnal rotation of the 
earth on the relative velocity of light, and the correction to the observed 
time of transit is given by 0 8 *02 cos <j> sec 3, where <j> is the latitude of the 
observer, and 3 the declination of the star. This correction is negative 
for all stars observed at upper transit and positive for stars observed at 
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lower transit. The rate correction is required when the set of observations 
.before reversal of the telescope extends over a considerably longer or 
shorter period than that after reversal. The chronometer time of transit 
so corrected is now in error only by the effects of azimuth and collimation 
error, and these are determined from the time observations themselves. 

Let T = the chronometer reading, corrected for level, aberration and 
rate 

e = the required chronometer error, positive if slow, negative if 
fast. 

The finally corrected chronometer time of transit = T + aA + cC, 
= the chronometer reading which would have been obtained if the line 
of sight were actually in the meridian = R.A. — e. 

/. e = R.A. — T — aA — cC 

For each transit we have an observation equation with three unknowns, 
e, a and c. The number of observations involved in a determination 
exceeds the number of unknowns, the most probable value of which are 
therefore most accurately derived by the method of least squares. An 
approximate solution is obtained with less labour by solving simultaneous 
equations equal in number to the unknowns, the equations being formed 
by addition of groups of the observation equations. Examples of this 
computation will be found in Hosmer’s Geodesy , page 131, 1930 edition. 

The stars forming a set are selected with a view to a good solution of 
the equations. There may be included in each set one or two slow moving 
or azimuth stars, from the observation of which a is principally derived. 
Otherwise all stars are time stars, and contribute equally to the result. 
The time stars of a set should be situated north and south of the zenith, 
and their declinations should have such values that the algebraic sum 
of their A factors is as nearly zero as possible, while their right ascensions 
should be such that the transits occur at convenient intervals. 

Minor Determinations by Star Transits. Refinement in the reductions 
is not warranted when the observations are made with a small theodolite. 
The setting of the instrument in the plane of the meridian may be per- 
formed by zenith and azimuth stars as described above, unless the 
direction of the meridian is known with sufficient precision. Residual 
errors of adjustment are approximately eliminated by making the time 
observations on a pair of stars of about the same altitude, one north and 
the other south of the zenith. 

Erne by Ex-meridian Altitudes of Stars. The method of determining- 
time by ex-meridian altitudes of a star or stars or of the sun is that most 
commonly used by surveyors. In its simplest form, the star observation 
consists in measuring the altitude of a known star at some distance from 
the meridian and noting the chronometer time of the measurement. If the 
observer’s latitude is known, the astronomical triangle- PZS (Fig, 9) can 
be solved for the hour angle, from which is derived the local sidereal time 
corresponding to the chronometer reading. A close approximation to the 
value of the latitude is required. 

Instead of relying upon a single altitude of a star, several altitudes are 
observed on alternative faces in quick succession, the chronometer time 
of each being noted. If the observations are completed within a very 
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few minutes it will suffice for most ordinary work if the mean of the 
chronometer times is taken as the time for the mean altitude. The 
motion of a star in altitude is not, however, exactly proportional to time. 
Accordingly, for precise work, if the star is not observed very close to the 
prime vertical, the mean of the observed altitudes may involve a correc- 
tion to give the altitude corresponding to the mean of the observed times. 
The corrected altitude, h 9 to be used in computing the hour angle at the 
instant corresponding to the mean of the observed times, is then given by : 

h = h tn d cot A [tan h m cot A — tan <j> cosec A] sin 1" 

where h m is the mean of the observed altitudes, A is the azimuth angle of 
the star measured the shortest way from the elevated pole, <f> the latitude 
of the place, N the number of observations and U(A h) 2 is the sum of the 
squares of the differences in seconds of arc between the observed altitudes 
and the mean altitude. For computing purposes, the formula may be put 
into the form 


h n 


4 - cot A cos (<f> + a) . „ 

2N sin a sin A cos <j> SH1 


where tan a = sec A cot h m . 

The azimuth angle A , if not already worked out in connection with the 
preparation of a star programme, may be obtained from : — 


tan -- = \/ see s . sin (s — h) . sin (s — (f>) . sec ( s — p) 


where p is the polar distance 90° — S, measured from the elevated pole, 
s = \(h + <j> -f p) and <f> is always treated as positive. As the term 
U(Ah) 2 is small, only an approximate value for A is required, and the 
computation of it, and of the trigonometrical co-efficient of 27(A h) 2 , may he 
carried out by five, or, if £{Ah) 2 itself is small, by four-figure logarithm 
tables. 

When h = 45°, this formula reduces to the one given on page 61 in 
connection with the 45° prismatic astrolabe, and, when 60° is substituted 
for A, it becomes applicable to the 60° prismatic astrolabe when the latter 
is fitted with deflection prisms or other means of taking observations at 
altitudes differing by small amounts from the standard altitude. As 
might be expected from other considerations, it will be seen that the 
correction vanishes when the star is on the prime vertical. 

The following proof of this expression may be taken as an example of 
the lines followed by proofs of other similar formulae for which no proof 
will be given, the results only being stated : — 


Let t = hour angle at the instant corresponding to the mean of the observed times, 
and let the hour angles at each of the observed times be t + dt , t -}~ dt 2 , t -f dt Zt . . . 
t q-' dt n . Let h be the altitude corresponding to t and let the observed altitudes be 
^z» A' 3 j * • * di n t so that hi = h -f* dh-^, h% =? h -j- dh% y , . . h tl = h -f~ dh }l . Then 
h is a function of t defined by : — 

h = /(£) — sin- 1 ^ sin (f> sin S -f cos <j> cos S cos £ j 
By Taylor’s theorem (page 7), 

h -f dh r •■=«= /(£ 4- dt r ) = /(£) -f dt r ^ -f q. , , , 
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h t = h + dh i = h + *i fi + 


df dt*, d 2 f 


ft 2 = h -{- dft 2 = ft Hh d # 2 “f* 


dt 1 2 

O'/ , dt ‘ u 2 4^/ 

T <&„ 


?* + 


+ . . 




h n =h + dh„ — h + dt„ € + c li' + . . . 



■ Zh Zd t df 

Zdt 2 d 2 f 



'* h N N dt 

2N dt 2 



Zh Zdt dh 

Zdt*d 2 h 



~ N. N dt 

2 N dt 2 

Since sin ft 

= sin (j) sin 8 + cos <f> cos 8 cos t 

cos ft dh 

*= — cos <f> cos 8 sin t dt. 


. df 

dh 

cos <j> cos 8 sin t 

— cos ^ sin 4 . 

** dt ~ 

dt 

cos ft 

d*f 

d 2 h 

COS (j) cos 8 cos t 

sin h cos </> cos 8 sin rift 


dt 2 

cos ft 

cos 2 ft dt 



cos <f> cos 8 r 

sin ft cos c j> cos 8 sin 2 i5 “] 



cos ft L 

cos 2 ft J 



cos <j) cos 8 f sin h 

— - sin <f> sin 8 sin ft cos 2 ^ sin 2 4’ 


cos ft 


cos <f> cos 8 


COS <f> cos 8 


[sin ft ■ 


• sin 4> (sin $ sin ft + cos <j> cos ft cos -4) 

— sin ft cos 2 (f> sin 2 A] 


Hence, 
ft = 


cos ft 
1 

cos ft 
1 

cos ft 

cos $ cos 4 [tan ft cos <j> cos 4 — sin $] 


[sin ft cos 2 <j> — sin tj> cos (j> cos ft cos -4 — sin h cos 2 ^ sin 2 -.4 j 
[sin ft cos 2 <f> cos 2 A — sin cf> cos <£ cos ft cos .4] 


Zh Zdt , . . , iftfc 2 , ' rA , . . 

-{- -r=- cos </> sin A -f -nW cos <j> cos A [tan ft cos <f> cos A 

2JS 


N r N 


Since the dt's are measured from the mean, 

the right vanishes. 

Hence, 


Zdt 
_ : 


sin cf>] 

0, so that the second term on 


ft = ~ + cos </> cos A [tan ft cos <j> cos A — sin <j>] 


But 


dt r = 


dftj. 


and mean of the h*s = 


, Zh 

Jf- 


cos 6 sin A 

ft = h m -f cot A [tan ft cot 4 — tan <j> cosec A ] 

Here the dh's are measured from ft, and not from k m . However, ft — h m is a term 
of the second order in dh so that dh — dh m will be a term of the second order and 
dh* m will differ from dh 2 by a term of the fourth order. Hence, we can take Zdh 2 as 
the sum of the squares of the differences between the observed altitudes and their 
mean. 

An alternative to working out a correction to the mean height would 
be to apply one to the hour angle, computed from the mean height, to 
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give the corresponding mean hour angle for the different times and alti- 
tudes of observation. If t = hour angle computed for mean h, and 
t,„ — arithmetical mean of the different hour angles corresponding to the 
different times, then : — 




t 


£{A fc) 8 cot A 


[tan h cot A tan <f> cosec '-A] sin V. 


2N cos (j> sin A 

Thus, in this case, the correction contains the additional factor 
sec <f> . cosec A and hence is slightly more laborious to compute than the 
previous correction. 

The star selected for a time observation by ex-meridian altitudes 
should be one which is changing rapidly in altitude, i.e. it should be 
near the prime vertical. The influence of errors in observed altitude, 
as well as in the value of the latitude, is a minimum when the star is 
actually on the prime vertical. For the avoidance of excessive refraction, 
the altitude of the star should be at least 20°, and practically it is generally 
necessary to observe stars at some distance from the prime vertical. 
For the more effectual reduction of error in the assumed value of the 
refraction coefficient, as well as of instrumental errors, the observation 
of an east star should be balanced fly an observation of a west star of 
similar altitude. 

If an error of Ah" is made in the observation of h > the resulting error in 
the computed hour angle, reckoned the shortest way, east or west, from 
upper transit, and expressed in seconds of time, is given approximately 

by 

Ah" 

Af = — sec 6 cosec A . 

15 

where A is the azimuth angle measured the shortest way from the elevated 
pole. Again, simple differentiation of t with respect to <j> in the funda- 
mental formula, keeping h fixed, will give the error in the computed hour 
angle resulting from an error A <f> in the assumed latitude of the place. 
The result, after a little simplification, is : — 

A<£" 


Af 


15 


sec <f> cot A . 


Observation of Ex-meridian Altitudes of Stars* Stars suitable for 
observation are selected in advance. When a star is on the prime vertical 
its altitude is given by 

. , sin 8 
sin h = -r— i 
smf 

This relationship shows that the declination of the star must be of the 
same sign as the latitude, and must be less than the latitude. In order, 
however, that h may not be less than 20°, 3 should be greater than 
sin” 1 sin sin 20°. As the star may be observed out of the prime vertical, 
the foregoing serves to define only roughly the requirements as to declina- 
tion. The selection must be further based upon the availability of stars 
for observation at convenient times. 

The observation of each star of a pair consists of two or three successive 
altitude measurements, each consisting of a face right and a face left 
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observation. The details of each measurement are performed according 
to the routine described on page 68. The chronometer times are taken to 
the nearest 0 s -2, or to 0 s *1 if possible. 

Computation, The astronomical triangle is conveniently solved for 
the hour angle t by means of 

tan ~ = V cos s sin (s — h) cosec ( s — <j>) sec { s — p) 

, h +p 

In applying the formula, <j> is always treated as positive, and p is 
measured from the elevated pole. The computed value of i is measured 
the shorter way from the meridian. It is added to or subtracted from 
the star’s right ascension, according as the star is west or east of the 
meridian, to give the sidereal time corresponding to the mean of the 
chronometer readings. If the chronometer is a mean time one, the 
computed sidereal time must he converted to mean time (page 37). The 
same calculation is performed for the other star of the pair, and the mean 
of the computed chronometer errors is accepted as the error at the average 
time of the observations. The observation of two or three pairs of stars 
with a 5-in. micrometer theodolite should ensure a result well within one 
second of the truth. The precision of the method is greater in low than 
in high latitudes. 

Example On 1935 March 3, at a place in latitude 15° 12' 36" N and longitude 
25° 03' 20" E , an observation of y Orionis (R.A.— 5 h 21»> 40 s -3, 3 = + 6° 17' 33"-5) 
west of the meridian gave a mean corrected altitude of 35° 22' 10" -5 Find the 
L.S.T. of the observation 


0 

h = 35 

# 

22 

10-5 


15 

12 

36 


p = 83 

42 

26-5 


Sum — 2 s= 134 

17 

13-0 


67 

08 

36-5 

log cos == 9-5893071 

s— 31 

46 

26*0 

log sin = 9-7214548 

s - 6= 51 

56 

00-5 

log cosec = 0-1038623 

s — p~ —16 

33 

50-0 

log sec = 0-0184068 
Sum = 9-4330310 

log tan i = 9-7165155 


i = 27° 30' 07"-6 

h in s 

« 55° 00' 15"-2 a 3 40 01-0 
R.A. of star = 5 21 40-3 
L.S.T. = 9 01 41-3 

Time by Ex-meridian Altitudes of the Sun, In applying the method 
of ex-meridian altitudes to solar observations, the required balancing is 
effected by measuring a succession of altitudes both in the morning and 
afternoon. The requirements as to the position of the sun during observa- 
tion are the same as for a star, and the most suitable times are between 
8 and 9 a.m. and again between 3 and 4 p.m. 

The minimum number of observations in each set is four, consisting 
of a face right and a face left measurement to both the upper and lower 
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limbs, but it is preferable to double this number of observations. The hour 
angle is computed, as in the case of star altitudes, from 
t / ~ 

tan— = v cos 5 sin ( s — h) cosec (5 — <f>) sec (s — p) 

but it will be necessary to obtain p by interpolating the value of the surds 
declination for the mean instants of the morning and afternoon observa- 
tions respectively. The interpolation requires a knowledge not only of 
the longitude of the place of observation, but also of the local time, and, 
since the latter is being determined, the evaluation of t should really be 
performed by successive approximations. If, however, local time is 
known within about two minutes, the value of the sun’s declination can be 
interpolated with sufficient precision for the purpose. On reducing the 
observations, if a greater discrepancy is discovered between the computed 
and' assumed local times, the former is used for a better interpolation of S, 
and the computation of t is repeated with the new value. 

The local apparent time corresponding to the mean of the watch times 
of the forenoon observations is obtained by subtracting the hour angle 
from 12 h . For the afternoon set, 12 h is added to the hour angle. The 
conversion to mean time is made by the methods of Chapter I. The 
mean of the two watch errors thus determined is the error at the average 
instant of the two sets. 

If the utmost possible accuracy is desired, a correction to the mean 
altitude, similar to that already given on page 75, may be applied if 
necessary to each set of F.R. and F.L. observations, but here the Ah’s 
must be corrected for the semi-diameter of the sun. 

Example. On 1935 May 10, at a place in latitude 36° 55' 08" JST. and longitude 
57° 53' 30" E., the mean observed altitude of the sun, corrected for refraction, 
parallax and level, was 39° 54' 13" *8. The mean watch time of the observations 
was 15*i 3im 04s -2, the watch being known to be about 4 m fast on L.M.T. Find the 
watch error on L.M.T. 

Value of ' sun’s $ at mean instant of observation. 






& h 

m 

s 



Approx. L.M.T. = 

May 10 15 

27 

04 




Longitude — 

- 3 

51 

34 



Approx. G.M.T. = 

May 10 11 

35 

30 

From p. 

10, sun’s S at May 104 0 ] i = 4- 17 

19 

00-2 



Change in ll h 35 m 30 s == + 

7 

42-8 




Required 3 = +17 

26 

43-0 

O 




p a 72 

33 

17*0 

h == 39 

54 

13-8 





36 

55 

08*0 





p = 72 

33 

17-0 





Sum. — 2.s = 149 

22 

38*8 





s — 74 

41 

19*4 

log COS « 

i 9-4217074 



5 - h « 34 

47 

05*6 

log sin = 

= 9-7562534 



37 

46 

11*4 

log cosec = 

= 0-2129003 



8 — p = 2 

08 

02*4 

log sec = 

= 0*0003013 






Sum = 

= 9*3911624 






log fcan| = 

= 9*6955812 



t 

■ ■ 2 


26° 23' H"-9. iM 

52° 46' 23"- 8 

- 3*i 31»» 
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Conversion to L.M,T. 



h 

m 

s'.. 

L.A.T. = 

15 

31 

05*6 

Longitude — 

-3 

51 

34 

G.A.T. « 

11 

39 

31-6 

From NJL., p. 24, G.M.T. of G.A.T. 12& « 
Correction = — O' 1 *01 4 X — 2 S *8 = 

11 

56 

20-4 

+0-0 

L.A.T. ■«== 

15 

31 

05-6 

Sum~12h= L.M.T. — 

15 

27 

26*0 

Watch time — 

15 

31 

04*2 

Watch error on L.M.T. = 


3 

38*2 fast. 


Time by Equal Altitudes of a Star. The mean of the two chronometer 
times at which a star attains equal altitudes east and west of the meridian 
represents the chronometer time of its transit. A simple method is thus 
afforded of obtaining the chronometer reading corresponding to the 
sidereal time of transit, or right ascension of the star. The determination 
is independent of the actual value of the altitude, and no correction is 
required for refraction, but the precision of the result depends upon the 
refraction having the same value for both observations. The observations 
should be made when the altitude is changing rapidly, i.e. when the star 
is near the prime vertical, and the method is open to the objection that 
several hours may elapse between the first and last observations unless 
the declination of the selected star is nearly equal to the latitude. 

The observations are made by means of a theodolite or a sextant and 
artificial horizon. In place of observing the star only once on either 
side of the meridian, a set of four or five altitudes should be taken to 
reduce errors of observation. Since the essential features of the observa- 
tion is the equality of the altitudes on either side of the meridian, the 
theodolite telescope is not reversed, and the bubble of the altitude level 
on the micrometer arm must be exactly centered either by the level or 
clip screws at each observation, the angle between the telescope and the 
level remaining unaltered. Eor many purposes, where high accuracy is 
not required, sextant observations will give satisfactory results since the 
use of the artificial horizon avoids possible errors of level, while the 
settings are in round figures and no correction for index error is required. 

Instead of taking the observations on the same night, they may be 
made in the morning and evening. * If the western altitudes are observed 
first, the average of the chronometer times represents the chronometer 
reading at lower transit, the sidereal time of which is 12 h greater than 
the star’s right ascension. 

Time by Equal Altitudes of Two Stars. The effect of a possible change 
in refraction between the two sets of observations at equal altitudes of 
the same star is greatly reduced, and the inconvenience of waiting is 
avoided, by making the equal altitude observations on two stars, one 
east and the other west of the meridian. If it were possible to select 
two stars having the same declination, the mean of their right ascensions 
would represent an instant of sidereal time with which the mean of the 
chronometer readings could be compared for the determination of the 
chronometer error. Actually the two bodies have different declinations, 
and, in consequence, a correction must be applied to the mean of their 
right ascensions. 
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The observation of a pair of stars may be completed in a few minutes, 
and several pairs should, be used for a good determination. Stars selected 
to form a pair should have a difference in right ascension of at least 6 h , 
and, on account of the approximations made in computing the correction 
for difference of declination, the latter should be kept within from 2° to 5° 
according to the required refinement of the determination. The stars 
should also preferably be such as are near the prime vertical at the time 
they reach the same altitude. Since the sidereal t im e at which the two 
stars are simultaneously at the same altitude is approximately the mean 
of the two right ascensions, the observer can select pairs of stars which 
will afford convenient intervals between the observation of one pair and 
that of the next. 

If the east star is first observed, the line of sight is set just above it at 
a few minutes before the time at which the stars are at the same altitude. 
The chronometer reading when the star crosses the horizontal hair is 
noted, and the telescope is then turned to the west star. The latter 
should appear a little above the horizontal hair, and the chronometer 
time of its passage is likewise observed. If the stars are not selected in 
advance, a pair may be found by trial of their altitudes. 

The correction for difference in declination of the two stars is computed 
as follows, the latitude being known : — 

Let c = correction in time to be applied to the average of the two 
right ascensions to give the sidereal time corresponding 
to the average of the chronometer readings T R and T ]v 

t » ftRJL, - R A. w ) - 1{T e - IV) 

<f) = observer’s latitude, positive or negative according as it is 
north or south 

8 S and 8, r — declinations of the east and west stars 

S = + Sir) 

g g 

Then c = (tan S cot t — tan $ cosec t) 

zyi io 

The proof of this formula is as follows : — 

Since h and 6 are the same for both obse|vations, keep them both fixed when 
differentiating t with respect to 8 in 

sin h — sin 8 sin <f> -f- cos 8 cos <j> cos t. 

Whence ; 

(cos 8 sin (j> — sin 8 cos $ cos t)d8 = cos 8 cos <f> sin tdt. 

„\ dt sa (tan $ cosec t — tan 8 cot 

Then, if t t is the hour angle for declination 8 — £(8 E -f <V), t x -f dt x will be tb© 
hour angle for declination S E where 

dt x — (tan cf> cosec t — tan 8 cot t) (8 R — 8). 

Similarly, t 1 + dt 2 will be the hour angle for declination 8 where 
dt 2 — (tan <f> cosec t — tan 8 cot t) (8 — 8jr), 

Hence, mean observed hour angle = 

t ™ -f- ^ (tan <f> cosec i — tan 8 cot t) (8jg — 8pjr)* 

t x s= t -f - — (tan 8 cot t — tan c/> cosec t) (8 E — $w)> 

the 15 in the denominator being introduced to convert the result from arc to time. 
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It can be shown, that the second order term in the expansion for t t is 
negligible for all cases where this particular method would be likely to be 
used. 

Time by Equal Altitudes of the Sun. In applying the method of equal 
altitudes to solar observations, a series of altitudes is taken about 9 a.m., 
and the same series is repeated in reverse order about 3 p.m. Each 
altitude setting on the instrument yields two observations if the instants 
are noted at which both the upper and lower limbs touch the horizontal 
hair. 

The mean of the times of the forenoon and afternoon equal altitudes 
does not in this case exactly represent the instant of transit owing to the 
change in the sun’s declination between the observations. The average 
of the watch times of the observed equal altitudes must therefore be 
corrected to give the watch time of apparent noon, as follows. 

correction in time to be applied to the average of the watch 
times of equal altitude to give the watch time of apparent 
noon 

half the interval between the times of equal altitude 
observer’s latitude, positive or negative according as it is 
north or south 

sun’s declination at the average of the morning observations 
sun’s declination at the average of the afternoon observa- 
tions 

i($E + Sr) 

g g 

~§ — ~ (tan 3 cot t — tan cf> cosec t) 

Z X io 

The value of (j? used in computing the correction need be only approxi- 
mate. The method is available for afternoon observations followed by a 
series at the same altitudes on the following morning. The result then 
gives the chronometer error at apparent midnight. The value of c is then 
given by % 

g g 

c s=s. —■ — (tan 3 cot t + tan <f> cosec t) 

Z X io 

Example . On 1935 June 5 in latitude 56° 06' ll" N. and longitude 4° 59' 05" W., 
equal altitude observations of the sun ’s lower limb for time gave the results tabulated. 
Find the error of the watch on standard time (British summer time), the approximate 
error being 2 m slow. 


Altitude 

Micro. I. F.L. 

Watch time 

Watch time 

© * 0 

h 

m 

s 

h 

m 

s 

49 04 26 

11 

11 

07*0 

15 

21 

31*0 

49 23 10 

11 

14 

10*5 

15 

18 

26*5 

49 35 32 

11 

16 

13*5 

15 

16 

20-0 

49 46 01 

11 

18 

00*0 

.15 

14 

35*0 

Average watch times 

11 

14 

52*8 

15 

17 

43*1 


Let c =■ 

t = 


8 ,= 



S = 
Then c = 
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From N.A., p. 12, 5 at 10 l » 17m =- % £ ~ 

+ 22 

28 

07 

S at 14h 20 m =s S V v— 

+ 22 

29 

16 

Sr ~ S# — 


+ 69 

S == 

+ 22 

29 


t = 

2h 

01« 

25* 

Mean of watch times = 

13 

16 

18*0 

c = 

— . ' 


5*1 

Watch time of L.AJSL = 

13 

16 

12*9 

From N.A., p. 25, G.M.T. of G.A.N. = ■ 

h 

m 

8. 

11 

58 

10*7 

Correction for longitude = 0-0138 x + 10 s *3 = 


+ 0-1 

Sum = L.M.T. of L.A.N. « 

11 

58 

10*8 

Longitude west = 
Correction for summer time = 

+ 1 

19 

56*3 

Sum - B.S.T. of L.A.N. = 

13 

18 

07*1 

Watch time = 

13 

16 

12*9 

Watch error — 


1 

54*2 slow. 


Time by Transit of the Sun. If the direction of the meridian is known, 
a rough determination of time may be made by noting the watch times 
of transit of the west and east limbs of the sun, the mean of the observed 
times being the watch time of local apparent noon. If only one limb is 
observed, the time of transit of the sun’s centre is obtained by application 
of the semi -diameter in sidereal time, which is given for every day of 
the year in the Nautical Almanac. 

DETERMINATION OF AZIMUTH 

The determination of azimuth, or the direction of the meridian at a 
survey station, consists in obtaining the azimuth or true bearing of any 
line from the station, so that the azimuths of all the survey lines meeting 
there may be derived. An essential feature of the observation is the 
measurement of the horizontal angle between a celestial body and a 
terrestrial signal. In primary determinations the observed azimuth 
should always be that of a side of the triangulation. Otherwise it is 
frequently convenient to establish a reference mark, from the observed 
azimuth of which those of the survey lines are measured. 

The quality of the angular work of the survey, indicates the necessary 
precision of the observations. The requirements as to probable error 
range from about 0**3, in the case of primary triangulation, to over l'*0 
for determinations made for the frequent control of compass traversing. 

.Reference Mark, On main triangulation, and on very long lines in 
primary traverse work, the signal for use as a night signal will usually 
consist of a special lamp, such as one of those described on pages 135 and 136, 
centered carefully over one of the main stations. For other classes of 
work a special signal, called the reference or azimuth mark or referring 
object (R.O.), is erected. If practicable, it should be placed at a distance 
of not less than a mile, not only to render negligible small errors of 
centering of the instrument, but principally to avoid the necessity for 
changing the focus of the telescope between the sights to the celestial 
body and to the mark. For the best results the mark should be nearly 
in the horizontal plane through the instrument, and should be raised at 
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least four feet above the ground. The line of sight to it should be nowhere 
less than this distance from the ground, to minimise the possibility of 
lateral refraction. 

For solar observations any form of opaque signal is used. In the case 
of stellar observations, the mark must consist of a lamp placed behind 
a screen or in a box with an open top and provided with air holes in the 
bottom. The light shines through a vertical slit or a circular aperture 
in the face, the effective width of the signal being such as to subtend at 
the instrument an angle of about 0"*5 to 1" according to the grade of the 
determination. For the measurement in daylight of the azimuths of the 
survey lines from that of the reference mark, an opaque signal must be 
provided in the vertical of the aperture. This may be arranged by 
painting the lamp screen with a narrow vertical line centrally with the 
aperture. 

On primary traverses and on minor triangulation schemes, when 
legs or sides do not exceed two or three miles in length, a target, of a type 
similar to the one illustrated in VoL I, page 81, may be used both for the 
observation of angles and for azimuth observations. This target has a 
small aperture which can be illuminated by an electric bulb, fitted into an 
attachment at the back, and worked from a 4-volt battery or accumulator. 

Methods. The principal methods of determining azimuth involve 
observations of : 

(1) Close circumpolar stars. 

(2) Circumpolar stars at elongation. 

(3) Ex-meridian altitudes of stars or the sun. 

(4) Hour angles of stars or the sun. 

(5) Equal altitudes of stars or the sun. 

(6) Circumpolar stars at culmination. 

Azimuth by Observations on Close Circumpolar Stars. The most refined 
determinations are possible by this method, which embraces several 
systems of observation, each suitable for primary measurements. The 
observation consists essentially of the application of a method of precise 
angle measurement (page 189), by direction or repetition, to the observa- 
tion of the horizontal angle between the star and the terrestrial signal. 
Since the position of the star is continually changing, the chronometer 
times of the individual observations are required, and the chronometer 
error and rate must be known. From the corrected chronometer times 
the hour angle of the circumpolar star is obtained, and if the latitude of 
the place of observation is known, the astronomical triangle PZS can be 
solved for the azimuth angle A. 

When the circumpolar star is at elongation, its motion in azimuth is 
zero. A refined determination cannot, however, be obtained by observing 
at the instant of elongation, since repeated measurements are required 
for the reduction of instrumental and observational errors. Rut a 
number of observations may be taken near elongation, preferably before 
and after. The nearer the star is to elongation, the less is the observation 
affected by small errors of time, but the influence of an error in the latitude 
is then a maximum. The latter effect is eliminated by observing the same 
star near both eastern and western elongation ; or, for greater con- 
venience, two stars differing in right ascension by about 12 h are selected, 
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and one is observed near its eastern and the other near its western elonga- 
tion. 

In the measurement of the horizontal angle between the star and the 
signal the routine as to changing face, swinging right and left, and 
number of zeros must be that followed throughout the survey (page 191). 
One complete measurement involves so many observations that a star 
may 7 be at some distance from elongation during part of them. The 
routine of angle measurement should not be curtailed, and, when the 
time is accurately known, entirely satisfactory results may be obtained 
by observing a close circumpolar star at any hour angle. 

Observation. Suitable stars may be selected from the list of close 
circumpolars of which the apparent positions are given in the Nautical 
Almanac for every day of the year. Of the northern stars, a Ursce Minoris 
( Polaris ) is used whenever possible, and can be observed by daylight 
with the theodolites used in primary triangulation, if the sun is not too 
high. The other stars are much fainter ; of these 51H Cephei , 8 , A and 
6B Ursce Minoris are most frequently used. The southern close circum- 
polars are all of smaller magnitude than the fifth. The stars cr, v and p 
Octantis are useful, but for determinations by small theodolites it may be 
necessary to observe jS Hydri (mag. 2*9) or 8 Chamcdeontis (mag. 4*4), 
which are much farther from the pole. 

For observations in the northern hemisphere the times of elongation 
of Polaris are first computed (page 36). If daylight observations are 
impracticable, it will be ascertained whether it is possible to use Polaris 
during the hours of darkness. If not, it will be necessary 7 to select stars 
which elongate at a convenient time and such that the right ascensions 
of paired stars differ by about 12 h . 

When the direction method of angle measurement is used, the azimuth 
observations may be made in conjunction with the measurement of the 
horizontal angles of the survey. In each round of angles is included a 
pointing upon the star. The chronometer time of each bisection of the 
star is noted to 0 S T, and the striding level is carefully read. If the instru- 
ment is fitted with an eyepiece micrometer, the bisections are made by 
means of the movable hair and not by the tangent screw. The small angle 
measured by the eyepiece micrometer lies in the plane containing the 
line of sight and the horizontal axis of the telescope. It must be reduced 
to the horizontal by multiplying it by the secant of the altitude, the 
approximate value of which should therefore be obtained. 

If the repetition system is employed, the angle between the star and 
one of the survey signals is multiplied in the usual manner, notwith- 
standing that the angle is changing. Division by the number of repetitions 
gives the mean angle corresponding to the mean of the chronometer times 
of the observations. 

A third method, capable of the highest degree of accuracy, consists in 
measuring by means of the eyepiece micrometer the small angle between 
the star and a signal placed nearly in the vertical of the star at elongation. 
The measurement is independent of readings of the horizontal circle, 
and a large number of face right and face left pointings may be secured 
in a short time. The altitude of the star should be observed at intervals for 
reduction to the horizontal of the angle given by the micrometer readings. 
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Reduction. The azimuth angle A between the elevated pole and the 
star at any hour angle t, measured the shortest way from upper transit, 
is given by 

, sin t 

tan A = rr * — 1 — — ; 

cos 0 tan o — sin <f> cos t 

or tan A = sec <f> cot 3 sin i j 

where a = tan <j> cot $ cos t. 

The latter form is due to Albrecht, and in conjunction with his tables 
of log 


is commonly used. 


\l—a/ 

The value to be taken for the hour angle is that corresponding to the 
mean of the corrected chronometer times of the n observations forming 
a set. The resulting value of A is then corrected for the curvature of the 
apparent path of the star by the amount : 

tan A sin 2 3^2 sin 2 f 
: n ^ sinT 7 '’ 


Curvature correction for set 


where At represents the angular equivalent of the difference in sidereal 
seconds between the time of an individual observation and the mean of 
the set. The correction, which is only applicable when the star is at or 
near elongation, always reduces the numerical value of A whether 
reckoned eastwards or westwards from the meridian. 

The factor - ■■ S -! n in this formula will be found tabulated as 
sm 1 

Table XXV in Close and Winterbotham’s Text-book of Topographical 
Surveying , or in the companion volume, Field Astronomy , both of which 
are published by H.M. Stationery Office. 

If the horizontal axis is inclined during a pointing on the star or the 
signal, the horizontal circle reading falls to be corrected by 

Level correction = ~{EW — EE) tan h 

where d — value of one division of striding level * 

EW and EE = sum of west and east end readings, reckoned from 
centre, of bubble in direct and reversed positions 
h = altitude. 

For the northern hemisphere, if the east (west) end of the axis is the 
higher, the clockwise reading of the circle is too great (small). 

In refined determinations, correction is required for the influence of 
the aberration of light caused by the rotation of the earth. The effect is 
to place the apparent position of the star east of its true position by 

the amount 0**32 — qSs Ji — ’ va ^ ue w ki°k for close circumpolars is 
always practically 0"*32. 

* For a description of a method of determining the value of d for a striding level 
see page 69. 
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If the observed hour angle is in error by an amount At, expressed in 
seconds of arc, the error in the azimuth angle (or, If necessary, the corree- 
tion to the azimuth angle due to a correction in the hour angle), also 
expressed in seconds of arc, will be obtained by differentiating ,4 with 
respect to f, holding </> fixed, in the formula for tan A given on page 86 
The result, after a little simplification, reduces to : 

Ad. = — (sin < j> — cos cos A tan h)At 

— — cos S sec h cos q At 

— — sin A cos q cosec t At 

where q is the parallactic angle. From the second of these expressions it 
follows that, for a given error in time, the error in azim uth is least 
(1) when 8 is nearly 90° in value, that is when the star is near the pole, 
and (2) when q is nearly 90 in value, or when the star is near elongation. 
From the first expression it will be seen that observations of east and 
west stars will not eliminate the error* in azimuth due to the error in time 
unless the stars are so chosen that the relation 

2 tan <j> = cos tan h x + cos A 2 tan h 2 
is very nearly satisfied. 

If there is an error A <j> in the assumed latitude, the resulting error in 
azimuth is obtained by differentiating A with respect to 4> in the formula 
given on page 86, keeping t fixed. This gives : — 

Ad = tan h . sin A . A<f>. 

Hence, pairing of east and west stars will tend to eliminate or to reduce 
the error in azimuth due to an error in the assumed latitude of the place. 
Reduction of an error in azimuth due to an error in latitude demands 
a small value of h and a small value of h decreases the error due tp an 
error in time. 

Azimuth by Circumpolar Stars at Elongation. The routine followed 
in a primary determination by observations of circumpolar stars as just 
described may be greatly simplified for determinations of secondary 
accuracy. If Polaris, or other circumpolar, is observed within a few 
minutes on either side of elongation, the motion in azimuth is scarcely 
perceptible in the telescope of a moderate size theodolite, and the azimuth 
of the star may be computed as its azimuth at elongation. 

The time of elongation is computed in advance (page 36), and the 
instrument is set up and carefully levelled at least fifteen minutes before 
the time of elongation. About five minutes before elongation a pointing 
is made upon the reference mark, and the micrometer readings are taken 
The star is then bisected, and after the readings are booked the telescope 
is reversed, and a second observation is made on the star. Finally, the 
reference mark is again bisected. A second set may be obtained without 
having to observe the star at more than five minutes from elongation. 
When local time is not known, the star must be followed with the vertical 
hair until it appears stationary in azimuth, and the set is then completed. 
If the watch error has been carefully determined, several sets may be 
secured by extending the range of the observations to, say, 20“ on either 
side of elongation, and reducing the position of the star to that at elonga- 
tion. ' / \ 1 ' 
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Wlicn the star is at elongation, 
sin A = 


cos o 
cos $ 


where A is the angle measured the shorter way between the elevated pole 
and the star. An approximate value for the latitude is sufficient. 

When the star is observed not actually at elongation but at a small 
interval not exceeding 30 minutes of time from it, the correction applicable 
to the value computed from the formula for elongation, 

sin A = cos 8 . sec <f>, 

is given approximately in seconds of arc by 

c" = 1*96 tan A{t E — t) z 

where t E — t is the sidereal interval in minutes between the time of 
observation and that of elongation. 

With a 5-in. or 6-in. micrometer instrument the error of the mean 
result from a single star should not exceed 5". With a large geodetic 
type theodolite the corresponding error should not exceed 1". 

JExa?nple. On 1941 J uly 6 at a place in latitude 55° 50 / 1 7" N., an azimuth observa- 
tion was made on Polaris at eastern elongation, with the results tabulated. The 
referring object was east of the star. Find its azimuth. 


Object 

Face 

Horizontal Circle Readings 

! ■ Mean 

Micro. A 

Micro. E 



O 

/ .. 

a 

> 

if 

Q 

/ 


R.O 

L. 

246 

15 

20 

15 

35 

246 

15 

28 

Star 

l. by 

135 

34 

05 

34 

25 

135 

34 

15 

Star 

R. 

315 

33 

35 

33 

40 

315 

33 

38 

R.O. 

R. 

66 

14 

55 

15 

15 

66 

15 

05 


Angles between 
E.Q. and Star 


110 41 13 


11041 27 


sin A ■ 


From N.A., p. 291, S = 


cos S 

COS (f> 

+ 88° 58' 47" *2 


Mean 110 41 20 


log cos <$ = 8*2505492 
log cos ^ — 9*7493760 
log sin A » 8*5011732 
A = 1°49 / 01 // 


The star is at easteim elongation, 

R.O. is 112° 30' 2 1" east of north, 
or azimuth clockwise from north = 112° 30 / 21" 

Azimuth by Ex-meridian Altitudes of Stars. This method is very 
generally used for determinations of other than primary standard. The 
observation has much in common with that for determining time by 
ex-meridian altitudes, and the two determinations may be combined if 
the watch times of the altitudes are noted. A good knowledge of the 
observer’s latitude should be available, and the astronomical triangle is 
solved for the azimuth angle. 

The star should be observed when changing rapidly in altitude and 
slowly in azimuth. The most favourable situation therefore occurs when 
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the star is on the prime vertical, the influence of errors of observed 
altitude being then a minimum. As in the corresponding observation 
for time, an east star should be paired with a west star of similar altitude, 
and suitable stars should be selected in advance. 

The routine of observation for either star of a pair consists in first 
bisecting the reference mark, the readings of the horizontal circle being 
taken on both micrometers. The telescope is then directed towards 
the star. Since the star has a slow motion in azimuth and a rapid one in 
altitude, the telescope should be so pointed that the horizontal hair is in 
advance of the star. By means of the upper tangent screw the vertical 
hair is kept upon the star, and the motion in azimuth is stopped when 
the star reaches the intersection of the hairs. The readings of both micro- 
meters on each circle are noted as well as that of the altitude level. The 
telescope is transited, the star again bisected, and the new horizontal 
angle to the reference mark obtained as before. A second set should be 
observed in the same manner from a new zero. 

The azimuth angle A is conveniently obtained from 

tan = V sec s sin (s — h) sin ( s — 6) sec {s — p) 

, h -f- d> -f- p 

where s = 

A 

4> is always treated as positive, and p is measured from the elevated 
pole. The resulting value of A is the horizontal angle between the 
elevated pole and the average position of the star during the observation, 
and is measured the shorter way, east or west. This quantity is applied 
to the mean horizontal angle between the star and the reference mark 
to give the angle between the latter and the elevated pole. The possibility 
of confusion as to signs is avoided if the notes include a diagram showing 
the relative position of the pole, the star, and the reference mark. The 
calculation of the azimuth of the reference mark is repeated from the 
other star of the pair, and the mean is accepted. Determinations made 
in connection with deliberate mapping should be based upon two or 
three pairs of stars, when the error of the mean is not likely to exceed 5". 

Owing to the curvature of the path of the star, the mean of the two 
azimuths, when a star is observed face right and face left, is not exactly 
equal to the azimuth corresponding to the mean altitude. If the mean 
altitude is taken to compute the azimuth, the correction to be applied 
to the computed azimuth angle, measured east or west from the elevated 
pole, is given in seconds of arc by : — 

A A cot q sec 2 h (sin & — 2 cot A cosec q) {Ah) 2 sin V 

o 

where q is the parallactic angle and Ah is the difference in elevation, in 
seconds of arc, between the two observations. Normally, if the two 
observations are taken quickly, Ah will be small, and the correction, for 
all ordinary work, may be, and usually is, neglected. 

This formula may be derived by using Taylor’s Theorem to expand 
A + dA in terms of dh in the expression 

m _ I a s i n g — sin 6 sin (h + dh) 

A +dA = cos"" 1 7 — . 

cos <p cos (h + dh) 
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The trigonometrical co-efficient in the formula is then 


dU 


The term 


be obtained 


in dh in the expansion cancels out in the mean. 

The parallactic angle, used in the above formula, may 
from : — 

sin q = cos <j> sin A sec 8. 

In computing the correction it is only necessary to use four- or five- 
figure logarithms, with values for the various angles to the nearest 
minute or so. 

Example . On 1935 June 8 in latitude 56° 06' IP JSf., ex-meridian altitudes were 
observed on a pair of stars with the results tabulated. A compass bearing showed 
the referring object to be about 9° west of north. Find its azimuth. 

Mean horizontal Corrected mean 


Star 

angle from R.O. 

altitude 


Ur see Majoris (west) 

80 52 01 

66 54 

33 

8 Gygni (east) 

102 06 45 

60 02 

54 

7} Ur see Majoris. 8 = 

■f* 49° 38' 10" 



h « 66 54 33 





Sum * 


V = 

25 = 
S s= 

5 — h — 
s — <f> = 
s — p == 


56 06 11 

40 21 50 

163 22 34 

SI 41 17 

14 46 44 
25 35 06 

41 19 27 


log sec — 
log sin == 
log sin = 
log sec = 
Sum aa 

log tan ~ = 


Angle between B.O. and star 
R.O. west of north 


A = 


0*8399444 

9*4066926 

9*6353326 

0*1243683 

0*0063379 

0*0031689 


90 25 05 west of north 

80 52 01 

9 33 04 


8 Cygni. 8 

. •'A./*/ O. .*■ 

= 

+ 44° 

h « 

60 

02 

54 

* - 

56 

06 

11 

V = 

45 

01 

50 

Sum = 2s . as*. : 

161 

10 

55 

s = 

80 

35 

28 

s — h = 

20 

32 

34 

S ~~ (j> S3 

24 

29 

17 

s — p — ■ 

35 

33 

38 


log sec 
log sin 
f log sin 
log see 
Sum - 

i * A 

log tan - 


Angle between R.O. and star 
R.O. west of north 

Mean result 

R.O. west of north 


0*7865380 

9*5451916 

9*6175282 

0*0896417 

0*0388995 

0*0194497 


92 33 54 east of north 
102 06 45 
9 32 51 

9 32 57-5 


The errors in azimuth due to errors hJi and A<£ in the observed altitude 
or in the assumed latitude of the place may be found by differentiating A 
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with respect, to h, keeping ^ fixed, or with respect to <j>, keeping h fixed, 
in the expression 

sin 3 = sin ^ sin h -J- cos < f> cos h cos A . 

The results are : — 

A^l = (tan (/) — tan h cos A) cosec AAh 
== cot q . sec h . Ah 

Arl = (tan h — tan (j> cos A) cosec AA4> 

= cot t . sec $ . Ajj. 

Hence, pairing of east and west stars tends to reduce errors in azimuth 
due to errors in the observed altitude or in the assumed latitude, and the 
reduction of error is also produced by observing on, or near, the prime 
vertical and by keeping h as small as is compatible with the avoidance of 
errors arising from irregularities of vertical refraction. 

Azimuth by Ex-meridian Altitudes of the Sun. In finding azimuth 
by ex-meridian altitudes of the sun near the prime vertical, observations 
in the morning should be balanced by a similar set in the afternoon. The 
general features of the measurement are the same as for a star. 

Since the required altitudes and horizontal angles are those to the 
sun’s centre, the hairs should be set tangential to two limbs simultaneously. 
After changing face, the opposite limbs are observed. The appearance 
at contact presented by the ordinary Ramsden diagonal eyepiece for the 
two observations of a set is as in Fig. 38. The motion in azimuth is slow, 
and the vertical hair is kept in contact by the upper slow motion screw, 



Fig. 38 . Fig. 30 . 

the sun being allowed to make contact with the horizontal hair. If the 
telescope has no vertical hair, the sun must be placed in the opposite 
angles as in Fig. 39. 

A set of observations consists in sighting the reference mark and 
then the sun with telescope direct. The telescope is then reversed, and 
the opposite limbs of the sun and finally the reference mark are sighted. 
This set may be followed by a second one in which the limbs should be 
taken in the reverse order. The time of each altitude measurement is 
noted, so that the appropriate value of the sun’s declination may be 
interpolated for use in the computation. 

The reduction is performed in the same manner as for the corresponding 
star observation. 

As in the case of a star, if the mean of the face right and face left 
observations is used to compute a single mean azimuth, a correction for 
the curvature of the sun’s path may have to be introduced if the greatest 
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precision possible is to be obtained from the results. This correction is 
given on page 89 and is applied as in the case of a star. In the case of 
the sun, however, when observations are made in opposite quadrants of 
the reticule, an additional correction is necessary because the azimuthal 
angle of the sun’s diameter varies with the altitude. Hence, if there is 
an appreciable difference in altitude between the face right and face left 
observations, a correction to the mean azimuth, due to this difference in 
altitude, may have to be applied. This correction, for the mean of two 
observations on opposite limbs as in Fig. 38, is given by :• — 

AH == -|cr sin 1' , sec h . tan h . A h 

where a is the angular semi-diameter of the sun in minutes of arc and A h 
is the difference in altitude of the sun’s centre between the two observa- 
tions. If Ah is in seconds of arc, AH will also be in seconds of arc. As 
the sun’s altitude increases in the morning and decreases in the after- 
noon, the correction is to be added to the azimuth angle, measured the 
shortest way from the elevated pole, for a morning observation and to be 
subtracted from it for an afternoon observation. 

It should be noted that the Ah to be used in computing this correction, 
as well as that to be used in computing the correction for curvature, is 
not the actual measured difference in altitude between the two limbs, 
but the difference in altitude between the two positions of the sun’s 
centre. If the telescope is an ordinary inverting one, as will nearly always 
be the case, and Figs. 38 and 39 represent the actual views in the tele- 
scope, then the first observation in the morning (afternoon) will be 

taken to the lower (upper) limb 
and the second to the upper 
(lower) limb. In this case, 
Ah is equal to the measured 
difference in altitude minus 
the sun’s angular diameter. 

The formula for this cor- 
rection may be proved as 
follows : — 

In Fig. 40 {a) Z is the zenith, 
S the centre of the sun and E the 
point where a vertical plane 
through Z touches the sun’s limb. 
In the spherical triangle ZSE the 
angle at E is a right angle, the side ZS is equal to 90° ~ h 9 and the angle SZE is 
the difference in azimuth between S and E. Then, if the angular semi-diameter 
SE = a, we have : — 

sin a __ sin (90° — h) 
sin Z*" sin 90° 

or, as cr and Z are both small, 

Z == cr sec h 

As the altitude changes by the small amount dh the change in Z will be given by 
differentiating Z with respect to K This gives : — 

dZ = cr sec h . tan h . dh. 

Here a is in radians and, if it is expressed in minutes of arc, we must multiply it by 



90~h 


(a) 
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' -^ ence j» f° r the 3nean of two observations on opposite limbs, the correction 
to the azimuth is given, by : — 

AJ. = £cr sin V . sec h . tan h . A h 

where A h is the difference in altitude of the sun’s centre between the two observa- 
tions. 

In all ordinary work for which sun azimuths are likely to be observed, 
this correction, as well as the one for curvature of path, is usually 
neglected. The latter correction, however, may be considerable if Ah is 
large, and, in such circumstances, it is as well to compute it if accuracy 
is desired. 

Since the method of ex-meridian altitudes is not suitable for bodies 
observed near the meridian, and if observations to the sun have to be 
taken in the late morning or early afternoon, it is better then to depend 
on observations based on time rather than on altitude. 

Azimuth by Hour Angles of Stars or the Sun. This method resembles 
that of ex-meridian altitudes, except that, in place of measuring altitudes, 
the chronometer times of the observations are recorded. Horizontal 
angles are measured between the reference mark and east and west stars 
near the prime vertical. From the corrected mean of the chronometer 
readings for a series of observations on a star the hour angle corresponding 
to the mean horizontal angle is obtained. 

Various formulae for A are available, that generally used being 

tan A = tan t cos M cosec ( M — <j>) 
in which M = tan -1 tan 8 sec t. 

In applying the formula, t is measured in arc the shorter way from 
upper transit, and is always positive ; <f> is positive for north latitudes 
and negative for south ; A is the azimuth angle from the north part of 
the meridian measured the shorter way, east or west. In reducing fore- 
noon and afternoon observations on the sun, 8 is interpolated for the times 
of observation. 

Largely owing to the fact that a knowledge of the chronometer error 
is required, this method is less commonly used than those of ex-meridian 
altitudes or circumpolar stars at elongation. It is, however, a better 
method than ex-meridian altitudes, as it is not affected by errors of 
refraction, and near the prime vertical errors of time have very little 
effect on the result. 

In precise work a correction for the curvature of the path of the 
heavenly body may be applied to the mean of the face right and face left 
observations. If the mean hour angle is used to compute the azimuth 
angle the correction to the latter is given by : — 

A A" = — J sin A cos (j> sec 2 h (cos h sin 8 — 2 cos A cos <f>) x (Atf) 2 x sin V 

in which At is the difference in time, expressed in seconds of arc, between 
the face right and face left observations. This expression is zero at 
culmination, and at elongation it reduces to the form given on page 86 
with n = 2 and l At written for iAt in the expression there. 

If this correction is to be applied to solar observations taken in opposite 
quadrants of the reticule, the At to be used is the time interval between 
the two positions of the sun’s centre, not the time interval between the 
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actual observations to the limbs. In this case write P instead of Z in 
Fig. 40 (a) } where P is the celestial pole, and the sides PS and PE of the 
triangle PSE each become 90° — 8. The angle at P is then given by : — 

P = cr sec 8. 

Hence, the correction to be applied to the observed difference in time to 
obtain At is 2a sec 8, taken with its proper sign. If a is given in minutes 
of arc the result will also be in minutes of arc. 

The errors in the computed azimuth angle arising from errors in the 
observed hour angle or in the assumed latitude are similar to those 
given on page 87 for the case of circumpolar star observations by means 
of hour angles. When the star is on the prime vertical, A = 90°, and the 
formulae reduce to 

A A — — cos q cosec t At 
A A = tan h A<j>. 

Azimuth by Equal Altitudes of a Star. By measuring the angle sub- 
tended between the reference mark and a star in two positions of equal 
altitude, the angle between the mark and the meridian is given by half 
the algebraic sum of the two observed angles. The method is independent 
of a knowledge of the star’s co-ordinates, but, unless the observations are 
taken before and soon after the culmination of the star, when errors of 
altitude are serious, it is open to the objection that the determination 
may involve a wait of several horn’s. 

Several observations are made with the star east of the meridian. 
The reference mark is first sighted, and the star is bisected by both cross- 
hairs. An equal number of observations are made with the telescope 
direct and reversed, and the altitude as well as the horizontal angle is 
noted for each. For the west series the same altitudes are set on the 
circle, and for each individual altitude the same face as before is used. 
At each observation the star is kept bisected by the vertical hair, and the 
motion in azimuth is stopped when the star reaches the horizontal hair. 
The algebraic mean of all the horizontal angles represents, without 
correction, that between the reference mark and the north or south part 
of the meridian, according to the position of the star. 

Azimuth by Equal Altitudes of the Sun. In this case a series of hori- 
zontal angles is measured between the reference mark and the sun in 
the forenoon. In the afternoon a similar series is observed with the 
sun at the same altitudes. Since the value of the altitude is not required, 
it is sufficient to observe the upper or the lower limb throughout, but an 
equal number of sights should be taken on the right and left limbs and 
with the telescope direct and reversed. 

On account of the change in declination in the interval between the 
morning and afternoon equal altitudes, the mean of the horizontal angles 
does not represent that between the reference mark and the meridian. 
The watch time of each observation should be carefully noted, and the 
value of the correction is computed as follows. 

Let c = angular correction to be applied to the algebraic mean of the 
observed angles to give the angle between the reference 
mark and the meridian 
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i 5= half the interval between the times of equal altitudes 
(j> = observer’s latitude 

Stf,= sun’s declination at the average of the morning observations . 

S, r == sun’s declination at the average of the afternoon observations 
Then c = |-(S , r — 8 g ) sec $ cosec t. 

When the sun’s declination is changing towards the north (south), the 
mean of the observed azimuth angles lies west (east) of the meridian for 
places in north latitudes, and vice versa for south latitudes. 

This formula may be obtained by differentiating A with respect to 8, 
keeping k .fixed, in : — 

sin 8 = sin <f> sin h + cos cos k cos A. 

The method of determining azimuth by observations of equal altitudes 
of star or sun yields inferior results and is seldom used. Its only real 
virtue appears to be that a result, suitable for rough purposes, may be 
obtained without computation or the use of tables of any kind. 

Azimuth by Circumpolar Stars at Culmination, A rough determination 
may be obtained by observing the horizontal angle between the reference 
mark and a circumpolar star on the meridian. The watch error must 
be known, and the watch times of upper or lower transit of two or more 
circumpolar stars are computed in advance. 

The reference mark is observed shortly before transit of the first 
star, and the telescope is then pointed to the star, which is kept bisected 
by the vertical hair up to the computed instant of culmination. The 
horizontal circle readings are taken, and the reference mark is again 
bisected as a check on the stability of the instrument. No change of 
face is possible, and the observation of the second star should be made 
with the telescope reversed. 

The smaller the polar distance of the stars the better. The accuracy 
is largely dependent upon that with which the time is known. 

By observing pairs of stars, each pair consisting of one star above the 
pole and the other below, with the instrument set very close to the 
meridian, a primary determination of azimuth may be obtained. For 
primary work the method is very similar to a primary determination of 
time as already described on pages 72 to 74. For any star observed very 
close to the meridian, we have, after the level correction has been applied, 
the equation : — • 

JR. A, = e + jP **f* o*A *4* &G 

where e is the clock error, T the chronometer reading, a the required 
error of setting of the instrument in azimuth, A = sin z sec 8 , c the 
collimation error and G = sec 8, the signs of A and G being in accordance 
with the signs given in the table on page 73. Differentiating the two 
observations of a pair by the suffixes 1 and 2, and putting a = E.A., the 
right ascension of the star, we have : — 

ocj = 6 -f~* Tj + ftA^ *4" 

a 2 = e -f ^2 + a A 2 + oC 2 . 

(a 2 — <xx) — (T 2 — T x ) — c(C 2 — O p 

(A 2 -A t ) 


Hence, 
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a 2 and a x are known, 1\ and T x are observed and A 2 , A 1 and C 2 , C\ can 
be calculated. Consequently, if we know tlie value of c, the collimation 
error of the instrument, or if it is zero, we can at once calculate a. If c 
is not known, observations of two pairs of stars will enable it to be elimi- 
nated from the equations, and its value to be determined. 

All the quantities entering into the equations must, of course, be 
expressed in the same units, arc or time, preferably arc, as a is required 
in seconds of arc. 

It may be noted that, in observing for time, we choose stars culminating 
north and south of the zenith ; in observing for azimuth, we choose stars 
culminating above and below the elevated pole. In the former case we 
get a good determination of time and a poor azimuth ; in the latter a 
good determination of azimuth and an indifferent time. 

To use this method, it is necessary to be able to set the instrument 
so that the line of collimation is very approximately in the meridian, 
and this means either preliminary observations to enable a sighting mark 
to be laid out with the necessary accuracy, or else the existence of some 
point which can be used for sighting to and whose azimuth from the 
point of observation is fairly accurately known. It is not always con- 
venient to take preliminary observations, and a sighting point whose 
azimuth is accurately known may not already exist on the ground. Eor 
secondary work, however, good results can be obtained with a well- 
collimated instrument set only approximately in the meridian, say by 
compass within a degree or so. In this case the azimuth factor A becomes 
— sin z sec (<j> + z), instead of sin z sec 8, in which the sign of A is to be 
taken as of opposite sign to the latitude when the star is on the opposite 
side of the zenith from the elevated pole. 

This approximate method is more fully described, and examples 
given, in the War Office publication Field Astronomy . 

Eor primary work with an instrument provided with eyepiece micro- 
meter with vertical movable hair, it is convenient to have the sighting 
point set very approximately on the meridian, so that the angle between 
this point and the line of collimation may be measured by the movable hair 
of the micrometer. This is often not possible at a trigonometrical station. 

Near the equator, of course, it is not possible to use the method at all, 
either for primary or for secondary work. 

Combined Observations for Time and Azimuth by Observations of Two 
Stars in the Same Vertical Plane, In No. 39, Vol. VI of the Empire 
Survey Review for January, 1941, McCaw has described a method by 
which azimuth and time can be observed together off the meridian at 
one set up of the instrument. This method, which is a modification of 
the one just described, consists in observing the times of passage of two 
stars — one an equatorial time star and the other a circumpolar star — 
across the same vertical plane when the theodolite is set at any azimuth 
suitable for the observation of a circumpolar star. It involves a know- 
ledge of the collimation error of the instrument, and it is suitable for 
primary determinations of both time and azimuth. A full description of 
the method, including a numerical example, will be found in the paper, 
which shows how the errors of level and collimation may be accurately 
eliminated from a method otherwise well known. 
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Corrections to be Applied to Observed Azimuths in First Order Geodetic 
Work* Although too small to be applied to any work other than that 
intended for a geodetic survey of the first order, there are two corrections 
to observed azimuths which, for the sake of completeness, should be 
mentioned here. The first is the reduction of the computed azimuth for 
height above sea level of the azimuth mark when this height is large. 
This correction arises from the fact that the earth is an ellipsoid of 
revolution, and is^ not a perfect sphere. The consequence is that the 
plane which contains the normal drawn through the azimuth station and 
passes through the azimuth mark does not contain the normal through 
the latter point. This correction, in seconds of arc, is given by : — 

. e 2 h 0 , . ^ . 

+ 3 s — =- 7 , cos 2 6 sm 2 A 
2a sm 1 r 

where a is the earth’s equatorial radius, e 2 = — ~ - , b being the earth’s 

polar radius, and h is the height above sea level of the azimuth mark, 
expressed in the same units as a. Taking e and a as defined by the Clarke 
Spheroid of 1866, and with a and h in metres, the correction becomes : — 

+ 0*000109/4 . cos 2 <j> sin 2 A. 

The second correction is the correction of the observed azimuth to the 
mean position of the earth’s pole. This correction sometimes becomes 
necessary on account of the fact that the earth’s pole does not remain 
absolutely steady with reference to the features on the earth’s surface, 
but varies with time. The motion is small and rather irregular and 
affects observations for latitude and time as well as for azimuth. For the 
latter it may be as great as half a second of arc in latitude 50°*N. The 
co-ordinates of the “ instantaneous pole ” and data for correcting observed 
azimuths used to be published by the International Geodetic Association 
but are now published by Professor H. Kimura in the Proceedings of the 
(Japanese) Imperial Academy . The correction, however, is not one which 
need be applied in ordinary geodetic work of a kind that is likely to affect 
the engineer. 

DETERMINATION OF LATITUDE 

Observations for latitude nearly always consist in measuring the 
altitude of a celestial body when it is either on or near the meridian. The 
determination of latitude is equivalent to measuring 
the altitude of the pole, and this may be obtained 
from the meridian or circum-meridian altitude of a 
body of known declination. 

The latitude of the place of observation is H 
related to the meridian zenith distance z of a celestial 
body of declination S as follows. 

Let <j> and S be marked + or — according as they 
are north or south, and z + or — according as the 
zenith is north or south of the body for the northern 
hemisphere, and the reverse for the southern. Then $ = z + 8 when 
the body is at upper transit, as at S 2 , S 2 and S 3 in Fig. 43 . 

p. & CL s. 
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If the star is at lower transit, as at S 4 , the declination should he taken 
as the angle from the equator through the pole to the star, i.e. QOS 4 or 
180° — the tabulated declination. Hence ^ = 2 + 180° — S. 

Methods. The principal observations for determining latitude may be 
summarised as : 

(1) TaJeott’s method of meridian altitudes of stars. 

(2) Circum-meridian altitudes of stars or the sun. 

(3) Meridian altitudes of stars or the sun. 

(4) Altitudes of Polaris. 

(5) Ex-meridian altitudes of stars. 

(6) Equal altitudes of stars. 

Latitude by Talcott’s Method. Precise latitude determinations are 
made by means of the zenith telescope (page 49) by the method devised 
by Captain Talcott of the U.S. Corps of Engineers about the year 1834. 
Less refined determinations may be obtained on the same system by the 
use of a theodolite fitted with an eyepiece micrometer and having a 
sensitive altitude level. 

The observation consists in measuring the small difference in meridian 
zenith distance of two stars culminating on opposite sides of the zenith 
at very nearly the same altitude and within a short time of each other. 
In Eig. 41 let S x and S 2 represent two stars of declination 8 X and S 2 
respectively, and let their meridian zenith distances in latitude <f> be 
respectively z x and — z 2 . 

Then <j> = z x + S 2 = — z 2 + 8 2 

2 <^ == 8 X + 8 2 + z i ~~ z % 

or 9 = i(*i + S 2 ) + i( z i ~~ *2) 

The declinations being known, cf> is therefore derived from the measure- 
ment of the difference of the meridian zenith distances. 

The method lends itself admirably to precise determinations. The 
north and south stars selected to form a pair are such as have nearly the 
same zenith distance, so that z 1 — z 2 can be accurately measured by means 
of the eyepiece micrometer. The refraction correction required is only the 
difference between those applicable to the individual zenith distances, 
and the effect of uncertainty in the value of the refraction coefficient is 
therefore negligible. In addition, small errors of pointing, arising from 
error of collimation, dislevelment of horizontal axis, or inaccuracies of 
setting in the meridian, exercise very little influence on the measurement 
of the small quantity z x — %. 

Observations in Talcott’s Method. A primary determination having a 
probable error of measurement not exceeding ± 0"'l involves the observa- 
tion with the zenith telescope of from ten to forty pairs of stars, and 
requires from one to three or four nights 9 work. An observing list of 
pairs of stars is first prepared, and for this purpose the latitude should 
be known to the nearest 1'. Suitable stars are selected from a modern 
star catalogue, and must fulfil the following conditions : — 

(I) The zenith distance should not exceed 20° to 25° in order to guard 
against too great uncertainties in refraction. With a modern catalogue 
observations may be confined to within about 15° of zenith distance. 
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(2) The difference in zenith distance of stars forming a pair should 
be within range of about one-third of the angular field of the micrometer, 

(3) The interval between the times of transit of the stars of a pair, 
or their difference in right ascension, should for accuracy and con- 
venience of observation be not less than IJ ra or greater than 20 u \ 

(4) The interval between the transits of the second star of one pair 
and the first of the next should be not less than 2 m . 

(5) The sum of the north zenith distances in a series should balance 
as nearly as possible that of the south zenith, distances to. minimise errors 
arising from inaccurate knowledge of the value of a micrometer division 
and irregularities in the screw. 

The setting of the telescope in zenith distance for the observation of a 
particular pair of stars is the mean of their zenith distances or half their 
difference in declination. The setting angle for each pair is tabulated to 
the nearest V in the observing list, and the right ascensions are also 
tabulated to the nearest quarter minute to show the sidereal interval 
between transits and to aid in the identification of faint stars. 

The telescope is placed in the plane of the meridian, and the azimuth 
stops are set by first sighting a previously established meridian mark. 
The adjustment is finally effected when the times of transit of two or 
more stars, referred to a sidereal time chronometer of known error, agree 
with their right ascensions. In observing the first of a pair of stars, the 
movable hair is placed at the position at which the transit is expected. 
When the star reaches the middle third of the field, it is bisected, and the 
micrometer and latitude level readings are taken. The telescope is then 
swung through 180° in azimuth, the clamp block being brought gently 
up to the second azimuth stop. The hair is approximately set for the 
second star, which is similarly observed at transit. In the interval 
between the two observations of a pair no change must be made in the 
inclination of the telescope relatively to the latitude level. Occasionally 
a star has to be observed a little out of the meridian although within the 
field of the telescope as set. The sidereal time of the observation is then 
noted so that the observed zenith distance may be reduced to the required 
meridian zenith distance. In the case of binaries, both stars of the pair 
are observed. 

Reduction. — -The fundamental formula 

</> = ■|(s 1 ~f s 2 ) + !(% — z %) 

in which the subscripts 1 and 2 refer respectively to the south and north 
stars of a pair, may be rewritten to express z x — z 2 in terms of the corre- 
sponding micrometer readings. It therefore becomes 

in which m 1 and m 2 are the micrometer readings for the south and north 
stars respectively, and T is the angular value of one turn of the micro- 
meter screw. This expression applies if the micrometer readings increase 
with increasing zenith distance ; otherwise the signs of m 1 and m a are 
reversed. The values of the declinations must be computed for the nights 
of the observations from the elements given in the star catalogue unless 
the star happens to be in the Nautical Almanac list. In the case of a star 
below the pole 180° — 8 is inserted in the formula in place of 3. 
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In the reduction of each pair of observations it is necessary to apply 
corrections for the inclination of the latitude level during the observations 
and for refraction. 

Level Correction. The correction to altitude for a single observation 
being %d(0 — E) (page 69), that to be added to zenith distance is \d(E—0). 
The respective corrections for the south and north stars are therefore 
ld{E L — Oj) and ld{E 2 — 0 2 ), and the correction to b{z 1 — z 2 ) or to cf> is 

|((*i - Oi) - - of) 

The level readings are commonly booked as north and south end readings 
of the bubble, in which case, writing N t for E t , S x for O v S 2 for E 2) 
and N 2 for 0 2i the level correction may be expressed as 

!(Vi + N z ) - (S, + Sj) 

Refraction Correction. This correction is the difference between the 
refraction corrections applicable to the individual zenith distances, 
and, as its value is small, it is sufficient to assume mean atmospheric 
conditions and to use the formula r = 58" tan z. If r ± and r 2 are the 
respective refraction corrections for the south and north star observations, 
the additive correction to i(z t — z 2 ) or to (f> is \(r x — r 2 ) which, since 
z x — z 2 is small, may be evaluated by differentiating r with respect to z 
and then putting dz = \{z 1 — z 2 ). This gives : — 

dr = 58 ^ se ° 2 z = — z 2 ) sec 2 2 

where z x — z 2 is expressed in minutes. 

With the level and refraction corrections applied, the latitude formula 
therefore becomes, with T expressed in seconds 

^ + S 2 ) + %T{m 1 — m 2 ) (1 + 0-00028 sec 2 z) 

+|(A 1 +* s )-('S , i+s a )) 

Reduction to the Meridian . When a star is observed out of the meridian, 
the line of sight of the telescope being maintained in the meridian, the 
correction to be applied to the zenith distance of the star, as 
observed, to give the meridian zenith distance is 

sin 2 \t sin 28 cosec 1" 

in which t is the hour angle of the star at the instant of observa- 
tion, and 8 is its declination. Half of this amount represents 
the correction to the latitude, the sign always being positive in 
the case of stars of north declination and negative for stars 
of south declination and stars below the pole. In the event of 
both stars of a pair being observed out of the meridian, the 
value of the correction is computed for each. The proof of the 
formula is as follows : — 

In Fig. 42 S is the star observed very close to the meridian. The line of 
Fig. 42. collimation lies along ZP so that zenith distances are measured in the 
vertical plane through ZP. Draw an arc of a great circle ST perpen- 
dicular to the meridian. Then ZT is the measured zenith distance when the star is 
at S. The declination of the star does not change while it moves from the meridian 
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to ; the position S. . Hence its position when on the meridian will be at Q .where 
PQ,= PS == 90° — : § and ZQ will be its zenith distance when on the 'meridian.: 
T.Q =. Az is thus, the correction required. 

In the right-angled spherical triangle PST, angle at P = L side PS « 90° - 8 
and side PT = 90° - 8 - Az. Then 

tan PT = tan PS cos P 
.*. tan ( 90 ° - 8 - Az) = tan ( 90 ° - S) cos/, 
tan (S + Az) — tan S sec t 

Expanding tan (S ~f Az) by Taylor’s Theorem, we have : — 

tan S + Az sec 2 S + . . . = - — 

1—2 sm 2 U 

= tan 8 (I -f- 2 sin 2 §•/ -f- . . .) 

As \i and Az are both very small, we can neglect powers of Az higher than the first 
and powers of sin U higher than the second This gives : — * 

Az sec 2 8 = 2 tan § sin 2 f Z 
Az sss sin 28 . sin 2 |Z 

Here Az will be in radians. To convert it into seconds we have : — 

Az" = sin 28 sin 2 U cosec 1" 

Latitude fey Circum-meridian Altitudes of Stars. This is the -most 
accurate of the methods commonly used in field determinations for mapping 
purposes. It consists in observing a series of altitudes at noted times of 
each of several stars for a few minutes before and after transit. From 
the hour angle of the star at the instant of each observation the measured 
circum-meridian altitudes are reduced to the meridian, and the mean 
result furnishes a better measurement of meridian altitude than can be 
obtained directly. 

The effects of an erroneous value for the refraction correction, personal 
errors of bisection, and instrumental flexure are reduced to a minimum 
by observing an equal number of north and south stars in pairs of similar 
altitude. The method requires a good knowledge of the chronometer 
error. 

The stars selected are such as have a meridian altitude not less than 
45° to avoid irregular refraction. The reductions are simplified if an 
upper limit is assigned to the altitudes, and this may be put at 80°. From 
an approximate knowledge of the latitude of the place the limits of 
declination of suitable north and south stars are known, and from an 
approximate value of the longitude the required right ascensions are 
obtained so that the transits will occur at a convenient time and at 
suitable intervals. An observing period of about 20 m should be allowed 
for each star. 

The observation of each star is commenced about 10 ra before the 
computed time of transit. The altitudes are observed in rapid succession, 
the chronometer time of each being recorded to the nearest 0 S T or 0 S *2. 
Observations are continued for about 10 m after transit. The measurements 
for each star may consist of an equal number of face right and face left 
altitudes, but change of face is unnecessary and inadvisable if the observa- 
tions are adequately paired on north and south stars. There should be 


102 


PLANE AND GEODETIC SURVEYING 

the same number of observations on either side of the meridian in order 
to reduce the effect of an erroneous value of the chronometer error. 

The reduction to the meridian is computed as follows : — 

Let = observed circum-meridian zenith distance, corrected for 
refraction, and positive or negative according as the zenith 
is north or south of the star 
z =s required meridian zenith distance 

z x = approximate meridian zenith distance, deduced from the 
greatest observed altitudes 

( j >1 = approximate latitude derived from z v positive or negative 
according as it is north or south 
t = hour angle of star when observed 
8 =3 declination of star 

A = cos <j> cos 8 cosec z = cos </> 1 cos 8 cosec z x very nearly 
2 sin 2 it 

m — — r — 

sm 1 

Then z = z 0 — Am 

With greater accuracy, z = z 0 — Am + Bn 
where B = A 2 cot z, and n 

The approximate formula z = z 0 — Am is usually sufficient provided 
the observations are confined within a period of 10 m on either side of 
transit and the star is not too near the zenith. The value of A used is 
that derived from the approximate values of the zenith distance and 
latitude, and, strictly, a second approximation should be made with the 
closer values of 2 and <j> obtained from the first. Since m is a function of 
sin 2 §2, and t is small, the correction to z 0 varies as the square of the hour 
angle, and, in consequence, the mean of a number of observed altitudes 
or zenith distances does not correspond with the average of their chrono- 
meter times. The observations cannot therefore be averaged in the 
usual way. % 

The values of the variable m should be taken out for the individual 
observations, either by calculation or from tables for the reduction of 
circum-meridian observations to the meridian. 

If z ' 0 = the arithmetical mean of the observed zenith distances, each 
corrected for refraction 

m l = the arithmetical mean of the individual values of m 
then z = z' 0 — Am' 
and = 2 + 8 

The value of z may be worked out for each observation in order that the 
degree of consistency in the values may be ascertained. 

To prove this formula proceed as follows : — 

cos c 0 = sin 8 sin <i> + cos 8 cos cf> cos t 


2 sin 4 it 
sin V 
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In Fig. 42, z 0 = ZS ; 2 , the zenith distance on the meridian, is ZQ, and, since 
ZQ -f QP « ZP, z + 90° - 8 « 90° ~ <£, so that z « 8 - <j> * 

Hence, 

cos z 0 == cos s — 2 cos 8 cos <f> sin 2 U 


; sin - 


2 


sin 


*0 ' 


2 cos 8 cos <f> sin 3 jf. 


Let z 0 — z + A z Then, 

sin ( z + i) 


sin ^ » cos 8 cos <j> sin 2 \t 


By Taylor’s expansion 

sin -JAzfsin z -f iAz cos z — * J(Az) 2 sin 2 , . .] = cos 8 cos <f> sin 2 ■Ji 

Writing sin -JAz =3 |As, we have ; 

A- sin 2 4- J(Az) 2 cos z 2 cos 8 cos <j> sin 2 Ji 

As a first approximation take 

* 2 cos 8 cos <j> . ' 

Az = : sm* 

sin z 

Inserting this value in the second term, and neglecting all succeeding terms in 
the expression on the left-hand side of the equation, we get : — 

. 0 * , . 9 . . 2 cos 2 8 eos 2 $ 

Az sin 2 » 2 cos 8 cos 6 sm 2 42 r— ^ cos z sin 4 

T “ sin 2 2 

or, for Az expressed in seconds of arc : 

a 2 cos 8 cos A . „ - 2 cos 2 8 cos 2 ^ . , . 

sm 2 sm V sm 2 z sm 1 


Tabulated values of the factors m and n will be found in Table XXV in 
Close and Winterbotham’s Text-book of Topographical Surveying . 

It should be noted that the difference between this correction and 
the one relating to Talcott’s method is that in the one case the zenith 
distance is measured in the vertical plane containing the zenith and the 
star, whereas in the other it is measured in the plane of the meridian. 

With a 5-in. or 6-in. micrometer theodolite, the error of latitude 
derived from a single pair of stars should not he more than about 3*. 
Observation of ten pairs of stars should give the latitude correct to 
about 1". If a large geodetic type of theodolite is used the error will be 
reduced accordingly. 

As the star is moving almost at right angles to the meridian, a small 
error in time will produce but a very small error in z. 

Latitude by Circum-meridian Altitudes of the Sun— In applying the 
method to solar observations, the precision is much decreased since the 
observations cannot be paired. The altitudes are measured to the upper 
and lower limbs alternately. In reducing to the meridian, the value of 
the declination should, strictly, be computed for the instant of each 
observation, but practically it is sufficient to use the declination corre- 
sponding to the mean instant of the set. 

* Note that, as Fig. 42 is drawn, z in the formula <j> = z + 8 is to be taken, with 
a negative sign in order to conform with the convention regarding signs. 
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Example. 0 a 1935 June 15, in longitude 4° 59' 05* W., circum-meridian observa- 
tions of the sun gave the results tabulated. The altitudes given represent the 
means of the two micrometer readings corrected for level. The error of the watch 
was known to be 17m 04 s *4 fast on L.M.T. Find the latitude. 


Object 

Face 

Watch Time 

Observed Altitude 

Pair of Max.. Ob- 
served Altitudes 

liemarks 



h 

m 

s 

! o 

' 

- 

0 

' 

" ■ 


_0 

L. 

12 

09 

53*0 

1 56 

53 

06*5 




Bar. 30-1 in. 

IT 

R. 

12 

12 

59*6 

• 57 

25 

43*0 




Ther. 72° F. 

J3 

R. 

12 

15 

39-2 

56 

54 

40*0 

56 

54 

40*0 


~0 

L. 

12 

18 

31-8 

57 

26 

13*0 

57 

26 

13*0 


J3 

■ • . ■■ -.i 

L. 

12 

21 

32-0 

56 

53 

58*5 




j . > 

~0 

R. 

12 

23 

55*4 

: 5? 

24 

54-0 






Means 

12 

17 

05*2 

57 

09 

45*8 

57 

10 

27 



(1) True mean zenith distance, z\. 

Mean observed altitude = 57 09 45*8 


Mean refraction = 37*6 

Barometer correction = + 0*1 

Temperature correction ~ —1*7 

Refraction 

■ ' _ 


36*0 

Parallax 8"*67 X cos 57° 

= + 


4*7 

True altitude 

= 57 

09 

.14*5 

z 0 

= 32 

50 

45*5 

(2) Watch time of L.A.N. 


h 

m 

s 

From N.A., p. 25, G.M.T. of G.A.N. 

= 12 

00 

06*9 

Correction for longitude 

SSS ■/. 


+ 0*2 

L.M.T. of L.A.N. 

= 12 

00 

07*1 

But watch is fast on L.M.T. by 


17 

04*4 

Watch reading at L.A.N. 

= 12 

17 

11*5 

(3) Sun\s $ at mean instant of observation. 


h 

m 

S ' 

Mean of observed watch times 

--= 12 

17 

05*2 

Watch time of L.A.N. 

= 12 

17 

11*5 

Mean instant of observation is before L.A.N. by 
Gr.A.T. of observation — T2 h 19 m 56 a *3 — 6 S *3 

= ,12 

19 

6*3 

50*0 

From N.A., p. 25, S at G.A.N. 

= +23 

17 

11*7 

Correction 



2*2 

T : S 

= +23 

17 

13-9 

(4) Approximate meridian zenith distance z x and latitude cj> 1 . 




Mean of two greatest observed altitudes 

= 57 

10 

27 

Refraction and parallax 

'-■as; — 


31 

Approximate meridian altitude 

« 57 

09 

56 

■ • 'V T"" : 

= 32 

50 

04 
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(5) Am\ 

Sun s hour angle at each observation — difference between watch time of observa 
tion and watch time of L.A.N. 


t m 

m & *’ 

7 18-5 104-8 

4 11-9 34-6 

1 32-3 4-6 

1 20*3 3-5 

4 20-5 37-0 

8 43-9 89-0 

Mean = m f = 45-6 log m' = 
log cos <j> t =s 
log cos 8 = 

log cosec z t as 
log Am ' =ss 
im' = 

(6) Latitude . 


1-6590 

9-7462 

9-9631 

0- 2658 

1- 6341 
43M 


z=zVim' = -f32 50 02 

8 * +23 17 14 

£ = +56 07 16 


Latitude by Meridian Altitudes of Stars. The measurement of a meridian 
altitude does not enable accidental errors of observation to be reduced 
so effectively as in the case of the multiple observations of circum- 
meridian altitudes. The reduction of meridian observations, however, is 
so simple that the number of stars observed can be suitably increased 
without undue labour. 

The direction of the meridian may not be accurately known, and the 
watch time of transit should be computed in advance. Strictly, one 
observation of each star is all that can be obtained, but it is usually 
possible to secure two readings, since the altitude of the star is changing 
slowly near transit. If the watch error is unknown, the star may be 
followed with the horizontal hair until it appears stationary in altitude. 
After the level and circle readings are taken, a second altitude is measured 
as soon as possible, on the reverse face in the case of an unpaired star. 

Errors of observation, refraction and instrument are effectively reduced 
by observing pairs of north and south stars of similar altitude culminating 
within a short time of one another. The observation is then similar in 
principle to Talcott’s method, and the pairs of stars are selected on similar 
lines. The altitudes of the north and south stars of a pair being nearly 
equal, it is unnecessary to change face, since only the difference of the 
corrected zenith distances is required in computing the latitude. With a 
5-in. or 6-in. micrometer theodolite, the latitude deduced from meridian 
observations of a pair of stars should be within 4 n or 5" of the truth. 

Latitude by the Meridian Altitude of the Sun. Measurement of the 
sun's altitude at apparent noon affords only a rough value of the latitude 
owing to the impossibility of balancing the observation. The method is, 
however, very useful for rough determinations, and is that employed in 
navigation. 

Both faces must be used in a theodolite measurement. The watch 
time of apparent noon should be computed in advance, so that the 
altitude may be taken as nearly as possible on the meridian. Otherwise, 
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the horizontal hair is kept upon the upper or the lower limb until the 
greatest altitude is attained, or a series of altitudes is measured in quick 
succession on alternate faces at about the time of transit, the greatest 
altitude derived from a F.R. and F.L. pair being accepted as the meridian 
altitude. The difference between the greatest altitude and the meridian 
altitude, due to changing declination, is neglected. 

Example. Find the approximate latitude given by the following meridian observa- 
tions of the sun made on 1935 June 13 in longitude 4° 59' 05" W. The observations 
given are the pair showing the greatest altitude. 





Altitude 


Level' 


u eject 


Micro. I 

Micro. II 

Mean 

, E 

O 



L. 

56 47 20 

47 

25 

0 * » 

56 47 22-5 

13 

14 

Bar. 30-1 in. 

"0 

R. 

57 19 45 

19 

35 

57 19 40 

15 

12 

Ther. 70° F. 
Level div.= S" 


57 03 31 28 26 


■ 26 - 28 

Level correction = * ■■ ■■-■- ■ X S" ~ ~ 4" 

A X A 

O / // 

Mean observed altitude = 57 03 27 


Mean refraction = 37 

Barometer correction = +1 
Temperature correction = —2 

Refraction = 
Parallax S"‘7 X cos 57° =• 
True altitude = 

3 =s 

Sun's Dec. at L.A.N. 

West longitude in time = 19 111 56 s 


—.36 
+ 5 
57 02 56 

32 57 04 


From N.A., p. 25, 8 at G.AJST. = + 23 10 42*9 

Correction = + 2-8 

8 at L.A.N. = + 23 10 46 

z =+32 57 04 

<f> =+56 07 50 


Latitude by Meridian Altitudes of a Circumpolar Star at Upper and 
Lower Transits. If the altitude of a circumpolar star can be measured 
at both upper and lower transits, the latitude is given by half the sum 
of the altitudes separately corrected for refraction. A knowledge of the 
declination of the star is not required. 

The method is of limited value in the field. The two observations are 
separated by twelve sidereal hours, so that they can be made with small 
instruments only when the hours of darkness exceed twelve. 

Latitude by Altitudes of Polaris. If the error and rate of the chrono- 
meter are known, latitude may be determined by observing the altitude 
of Polaris at any instant. 

The observation consists in taking a set of alternate face right and 
face left altitudes in succession and noting the chronometer time of 
each. The average of, say, two face right and two face left altitudes is 
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assumed to correspond with the average of the chronometer times, and 
from these the latitude is computed. Several such sets should be observed, 
and if the resulting latitudes are consistent, their mean is accepted. 

The latitude <f> is computed from, 

^ = h — p cos t + |p 2 sill 1" sin 2 1 tan h 
where Ji = observed altitude, corrected for refraction 
p = polar distance, in seconds 

i = hour angle = L.S.T. of observation — R.A. of Polaris. 

The second and third terms of the formula constitute two corrections 
in seconds of arc, to the measured altitude. The sign of the first is con- 
trolled by that of cos t ; the second is always positive. Further correc- 
tions are omitted since their sum is always less than V. 

Since the observation of low altitudes is to be avoided on account of 
uncertainties in refraction, the method cannot be applied in low latitudes. 
Errors of refraction affect the result by their whole amount unless the 
observation is paired with an observation of circum-meridian altitudes 
of a south star of similar altitude, when the accuracy of the determination 
becomes little inferior to that of circum-meridian altitudes of paired stars. 

It is easy to derive this formula by putting (j> — h + dh and then substituting 
this value in the equation : — 

sin h = cos p sin <j> + sin p cos $ cos t. 

p and dh are small angles so that we need only take the first few terms in the expan- 
sion of the sines and cosines. Neglecting all terms beyond those of the second order 
we obtain : — ~ - 


p 2 dh 2 

— sin h sin h -f dh cos h -f P cos h cos t • 


- pdh sin h cos t — 0. 


A first approximation gives dh = — p cos t. Insert this value of dh in the second 
and last terms and the result, after reducing p and dh from radians to seconds, is : — 

dh = - p cos t -f ^tan h sin 2 1 sin 1". 


Example. On 1935 June 8 in longitude 4° 59' 05" W., the mean of four observed 
altitudes of Polaris was 55° 21' 44", the average of the local mean times being 
23 h 38 m 04«*5. The barometer and thermometer readings were 30*1 in, and 57° F. 
respectively. Find the latitude of the station. 

= h — p cos t + i p 2 sin 1" sin 2 1 tan h 


h 

Observed altitude 
Mean refraction ~ 39 

Barometer correction = -j-1 
Temperature correction = — 1 

Refraction = 
h = 
P 

Dec. of Polaris = 
P = 


55 

55 

0 

88 

1 


21 44 


-39 
21 05 

57 12*2 

02 47*8= 3768" 


s ;; 

L.M.T. = 23 38 04-5 

L.S.T. (as in Example 9, p. 38) ~ 16 43 49 

R.A. of Polaris = 1 39 10 

Hour angle = 15 04 39 
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First correction. 

lo gp — 3-5761 
log cos t — 9* 840571- 
Sum = 3-4166 

First correction — + 2610" — +43' SO" 

Second correction , 

log 4= 9-699 
2 log p ~ 7-152 
log sin 1" = 4-686 
2 log sin t — 9-716 
log tan h = 0-160 
Sum = 1-413 

Second correction = + 26 // 

<j> = 55° 21' 05" + 43' 30" + 26" 

« 56° 05' 01" N. 

Note. — Fig. 43 illustrates the position of the star for the above observation. 

APM represents the almucantar, or small circle of 
equal altitudes, through P. The sum of the 
corrections is represented by the angle SOL. 

Latitude by Ex-meridian Altitudes. Evi- 
dently an ex-meridian altitude of a star 
of known declination would enable the 
astronomical triangle to be solved for <j> if 
the time of the observation were known. 

Fig. 43. An accurate knowledge of t and therefore 

of the watch error at the instant of observa- 
tion is required. The observation should consist of altitude measure- 
ments of pairs of north and south stars disposed on both sides of the 
meridian. The method, however, is little used, and is much inferior to 
that of circum-meridian altitudes, since the effect of errors of time and 
altitude on the derived latitude increases from a minimum when the 
body is on the meridian to a maximum when it is on the prime vertical. 

An accurate knowledge of the watch error is not required if observation 
is made of two altitudes, either of the same star or of different stars. In 
this case, latitude and time can be obtained if the interval between the 
observations is accurately known from the watch rate. Tor, if S and S' 
be the two stars, triangle PSS' can be solved for SS' and angle PSS'. 
Triangle ZSS' can be solved for angle ZSS', which enables triangle PZS 
to be solved for PZ, the co-latitude, and ZPS, the hour angle of S. The 
accuracy of the derived latitude is largely dependent upon having one of 
the stars near the meridian. 

Latitude by Equal Altitudes. Several methods of latitude determination 
are based upon observation of the times of equal altitudes of stars. Until 
recently these methods had not been applied to any extent in field 
astronomy, but they have now been successfully employed on the Peru- 
Bolivia and Brazil-Bolivia boundary surveys, and have been extensively 
used in Egypt.* Since the actual altitude is not required, the results are 
independent of circle readings. The observation is that for which the 
prismatic astrolabe (page 55) has been primarily designed. 

* “ Modern Methods of Finding the Latitude with a Theodolite,” by Dr. Ball. 
The Geographical Journal, June 1917. 
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Equal Altitudes of Two Stars. The altitude, declination and hour 
angle of a star, and the latitude of the place have the relationship 
sin h = sin <j> sin 8 ~j~ cos <f> cos 8 cos t 

If, therefore, two stars of declinations Sj and 3 2 respectively are 
observed to have the same altitude h with hour angles t x and t 2 , we have 
sin (f> sin S x + cos <f> cos cos t 1 = sin <j> sin S 2 + cos cos 8 2 cos h 
whence cj> is derived independently of h. 

The stars forming a pair must be situated north and south of the 
zenith, and should not differ greatly in right ascension. They should be 
observed near the meridian, and the watch error and rate must be accu- 
rately known. 

Equal Altitudes of Three Stars. To avoid the necessity for an exact 
knowledge of the watch error, observation may be made of three or more 
stars at equal altitudes. Both latitude and time may then be obtained, 
and this method is better adapted for field determinations than the last. 
If only three stars are observed they should be approximately 120° apart 
in azimuth, preferably with one near the meridian. If more stars are 
used, they may be observed in sets of four, one in each quadrant, as for 
the case of the prismatic astrolabe (page 59). The watch rate must be 
known so that the intervals between the observations may be accurately 
obtained. If these intervals are denoted by i t and i 2 for a three-star 
observation, then 

sin h = sin <f> sin S x + cos (j> cos cos t x 
sin h = sin <j> sin S 2 + cos <f> cos S 2 cos (t x + i x ) 
sin h = sin sin 8 3 + cos (f> cos S 3 cos (t x + H) 

from which by subtraction are obtained two simultaneous equations for 
<f» and t v The solution is considerably simplified by assuming values for 
<f> and the watch error and computing the value of h for each observation. 
The results, h l9 h 2 and h s , will in general differ from the true altitude h 
because of errors in the assumed values, but if 

dcj) ’= correction to assumed latitude 
cU = correction to watch 

dj> } dt and h are obtainable from the simultaneous equations 
h 1 — ■ h =5 cos A x d<f> + cos <j> sin A x dt 
— k = cos A 2 d<j> + cos <j> sin A 2 dt 
Ji 3 — h = cos A z d<f> + cos (f> sin A z dt 
where A is the azimuth of each observation, either observed or com- 
puted, reckoned clockwise through 360° from north, and the term con- 
taining d<f> becomes negative for places in the southern hemisphere, <j> 
being reckoned positive whether north or south. If more than three 
stars are observed, the reduction may be performed by treating the 
observations in groups of three rather than by the rigorous method of 
least squares. Alternatively, one of the methods applicable to observa- 
tions with the prismatic astrolabe may be used instead (page 62). 

Instead of observing three different stars, the method may be modified 
by using two stars and observing one of them twice. The double observa- 
tion on the same star on opposite sides of the meridian gives the watch 
error, , and the reduction is simplified. 


i 


110 


PLANE AND GEODETIC SURVEYING 

Dr. Ball states that, if carefully carried out, the three-star method 
applied to a single set of stars with one not more than an hour or so 
from the meridian and with a level sensitive to 5" per division, usually 
gives the latitude to within 3" of the truth. 

This method is the one used in connection with the prismatic astrolabe, 
the only difference being that, with the theodolite, stars may be observed 
at any altitude whereas with the prismatic astrolabe the altitude is fixed. 

Corrections to be Applied to Observed Latitudes in First-order Geodetic 
Work. As in the case of observed azimuths, corrections have to be 
applied to observed latitudes on account of the observing station not 
being at sea level and for the variation of the position of the earth’s pole. 
Both of these corrections are very small and can safely be neglected in all 
engineering ^or topographical work. The first is due to the spheroidal 
shape of the earth and the manner in which gravity varies with latitude 
and height above sea level. Its value is given by : — 

A <f> = — 0"-052 h . sin 2<j> 

where h is the height of the observing station above sea level in thousands 
of feet. This correction, which is zero at the equator, is always subtractive 
numerically no matter whether the latitude is north or south. 

The second correction is due to the small variations in the position of 
the earth’s pole with respect to time that have been referred to on 
page 97, and it is obtained in the same way as the similar correction for 
azimuths from data provided by the results of observations, covering a 
long period of time, at certain fixed observatories. 

DETERMINATION OE LONGITUDE 

Since the longitude of a place is the difference between its local time 
and that at the reference meridian at the same instant, observation of 
the difference of time between two places determines their difference of 
longitude. 

Determinations may be classed as relative or absolute. By a relative 
measurement is meant one in which the longitude of one place is found 
from the known longitude of another by observing the difference of time 
between them. In an absolute determination local astronomical observa- 
tions are made for Greenwich time, and the required longitude is obtained 
directly from the meridian of Greenwich. Absolute methods are all of 
inferior precision, and need not be further considered. The only relative 
method that is now employed is the comparison of local time, as found 
by astronomical observations, with Greenwich mean time, as broadcast 
from one or more wireless stations. 

Wireless Signals. Greenwich mean time signals are sent out, at stated 
hours, from a number of powerful long-wave transmitting stations, 
situated in various parts of the world. The Admiralty List of Radio 
Signals, Vol. II, published annually, gives full particulars of the time of 
emission, wave length, and type of signal sent out by each station. Any 
changes are notified in the weekly Nonces to Mariners. Although various 
types of signal are sent out, the “ Standard Rhythmic ” signal is the only 
type which is generally made use of by surveyors, because it is the only 
one that permits of an easy and accurate comparison between the 
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wireless signal and a chronometer. The data included in the list of 
signals which follows have been taken from the Admiralty List of Radio 
Signals for 1940, Vol. II, and are published here by permission of 
the Controller, ELM. Stationery Office. As changes in these signals may 
take place at any time, it is always well to consult the Latest issue of the 
volume just referred to before any programme for observation is drawn up. 


. Name of Station 

!"■ ■ 

Cali Sign 

Wavelength 

Metres 

Frequency 

Kefs. 

I Time of Signal (G.M.T.) 

From ; | 

| To 



' ■ ; : i 


h 

m 

1 h 

m 

Bordeaux 

EYL 

19,100 

15-7 

8 

01 

8 

06 


99 

)} i 

■ 99 ! -■ ■ i 

20 

01 

20 

06 

Paris (Eiffel Tower) 

FLE 

2,650 

113-2 

9 

31 

9 

36 


99 

99 

9 9 

22 

31 

22 

36 

Rugby 

GBR 

18,750 | 

16*0 

9 

55 

; lo 

00 

• ; ,, ' * 

99 

i 

99 i 

17 

55 

18 

00 

Nauen . . ! 

DFY 

18,130 

16*55 

0 

01 

0 

06 

■ •/ ■ 

. 99 * -.j 

99 

:■ ’ . '"■■■■ ■... ] 

9i 

■ s> ■ 

12 

01 

12 

06 


The Standard Rhythmic signal consists of a series of Morse dots, 
which are sent out at the rate of 61 dots per minute of mean time, for five 
consecutive minutes. The zero of the series, and the end of each minute, 
is marked by a dash instead of a dot. 

Reception of Wireless Signals. The method of receiving the time signals 
is as follows. The surveyor must be equipped with either a mean time 
or a sidereal time chronometer, beating half seconds. We shall assume 
in the first instance that he has a mean time chronometer. Since the 
wireless signal consists of 61 beats to the minute, he will hear the wireless 
beats overtaking the chronometer beats until the two coincide. Coinci- 
dence appears to be maintained for a few ‘seconds, and then the wireless 
beats go ahead of the chronometer. The surveyor must then determine 
which particular beat of the wireless coincided with which beat of the 
chronometer. To do this he counts the wireless beats ; the first beat 
after the dash is <c one,” the second heat “ two,” and so on. As the wireless 
and chronometer beats approach coincidence, he notes the correspondence. 
For instance, he finds the 28th wireless heat corresponds with the 4th 
second of the chronometer. The heats appear to coincide exactly from 
the 30th to the 34th wireless heat. He therefore records coincidence as 
occurring on the 32nd wireless beat. This beat corresponds with the 
8th second on the chronometer. 

The following is a record of a complete observation : — 

Rugby Time Signal Mean Time Chronometer 

h m beat h m s 


9 55 32 
9 56 33 
9 57 33 
9 58 33 
9 59 32 
9 57 32-60 


9 54 08 
9 55 09 
9 56 09 
9 57 09 
9 58 08 
9 56 08-60 


Mean 
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The wireless beats must be reduced to seconds ; since there are 61 beats 
to a minute 32*60 beats equal 32*60 X 60/61 seconds, i.e, 32*07 seconds. 
Hence the Greenwich time of the mean wireless signal was 9 h 57 m 32 s *07 
and the chronometer time 9 h 56 m 0S s *80. The chronometer was therefore 
l m 23*47 slow on Greenwich mean time. 

If a sidereal time chronometer is used the coincidences will occur at 
intervals of approximately 72 sidereal seconds. 

Example. The following coincidences were observed on 1933 June 1, with a 
sidereal time chronometer. 

Rugby Time Signal Sidereal Time Chronometer 


h m Teat 

h 

in 

s 

9 55 16 

2 

36 

42 

9 56 29 

2 

37 

54 

9 57 43 

2 

39 

07 

9 58 56 

2 

40 

19 

Mean 

2 

38 

30-50 

The mean of the Rugby signals = 

9 

56 

30 -j- 36 beats 

36 beats — 36 X 60/61 seconds = 



35-41 

Mean of Rugby signals — 

9 

57 

05-41 

9 h 57 m 05 s -41 mean time — 

9 

58 

43-50 S.T. 

G.S.T. of 0 h on June 1 — 

16 

36 

06-17 

G.S.T. of mean Rugby signal — 

2 

34 

49-67 

Mean of chronometer times = 

2 

3S 

30-50 

Chronometer is fast 


3 

40-83 on G.S.T. 


It is possible to observe coincidences on the half -second beat of a chrono- 
meter as well as on the full second. But in most instruments the half- 
second beats do not fall exactly at the half second. It is advisable there- 
fore to use only the full-second heats. 

Equipment. Special long- wave wireless receiving sets fitted with frame 
aerials are made for the reception of time signals. A surveyor in any 
part of the world equipped with one of these sets should be able to hear 
the time signals from at least one station. 

Precise Reception of Wireless Signals. Accuracy in the reception of 
time signals is best attained by reducing, or eliminating, the personal 
errors made by the observer in estimating the moment of coincidence. 
Personal errors can be eliminated by recording both the chronometer and 
wireless beats on a chronograph. But the recording apparatus introduces 
a time lag which may be a source of serious errors. The best and simplest 
method is to arrange for the chronometer to short circuit the wireless set 
on each full-second heat. As coincidence approaches, the wireless dots 
are progressively shortened until at coincidence one or two are completely 
suppressed. In this way the exact moment of coincidence can be deter- 
mined with great accuracy . 

Although every precaution is taken to send out time signals at the 
scheduled time, small errors, amounting to a few hundredths of a second, 
are unavoidable. The daily corrections to be applied to the signals sent 
out from the principal stations are published in subsequent issues of the 
Admiralty Notices to Mariners and the Bulletin Horaire. 

Approximate Determinations of Time and Longitude from Wireless 
Time Signals. The rhythmic time signals, the use of which is described 
above, are designed for accurate determinations of time in which the 
probable error need not exceed a few hundredths of a second of time. 
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^ e !® a „ r ® h . e f edfor accurate work but it very often happens that 
an approximate longitude, or an approximate Greenwich Mean Time, 
accurate to a second or so only, is all that is required. When this is so, 
the choice of stations and of signals is greatly extended, as a number of 
stations radiate time signals which do not involve the principle of a time 
vernier but are emitted at intervals of one second of time. Accordingly, 
the smgle seconds can easily be picked out and times can be estimated to 
tenths ot a second. 

At present there is no uniform system for the transmission of wireless 
ume sipials, but, apart from the rhythmic time signals already described, 
the following are most commonly used 

(1) International (ONOGO) System. 

(2) Onogo (Modified) System. 

(3) United States (Old) System. 

(4) United States (New) System. 

These different systems are fully explained in the Admiralty List of 
Radio Signals, Vol. II. J J 

Of file steticras wIlich tra nsmit signals of one or other of these types, 
Washington, whose call signal is NAA or NSS, sends out time signals on 
different wavelengths at the beginning of each of the 24 hours, and, 
when it can be heard, it thus offers considerable choice when a suitable 
receiver is^ available. The following table, published by permission of 
the Conti oner, H.M. Stationery Office, and compiled from the information 
given m the 1940 edition of the Admiralty List of Radio Signals, Vol. II, 
gives the Greenwich Mean Times and wavelengths of the Washington 
signals, all of which are on the United States (New) system : — 

Wavelengths (metres) 

. 31 - 8 , 2 , 655 . 

. 2 , 655 . 

, 23 - 7 , 31 - 8 , 68 - 3 , 2 , 655 . 

. 17 - 3 , 23 - 7 , 31 - 8 , 2 , 655 . 

. 31 - 8 , 2 , 655 , 16 , 840 . 

In each case, the signal begins 5 minutes preceding the above times. 

Much useful information concerning the determination of longitude 
by receipt of wireless time signals will be found in the War Office publica- 
tion Field Astronomy , which can be obtained from H.M. Stationery Office. 
This book is a most valuable one to all surveyors called upon to take 
astronomical observations as it contains a numerical example of the 
computation of almost every type of observation that the surveyor may 
have to make. 


Times (G.M.T.) 

0000 , 0500 , 0600 , 0700 , 1300 , 1900 , 2300 
0100 , 1100 , 1200 , 1800 . . 

0200 , 0300 , 0800 , 0900 , 1000 
1400 , 1500 , 2000 , 2100 , 2200 . 

1.700 .... 


COMBINED DETERMINATIONS 
The principal observations that serve for the determination of more 
than one quantity are those of ex-meridian altitudes, equal altitudes (for 
rough determinations only) and observations of two stars on the same 
vertical for time and azimuth ; of equal altitudes for time and latitude, 
as when using the prismatic astrolabe or a theodolite set for a fixed 
altitude ; and of transits for time, azimuth and latitude. Some of these 
observations can be taken to the sun, and are frequently used for approxi- 
mate determinations. 
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In observing for time and azimuth, the routine is the same as for 
azimuth alone, except that the watch times of the observations are 
noted. The method of obtaining time, azimuth and latitude consists in 
observations similar to those already described in connection with 
primary observations for time and azimuth by star transits (pages 72 
and 95), but with the addition that the elevation of the star as it crosses 
the vertical hair is accurately observed. In this case, at least four stars 
should he observed, one above and one below the pole for azimuth and 
one above and one below the zenith for time. Rough determinations 
may be made by observing a. series of circum-meridian altitudes with the 
corresponding watch, times and horizontal angles from a referring object. 
The greatest observed altitude is taken as the meridian altitude, the 
corresponding watch time as that of transit, and the horizontal angle as 
the azimuth of the referring object. The accuracy is improved by plotting 
the circum-meridian altitudes on a watch time base, drawing a smooth 
curve through them, and interpolating the meridian altitude, the watch 
time of transit, and the required azimuth.* 

EXAMPLES 

1. In a rough, determination of the watch error on 1935 October 15, at a place 
in longitude 170° 12' 15" E., the sun was observed to transit at ll h 50“ 17 s . Eind 
the error of the watch on L.M.T. and on New Zealand standard time, which is 
ll h 30“ E. of Greenwich. E at October 15* 0 h G.M.T. is -f 13“ 54 s *0 ; change in 
24 h is + 13**7. 

2. Describe and explain the method of determining time by an ex-meridian 
observation of the sun, stating what data are required in the reduction. 

On 1935 July 2, at a place in longitude 6° 45' W., an ex-meridian measurement 
of the sun gave an hour angle of 68° 15', the watch time of the observation being 
17 h 05“. The value of the equation of time for 0 h G.M.T. on July 3 is —3“ 47«*9, the 
change being — ll 8 -5 per 24 h . Find the error of the watch on G.M.T. 

3. On 1935 April 21, at a place in latitude 36° 55' OS" N. and longitude 57° 53' 30" E, 
the mean observed altitude of the sun corrected for refraction and parallax was 
42° 32' 14"*3. The mean watch time of the observation was 14 1 * 58“ 56 s *8. What 
was the watch error on L.M.T. ? 


Date 


G.M.T. of G.A.N. 


Dec. at G.A.N. 

April 19 

20 

21 

22 

h 

11 

11 

11 

11 

m s 

59 16*95 * 

59 03*59 

58 50*66 

58 38-16 ” Aw * &U 

■ o' 

+ 10 
+11 
+ 11 
+11 

8 8S+ 1246 - 2 

38 07-0 + 1235 ’ 2 
58 30-7+ * 223 ' 7 


4. The observed watch times of equal altitude of a Auriga? ( R.A. — 5 1 * 10“ 57«*S) 
at a place in longitude 2S° 04' E. were .21* 04“ 26«*2 and 24^ 58“ 03 a *4. Find the 
error of the watch on L.M.T., if G-.S.T. of 24** G.M.T. for the date was 6** 03“ 57**7. 

5. In a comparison between a S.T. and a M.T. chronometer at a place in longitxide 
85° W., the readings at a coincidence of beat were respectively 12** 45“ 29**5 and 
22** 06“ 07«*5. The error of the S.T. chronometer was 2“ 14**6 slow on L.S.T. What 
was the error of the M.T. chronometer on L.M.T. if G.S.T. of 24 h G.M.T. for the 
date was 14 h 45“ 20*' *5 ? 

6. On the afternoon of May 12 (5 p.rn. by Greenwich mean time) at a place A, 
whose latitude was 51° 30' 20" N., the altitude of the sun’s centre was found to be 
23° 05' 20", whilst the horizontal angle between the fixed line AB and the direction 
to the sun’s centre was 18° 20', the sun having crossed the line over an hour before. 

* See “ Meridian Diagrams,” by C. A. A. Barnes, Min, Proc. hist . C, E., Yol. CLXI. 
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Determine the azimuth of the hum trom the south at the time of the observation, 
and the azimuth of the line AB, having given 

Correction for refraction = 58" X tangent zenith distance. 


Date 

Sun’s 

May 11 

+ 17 

12 

+ 17 

13 

+ 18 

14 

+ 18 


Dec. at Qi» G.M.T, 


34 

50 

05 

20 


53-9 

29*9 

48*0 

47*8 


+ 936-0 
+ 918*1 
+ 899*8 


Sun’s horizontal parallax = 8"*7. 


7. The following observations of the sun were taken for azimuth of a line in 
connection with a survey : — 


Mean time 16 h 3Q m . Mean horizontal angle between sun and referring obiect 
18° 20' 30". The sun is west of R.O. 

Mean corrected altitude 33° 35' 10". 

Declination of sun from N.A. + 22° 05' 36". Latitude of place 52° 30' 20". 

Determine the azimuth of the line. (Univ. of Lond., 1918.) 

8. At a place in latitude 30° 08' 17" N. the horizontal angle between Orionis (S = 
+ 7° 23' 32", R.A. = 5 h 50 m 57 s *7) and a referring object was observed to be 84° 35' 
52", the L.S.T. of the observation being lh 31 m 14 s -2. The star was east of the 
meridian, and the R.O. was nearly due south of the observer. Find the azimuth 
to the R.O. 

9. A circumpolar star, declination + 80° 17', right ascension 9 * 49 >» 11 s , is observed 
at western elongation in the evening in latitude 60° 04' N., longitude 127° 30' W., 
when its whole circle bearing from a reference line OA is found to be 207° 47'. Find 
the bearing of OA from the meridian, also the local mean time at which elongation 
is to be expected, if the G.S.T. of 2#» G.M.T. is 16^ 54™ 13 s . The difference between 
sidereal and mean time intervals may be taken as 10 seconds per hour. 

10. On the evening of 1920 December 23 the meridian altitude of Polaris was 
observed to be 57° 03' 25", and at lower transit the following morning the observed 
altitude was 54° 50' 00". Find the latitude of the place, taking refraction as 58" cot h. 

11. Describe the procedure for obtaining latitude by observing the meridian 
altitude of the sun. 

An observation gave the meridian altitude of the lower limb of the sun as 28° 57' 52" 
looking towards the south point of the horizon. Apply the following corrections 
and compute the latitude of the station 


Sun’s semi- diameter V 
Sun’s parallax . 
Refraction 
Sun’s declination 


16' 05 
8 

1' 47 
-9° 17' 30 


tt 

it 


(Univ. of Lond., 1912) 


12. Find the latitude from the following data 

O bserved meridian altitude of a Qruis , 40° 16' 15". 

Declination of a Qruis, —47° 22' 16"-5, 

Vertical arc level readings — Eye end, 16 i divisions; object end, 15 J divisions. 

Value of 1 division of vertical arc level, 10". 

Refraction may be taken as I' G7"*3. 

Star is south of the observer. (Inst. C.E., 1915) 

13. In an observation on Polaris (S — + 88° 53' 06", R.A. = l h 31 m 44 s *8) for 
latitude, the mean corrected altitude was found to be 48° 12' 16". The average 
reading of the sidereal chronometer was 10 h 41 m 04 s *2, the chronometer being 1 IU 00 s *4 
fast on L.S.T. Find the latitude of the place. 

14. On a certain night the first beat of the Eiffel Tower wireless time signals was 
transmitted at ll h 30 m 04 s * 15 G.M.T., and was received by a survey party at 
12^ 59m 40®*28 on a M.T. chronometer which was 3 ra 07 s * 8 slow on L.M.T. What 
was the longitude of the receiving station ? 

15. A time observation at A on Tan. 18 at 22 h 42 IU showed a watch to be 2 m slow 
on L.M.T. After travelling to B, the longitude of which is 30' 15"*0 east of A, the 
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watch error .oil Jan. 25 at .22?*. 12 m .was found to be unchanged. Find the travelling 
rate of the watch. (R.T.C., 1919) 

16. The record of the time determinations on a route traverse as given by the 
reference watch are as follows :* — 


Place 

Date 

Approx. Watch 
. Time 
h m 

Error of Watch 
'■ Fast : 
m . s ' 

A 

Aug. 14 

10 

18 

24 

16-3 

B 

16 

11 

26 

25 

56-7 

C 

17 

10 

43 

27 

03*8 

D 

19 ’ 

10 

15 

28 

20*1 

E 

20 

11 

08 

26 

47*3 

A 

23 

10 

32 

22 

44*2 


Compute the longitudes of B, C, D and E relative to A as given by this watch. 

17. At A, the longitude of which is 20° 10' 32 // *3 E., an observation on July 1 
showed a mean time chronometer to be 3 m 02 s *4 fast at 22 h chronometer time. On 
July 5, at the same place of observation, it was found to be 2 m 36 s -2 fast at 22 1 ? 
chronometer time, it having been carried on a daily march in the interval. The 
chronometer was then transported to B, where on July 8, at 23 h chronometer time, 
it was found to be l m 16 s slow. Calculate the travelling rate of this chronometer 
and the value of the longitude of B given by the observations. (R.T.C., 1914) 

18. On a certain day in June the altitude of the sun w 7 as found to be 45° 27', the 
time being noted as 14 h 56 m 10 s GALT. The Nautical Almanac gave for that time 
the declination of the sun -f 22° 35' 50", and the equation of time l m 42 s *5, to be 
subtracted from apparent solar time. Refraction 1 and parallax of sun 6". Latitude 
at place of observation 51° 30' N. Find the longitude of the place of observation. 
(Univ. ofLond., 1919) 
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CHAPTER III 
GEODETIC SURVEYING 

Geodesy. Geodesy in its modern aspect covers a wide field, the chief 
divisions of the science and the subjects of investigation being : (1) Map 
making ; (2) The dimensions and figure of the earth ; (3) The mean 
density of the earth ; (4) Variations in the force of gravity ; (5) Deflec- 
tions of the plumb line caused by the irregular distribution of mass on 
the earth’s surface and in the crust ; (6) The structure of the crust ; 
(7) The intensity of magnetic force and magnitude of declination and 
dip over the earth ; (8) Variations in latitude due to changing direction 
of the rotation axis of the earth ; (9) Vertical movements of the crust ; 
(10) Variations in mean sea level ; (11) Tidal observations. 

The great practical importance of the science of geodesy has led in all 
civilised countries to the maintenance of a State survey department. 
The primary object of such an organisation is the production of maps, 
but the information acquired adds to the data available for the closer 
determination of the figure of the earth. Every large national survey 
department also devotes part of its organisation to the furtherance of 
pure geodesy by conducting investigations on the subjects enumerated 
above, which, although not so immediately useful to the general user of 
maps, are of the greatest service in promoting accuracy in practical geodesy 
and in the sciences of astronomy, physics, geology, and meteorology. The 
data acquired by national surveys are co-ordinated by the Association 
of Geodesy, International Union of Geodesy and Geophysics, to which all 
civilised nations belong, and at whose conferences they are represented. 

The civil engineer is not directly concerned with the more purely 
scientific branches of geodesy, but in conducting extended surveys he 
may have occasion to employ the methods of geodetic surveying, whether 
the results approach geodetic accuracy or fall far short of it. 

Geodetic Surveying. Geodetic surveying has for its object the precise 
measurement of the positions on the earth’s surface of a system of widely 
separated points. The positions are determined both relatively, in terms 
of the length and azimuths of the lines joining them, and absolutely, in 
terms of the co-ordinates, latitude, longitude, and elevation above 
mean sea level. These geodetic points form control stations to which 
cadastral, topographical, hydrographic, engineering and other surveys 
may be referred, so that their error is limited to that propagated between 
the geodetic stations. 

The area embraced by a geodetic survey is such as to form an appre- 
ciable portion of the surface of the earth, and, in consequence, the sphericity 
of the earth cannot be disregarded. The reductions therefore involve a 
knowledge of the results of previous investigations of the dimensions of 
the earth. 

GENERAL PRINCIPLES 

In order to avoid an embarrassing accumulation of error in parts of a 
geodetic survey due to the great distances involved, the observations and 
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reductions must be performed with a much greater degree of accuracy 
than might appear necessary for ordinary map making. For the latter, or 
for any kind of extensive survey operations, the principle of working 
from the whole to the part (VoL I, page 5) must be scrupulously observed. 
The first stage is to lay down a system of control points, whose relative 
positions and heights are very rigidly fixed, and then, from these, to lay 
down points whose positions need not be so exactly determined, until 
finally the survey of the detail can be made by methods which, in them- 
selves, are relatively rough and ready. 

Until fairly recently, there was only one reliable method of laying 
down a primary horizontal control, and that was by triangulation. In 
•recent years two other methods have become available. The first is by 
precise traverse and the other by points fixed by astronomical observa- 
tions, wireless time signals being recorded for the determination of 
longitude. A framework control of points fixed by astronomical observa- 
tions, the advantages and disadvantages of which have already been 
discussed on pages 39 to 43, can never be so reliable or so accurate as a 
good system of points established by triangulation or primary traverse. 
In triangulation, the only measured distances are the base lines, of which 
there may be only one or two, and these form a small part only of the 
total length of the sides or of the chain. By reason of the great difficulty 
which has hitherto existed in carrying out accurate linear measurements 
of long lines, especially over rough country, triangulation has long 
remained the only available method of establishing a reliable primary 
control for geodetic purposes. The invention of invar, and the use of 
long wires or thin tapes made either of steel or of invar, have, however, 
revolutionised the methods of making measurements of long lines in the 
field with the utmost accuracy. As a result, it is now possible to replace 
triangulation by primary traverses in many cases where triangulation 
would either be physically impossible or far too expensive, and these 
primary traverses, if carefully measured, can be made comparable in 
accuracy with triangulation of any but that of the highest first-order 
standard. 

Relative Advantages of Triangulation and Precise Traversing. When 
the country involved is fairly open and is not very flat, triangulation is 
usually the best method to use. When, however, work has to be carried 
over country which is covered with forest, or is very enclosed or very 
flat, primary traversing will often be cheaper and quicker to execute 
than triangulation. Triangulation covers a definite belt or area of country, 
whereas a single traverse, unless it closes back on itself, merely establishes 
a single line of fixed points. On the other hand, triangulation points are 
usually fixed on tops of hills or mountains, and these may be very difficult 
of access to the ordinary surveyor who has to use the points later on, 
whereas traverses usually follow roads or low country, the stations thus 
being readily accessible and situated moreover in those places where they 
are most likely to be required. This is one very important advantage 
which traversing has over triangulation. 

As a general rule, a very complete reconnaissance of the country must 
he made before a scheme for the measurement of a system of triangulation 
can be drawn up, and it is folly to start observing until this reconnaissance 
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has been completed, or is nearing completion. In forest country, the 
reconnaissance may be extremely difficult and may involve heavy and 
expensive clearing before the inter visibility of distant points can be 
established. In this way, a considerable amount of trial clearing, part of 
which will eventually be found to be completely useless for the purpose 
in view, may have to be done. In traversing it is usually advisable to 
make a preliminary reconnaissance of the route to be followed, but this 
reconnaissance involves no extensive clearing or other special difficulties. 
The line of the traverse will ordinarily follow a main road or a railway, so 
that travelling is easy and the examination of the country can be carried 
out rapidly. In addition, the main measurements can be commenced at 
the same time as, or very shortly after, work on reconnaissance starts, 
and there is seldom any doubt at the beginning as to whether the scheme 
will be possible or not. 

In traversing, questions of supply and communication are usually much 
simpler than they are in trianguiation, since the latter almost always 
involves a number of small detached parties, separated and moving at 
considerable distances apart. Another great advantage of traversing is 
that, to a very great extent, work is independent of climate, season and 
weather. This is not the c^tse with trianguiation, where good visibility 
over long distances is essential. In most countries there are certain 
seasons of the year when visibility is bad, and, during this period, days, 
weeks and even months may be wasted in waiting for suitable days for 
observation. This applies not only to actual observing but also to the 
preliminary reconnaissance, and the season in the year which is suitable 
for either reconnaissance or observing may be imeconomieally limited. 
The lines measured as traverse legs are generally short compared with the 
lines used in trianguiation and hence traversing can proceed when poor 
visibility rules out any possibility of sighting over long lines of trianguia- 
tion. 

One great disadvantage of traversing is that mistakes, both in observa- 
tion and measurement and in computation, are much more easily made 
than they are in trianguiation, and, when they are made, they are not so 
easy to detect or to rectify. The closing errors of the different triangles 
are an automatic check on the accuracy of the field work, and other 
automatic checks exist in the computation of trianguiation. No such 
convenient and useful checks are available in traversing and the chances 
of undetected gross errors creeping in to the work are therefore far greater. 
For this, and for other reasons, it is generally advisable, in all ordinary 
circumstances, to use trianguiation in preference to traversing whenever 
this is possible, even when it means a fairly substantial increase in the 
cost and an appreciable delay in getting the work completed. In the 
United States and in Canada, for instance, the rule is that precise traverse 
should only be adopted in cases where the cost of trianguiation would be 
more than double that of precise traverse. In fact, in more recent years, 
the tendency has been for the United States Coast and Geodetic Survey 
to abandon the survey of precise traverses almost altogether. This is 
because the invention of the Bilby portable observing tower (page 130) 
has made it much easier to carry out trianguiation over flat or wooded 
country. Another factor is that, owing to the irregular accumulation of 
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error and tine less rigid mathematical conditions, traversing has not been 
found entirely satisfactory as a substitute for first-order triangulation. 
Unfortunately, the Bilby observing tower would not be of much use in 
certain types of flat tropical forest country, as the forest ceiling ” 
(perhaps 200 ft. high or more) would often be much higher than the 
tallest Bilby tower, so that, in country of this kind, precise traverse still 
remains the only means of establishing, accurate horizontal control. 

When triangulation covers only a very limited area and the sides 
of the main triangles are very short, such as in the survey of a large town, 
it is probably better to use traversing than triangulation. This is because 
of the way in which errors due to faulty centering or sighting tend to 
propagate themselves . when the sides of the triangulation are short. If 
triangulation is adopted, and sides are uncommonly short, particular 
attention should be paid to the centering of the instrument and, more 
particularly, of the signals. 

In triangulation, if the organisation is good and a good system of 
observing is laid down at the beginning, reasonable care and the close 
observance of instructions will insure good results, but, in traversing, the 
most meticulous care and close attention to every detail must be exercised 
at all times if errors are to be avoided and the utmost accuracy obtained. 
On this account precise traversing probably demands a more highly 
skilled and better trained party, together with closer attention to detail 
on the part of the engineer in charge, than triangulation does. 

In the following pages we shall first of all consider the field work of 
triangulation and in the latter part of the chapter the methods used in 
precise traversing. 

TRIANGULATION 

Triangulation is the method of location of a point from two others of 
known distance apart, given the angles of the triangle formed by the 
three points. By repeated application of the principle, if a series of 
points form the apices of a chain or network of connected triangles of 
which the angles are measured, the lengths of all the unknown sides and 
the relative positions of the points may be computed when the length of 
one of the sides is known. 

The field work of any triangulation survey therefore possesses the 
following essential features : 

(1) The selection of the stations to form a system of connected triangles ; 

(2) The measurement of one of the sides, known as the c< base line 55 ; 

(3) The observation of the horizontal angles. 

In geodetic and other large surveys, there must be added the astrono- 
mical observations necessary to determine the absolute positions of the 
stations. Their geodetic positions and the azimuths of all the lines can 
be computed if the latitude and longitude of one station and the azimuth 
of one side of the triangulation are observed. In practice, however, 
astronomical observations should be made at intervals throughout the 
survey. 

Grades of Triangulation. Triangulation is classified as first-order, 
second-order, and third-order, or as primary, secondary, and tertiary, 
according to the degree of accuracy required. 


GEODETIC SURVEYING 123 

First-Order or Primary Triangulation constitutes the highest order of 
tnangulation , and is that employed both for surveys executed primarily 
for determinations of the earth’s figure and to furnish the most precise 
control for mapping As it is independent of external checks,' no preeau- 

ion can be neglected in making the linear and angular measurements or 
m performing the reductions. The length of base line is from 3 to 20 miles, 
and that of the sides of the triangles ranges from .10 to over 100 miles, 
ihe triangular error should average less than 1 second and should not 
exceed 3 seconds. The probable error of computed distance will lie 
between about 1 m 60,000 and 1 in 250,000. 

Second-Order or Secondary Triangulation is designed to furnish points 
closer together than those of the primary triangulation. It may cover 
extensive areas, but, as it is tied to the primary net at intervals, the 
operations may be conducted with rather less refinement. The lengths 
of the sides range between about 5 and 25 miles. The triangular error 
may reach 5 seconds, and the probable error of distance will vary from 
I m 20,000 to 1 in 50,000. 

Third-Order or Tertiary Triangulation is run between the stations of the 
secondary system, and forms the immediate control for the detail surveys. 
ihe lengths of the sides range from less than a mile to about 6 miles. 
Ihe triangular error may amount to 15 seconds, and the probable error 
m the computed sides usually lies between 1 in 5,000 and 1 in 20,000. 

iVpte. The above classification is based only upon the degree of accuracy to be 
attained, hvery survey which can be classed as geodetic involves work of first- 
order standard, but, on the other hand, the triangulation forming the main control 
grade 611 ^ 6XtenslVe to P°g ra phical survey may be of secondary, tertiary, or lower 

Triangulation Schemes. For a geodetic triangulation of moderate 
extent the whole area of the survey may be covered by primary triangles, 
which are extended outwards in all directions from the initial base. In 
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very extensive surveys, however, it is necessary to lay out the primary 
triangulation in two series of chains of triangles, which are usually placed 
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roughly north and south, and east and. west respectively (Fig. 44). The 
areas enclosed remain to be filled by secondary and tertiary triangulation. 

The first, or central, system, of which a notable example is the Ordnance 
Survey of the British Isles, has the merit of affording close control over 
the secondary work. The second, or gridiron, system has, however, the 
important advantages that the most favourable country can be selected 
for the primary triangulation and the work can proceed comparatively 
rapidly, while the subsequent reduction is less complicated. 

Chain Figures. The simplest form of chain is composed of a single 
system of triangles as at a (Fig. 44), but this arrangement, although 
economical, does not conduce to the requisite precision of primary work, 
since the number of conditions to be fulfilled in the figure adjustment is 
relatively small. Much better results are obtained by linking the triangles 
to form more complex figures. In point of accuracy, the quadrilateral 
with four corner stations and observed diagonals (6, Fig. 44) forms the 
best figure. When the t oleography is unsuited for the development of 
these figures, there may be substituted quadrilaterals, pentagons, or 
hexagons with a central station (c, Fig. 44), which form satisfactory 
figures. 

In any component figure one of the unknown sides is that from which 
the chain is extended, and the degree of accuracy with which distance 
is transmitted along the chain depends upon the precision with which 
that side is computed from the known side. For a given standard of 
angle measurement, the accuracy of transmission in each figure depends 
Upon the number of geometrical relationships which must be fulfilled by 
its parts and upon the size of the distance angles, or angles used in the 
sine ratio calculation of the one side from the other. In order that 
minimum effect may be produced by uncertainties in the distance angles, 
they should be such as have small logarithmic differences of sine, i.e. they 
should approach 90°, and should be within the limits, 30° and 150°. In 
the case of a chain of quadrilaterals, figures very long in the direction of 
the chain in proportion to their breadth, as at d (Fig. 44), should therefore 
be avoided. For a chain of single triangles the equilateral form is the 
most advantageous, and a lower limit of 30° should be set upon the 
angles. 

When alternative systems of triangulation are possible, the best 
scheme may be arrived at by evaluating and comparing the strengths of 
the proposed chains * and estimating their relative costs. 

Base Line Sites. The importance of having bases favourably situated 
necessitates careful investigation of the relative merits of possible sites. 
Greater latitude as to the character of the ground surface is permissible 
when the measurement is to be performed by tape as against rigid bars, 
but the chief desiderata are : 

(1) The site should permit of a line, of length suitable to the require- 
ments of the survey, being laid out over firm and smooth ground with 
longitudinal slopes not exceeding about 1 in 12 and with the end stations 
either intervisible at ground level or such that intervisibility can be 
secured at small expense. 

(2) The surrounding country should be suitable for the development 

* See Crandall, Text-book on Geodesy and Least Squares , or Hosmer’s Geodesy . 
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of a well-conditioned connection between the base and the main triangula- 
tion. 

In very fiat country a considerable choice of sites may be available, 
and the location may be made to suit a proposed scheme of triangulation. 
In rugged country, on the other hand, the choice may be very limited, and 
the triangulation must be adapted to suit the location of the base line. 

Rase lines can be measured with a greater degree of precision than can 
be maintained throughout the triangulation. The uncertainties intro- 
duced by errors of angle measurement increase as the work progresses 
from the initial base line, and check bases should therefore be introduced 
at intervals. The distance between them should be such that the dis- 
crepancy between the measured length and that computed from the 
preceding case is within the allowable error set for the survey. In exten- 
sive primary surveys the base interval ranges from 100 to over 200 miles. 
In the greater national surveys the number of primary base lines per 
100,000 square miles varies from about 1 to 8. 

Length of Base Lines. The length of base should depend primarily 
upon that of the sides of the triangulation, and should bear as large a 
ratio to the latter as practicable in order to minimise the loss of precision 
inherent in the connection of a short base to the triangulation system. 
The length of the great majority of existing bases lies between a tenth 
and two -thirds of that of the average side of the triangulation. Modern 
development in the use of tapes and wares has tended to increase the 
length of bases and some that have been measured in recent years have 
been anything up to nearly 20 miles in length. In most cases the length 
is strictly limited by difficulties of the site, but it is an advantage, when 
this is possible, to secure a base line that approximates in length to at 
least half that of the average length of side of the main triangles. 

Connection of Base Line to Triangulation. In connecting the compara- 
tively short base line to the main triangulation, badly 
conditioned figures must be avoided by expanding the 
base in a series of stages. Eig. 45 shows a strong 
base net connecting the base AB to the main stations 
G and H. The first expansion yields the line CD, the 
second EF, and the third the side GH of the main 
system. 

Selection of Stations. To lay out a system of 
triangulation with strong figures so that the survey 
may be conducted economically demands a careful 
study of the topography of the country. Stations 
should be placed upon the most elevated ground, 
so that long sights through undisturbed atmosphere 
may be secured at minimum expense for observing 
towers and signals. Commanding situations are also of advantage for 
the control of subsidiary triangulation and for possible future extension 
of the principal system. In very fiat country the topography, because of 
its uniformity, has less influence on the exact location of the stations, 
and the length of the lines is limited by the cost of erecting high structures 
to overcome the effect of the curvature of the earth. If such country is 
heavily wooded, the difficulties are greatly increased, and a considerable 
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amount of clearing may have to be undertaken or precise traversing may 
have to be substituted for triangulation. 

To prevent difficulty of sighting and to avoid the effects of irregular 
atmospheric refraction, stations should be situated so that lines of sight 
will not pass over towns, factories, furnaces, or the like, nor graze any 
obstruction. They must be placed on firm ground where, as far as can 
be judged, they will remain undisturbed and permanently accessible. 

PRELIMINARY OPERATIONS 

Reconnaissance. This includes all the operations required in examining 
the country to be triangulated, fixing sites for base lines, selecting and 
temporarily marking stations, determining intervisibility, ascertaining 
the required height of observing towers and signals and the amount and 
direction of clearing. The economical execution of a triangulation is 
very largely dependent upon an exhaustive reconnaissance, and the work 
should be directed by a person whose judgment can be relied upon. 

Advantage should be taken of existing maps of the region. If none is 
available, it will usually be necessary to undertake a rapid preliminary 
reconnaissance to ascertain the general location of possible schemes of 
triangulation suited to the topography. These schemes are examined in 
detail in the reconnaissance proper. 

The latter is conducted as a rough triangulation and plotted as the 
work advances. The equipment carried should be as light as possible, 
and the instrumental outfit will not exceed the following : small theodolite 
with magnetic needle, sextant for observing from tree tops, good telescope, 
two heliotropes for testing intervisibility, prismatic compass, one or two 
aneroids for levelling, steel tape, drawing instruments and materials and 
foot irons and rope for climbing trees. 

The highest points are occupied, and horizontal and vertical angles 
are observed to all salient features likely either to serve as triangulation 
stations or to influence their selection. To facilitate progress, considerable 
use is made of magnetic bearings as an aid to identifying points previously 
occupied, and, where convenient, fixes are made by resection. Great 
care must be exercised to ensure that reliable data are obtained with 
reference to the necessary height of stations and that stations judged to 
be intervisible are really so, as a mistake might seriously retard the pro- 
gress of the observing party. 

Plotting may be performed by protracting the angles or by computing 
the sides, a scale or base being obtained with sufficient approximation 
from astronomical observations or by subtense stadiometry. The essential 
features of the topography are sketched in. The possible triangulation 
schemes are then laid down, their relative strength and cost are examined, 
and a final decision is reached. Points selected for stations are flagged, 
and particulars of their exact location are recorded. 

During reconnaissance, ample notes should be made of all circumstances 
likely to influence the economy and rapidity of the operations to follow. 
These will include information regarding access to stations, means of 
transport, supplies of food and water, camping ground or nearest suitable 
accommodation, material for building towers, etc. Descriptive sketches 
or photographs showing the appearance presented at each station by the 
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surrounding country are useful as an aid to the identification of adjacent 
signals, and serve to show the extent of territory which can be controlled 
from the station. It is useful to figure on these sketches or photographs 
the observed compass bearings to the more prominent hills or objects 
that can be seen from the station. The sketches are best made in the 
form of “ panorama sketches.” 

During the last few years the aeroplane has been extensively used in 
Canada for making reconnaissances for schemes of triangulation in 
forest country and the Canadian Geodetic Survey has evolved a specialised 
technique for this class of work which has met with considerable success.* 

Intervisibility and Height of Stations. It is commonly possible to 
ascertain whether proposed stations are actually intervisible by direct 
observation either at ground level or from tree tops or guyed ladders. 
If, however, intervisibility necessitates elevating the station considerably 
above the ground, the reconnaissance party may not be able to determine 
by observation the practicability of a proposed site, and the question 
must be decided by calculation. The height to which both instrument 
and signal must be raised above the ground depends principally upon 
the distance between the stations, their relative elevations, and the 
profile of the intervening country. 

Distance between Stations. The deviation of the level line from the 
horizontal due to the curvature of the earth in a distance D amounts to 
D 2 

where B is the mean radius of the earth. Owing to terrestrial refrac- 

tion, however, a line of sight is not straight, but, except in abnormal 
cases, is concave to the earth’s surface, and approximates to a circular 
arc of radius about seven times that of the earth. The combined effect 
of curvature and refraction is given bv 

D 2 

h=(l-2k) 

where h is the coefficient of refraction. The value of h may vary consider- 
ably (page 384), but for the present purpose should be taken as not 
exceeding 0*07 for sights over land and 0*08 over water, unless it is known 
more exactly for the locality. Taking h = 0*07, then h = *574D 2 , where 
h is in feet, and D in miles. The accompanying table gives the value of h 
in feet for distances from 1 to 80 miles for Jc = 0*07. 

TABLE OF CURVATURE AND REFRACTION 


Distance in , : 

Curvature 

and 

Distance in 

Curvature 

and 

Distance in 

Curvature 

", . and:;- 


Refraction 

Miles. 

Refraction 

Miles. 

Refraction 

1 

in Feet. 

0*6 

9 .. 

in Feet. 
46*5 

17 '"v." 

in Feet. 
165*8 

2 ' . . 

2*3 

10 

57*4 

18 

185*9 

' 3 ! ! 

5*2 

11 

69*4 

19 

207*2 

4 

9*2 

12 

82*6 


229*5 

5 .. ■ 

14*3 

13 

97*0 

21 .. 

253*1 

6 

20*7 

14 

112-5 


277*7 

7 

28*1 

15 

129*1 

23 

303*6 

S • 

36*7 

16 

146*9 

24 .. 

330*5 


* See Civil Engineering, January, 1932, and Annual Report of the Director of the 
Geodetic Survey of Canada for the Fiscal Y ear ending March Zlst, 193 1. 
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TABLE OF CURVATURE AND REFRACTION — continued 


Curvature 


Distance in 

and 

Distance in 


Miles, . 

Refraction 
in Feet. 

Allies. 


25 

358-6 

44 


26 

387-9 

45 


27 

418-3 

46 


28 

449-9 

' 47 


29 ' .. 

482-6 

48 


30 

516-4 

49 


31 

551-4 

50 


32 

587-6 

51 


33 

624-9 

52 


34 

663-3 

53 


35 

702-9 

54 


36 

743-7 

55 


37 

785-6 

56 


38 

828-6 

57 


39 

872*8 

58 


40 

918*1 

59 


41 

964*6 

60 


42 

1012-2 

61 


43 

1061-0 

62 



Curvature 

and 

Distance in 

Curvature 

and 

Refraction 

Miles. 

Refraction 

in Feet. 
1110*9 

63 

in Feet. 
2277*5 

1162*0 

64 

2350*4 

1214*2 

65 

2424-4 

1267*6 

66 

2499-6 

1322*1 

67 

2575-9 

1377*8 

68 

2653*4 

1434*6 

69 

2732*0 

1492*5 

70 

2811*7 

1551*6 

71 

2892*6 

1611*9 

72 

2974*7 

1673*3 

73 

3057*9 

1735*8 j 

74 

3142*2 

1799-5 

75 

3227*8 

1864-4 

76 

3314*4 

1930*4 

1997*5 

77 

3402*2 

2065*8 

78 

3491*2 

2135*2 

79 

3581*3 

2205-8 

80 

3672*5 


The tabular figures show the elevation above datum of a signal which 
at various distances can just be seen from datum level, if the intervening 
ground presents no obstruction, and, conversely, the distance of the 
visible horizon from a station of known elevation above it. 

Relative Elevation of Stations. When the ground below the line of 
sight is level, the table may be used to give the necessary elevation of a 
station at known distance, so that it may be visible from another of known 
elevation. Thus, if h 1 (Eig. 46) is the known elevation of station A 

above the level ground, the distance D l9 
at which the line of sight becomes 
tangent to the ground, is obtained by 
interpolation from the table, and the 
remaining distance, D 2 = (D — D 1 ) > is 
ascertained. The required elevation, 
h 2 , corresponding to D 2 , is then ex- 
tracted, and, the ground level at B being known, it will be found whether 
it is necessary to elevate the station above the surface, and, if so, the 
required height of tower is obtained. If the height of neither station is 
fixed, then for level intervening ground the minimum total height of 
scaffolding, when the ground level is the same at both stations, occurs 
when the towers are of equal height. When the difference between the 
ground levels does not exceed this height, the stations should be brought 
to the same level : for greater differences in ground level, the minimum is 
secured by erecting scaffolding only at the lower station. 

The line of sight should not graze the surface at the tangent point but 
should pass above the strata of disturbed air. In fixing station heights, 
allowance should be made for keeping it nowhere less than 6 ft. above 
the ground, and preferably 10 ft. in first-order work. 

Example . The elevation of station A is 812 ft., and that of R, 30*5 miles distant, 



Fig. 46. 
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is 857 ft. The intervening ground may be assumed a level plain of elevation 709 ft. 
Find the minimum height of signal required at B, so that the line of sight may not 
pass nearer the ground than 6 ft. 

Minimum elevation of line of sight = 709 + 6 = 715 ft. 

Taking this elevation as a datum, the elevation of A = 812 — 715 = 97 ft., which, 
from the table, corresponds to a tangent distance D 1 = 13 miles. 

The remainder D z = 30*5 — 13 = 17*5 miles, in which distance the ordinate 
h 2 — 175*7 ft. {by calculation or interpolation from table). 

A Minimum height of signal above ground at B 


• 857 = 33*7, say 34 ft. 

The elevation and position of peaks 



= 175*7 + 715 

Profile of Intervening Ground . 
which might offer obstruction 
must be ascertained, and a 
comparison of their elevations 
with that of the proposed line 
of sight at the same distances 
will exhibit whether that line 
of sight is practicable. A 
simple solution of this prob- 
lem, due to Captain G. T. 

MeCaw, is as follows* : — 

Let h t be the height of the standpoint A , and h 2 that of the forepoint B. 
Let the total distance AB = 2 s and let the possible obstruction G occur 
at distance (s + x) from A and {s — x) from B. Then, if the zenith 
distance from A to I? is £, the height h of the line of sight at G is given by : — 

h = |(A 2 + h x ) + i(h 2 — hfp — (s 2 — x 2 ) cosec 2 £ . ( J — k)/B. 

s 

Usually cosee 2 £ can be neglected as it is approximately equal to unity, 
but, if necessary, it can be computed with sufficient accuracy from : — 

, 2^-1 1 - — Kf 


cosec* 


1 + 


4:$ 2 

The term (s 2 — x 2 ) . (J Jc)/B can be obtained from the tab le on 
page 127 by using as argument the distance in miles given by D— V s 2 —x 2 * 

Example . The proposed elevations of two stations A and B, 70 miles apart, are 
respectively 516 and 1,428 ft. above mean sea level. The only likely obstruction is 
situated at O, 20 miles from B, and has an elevation of 598 ft. Ascertain by how 
much, if any, B should be raised so that the line of sight may clear G by 10 ft. 

Here 2s = 70 miles, s — x =* 20 mi 1 TT J ~ 1 lff 1 ' * 

1,944, h 2 - h x = 912. 


20 miles. Hence, s~ 35 and x = -j~ 15. h 2 + h x - 


15 

+ 456 X ^ - + 195*4. 


6‘ 2 - « 1 , 000 . 

D 2 


I) » — x 2 = 31*6 miles, and, from the table on page 127, (1 — 2&)^= 573-1. 

Hence, taking cosec 2 £ = 1, we have : — 

h » 972 + 195*4 - 573*1 = 594*3. 

The line of sight therefor© fails to clear G by 598 — 594*3 = 3*7 ft. To clear by 
10 ft. it should be raised at G by the amount 13*7 ft. and at B this becomes 13*7 X 

13-7 xS-U Whence, BB l ■■ 

AC oi) 

above the ground at B. 


19 ft,, the minimum station height 


* Empire Survey Review , Vol. Ill, No. 21, page 428. 
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The relative heights of the two towers for minimum total height is 
best obtained by trial calculation. In the case of a single obstruction 
the minim um is secured by erecting a tower only at the station near the 
obstruction. 

Observation Towers. When the station must be elevated above the 
ground, a rigid support is required for the instrument and the signal. 
It is sometimes possible to utilise church spires or other lofty structures, 
with or without the addition of scaffolding, but usually the erection of a 
masonry pier or a timber or steel scaffold is necessary. 

Masonry is very suitable for small heights, but otherwise the cost is 
prohibitive. Timber scaffolds are most commonly adopted, and have 
been constructed to heights of over 150 ft. Scaf- 
vzzzn Platform fa 48) must be designed in the form of 

Heliotrope or two towers, securely founded and efficiently braced 
|§pg| Lamp ' and guyed : the inner tower forms the support for 
the instrument, and the outer carries a railed 
I ill Plat ^ orm platform for the observing party and supports the 
Lffla instrument awning. The two structures must be 

entirely independent of each other, so that there 
I SsHlI * s 110 P oss *fr*l*ty of vibration being transmitted 

I I from the outer to the inner. The signal is some- 

l/fWhS times erected on the instrument tower, a position 

necessitating its removal when the station is oceu- 
I Mm 1 pied, and a convenient alternative is to mount it 

I JJw\I 1 on °k server ’ s scaffold above the instrument. 

f/T ¥%1 On extensive surveys standard scaffold designs are 

worked to.* 

I 1 Ih 1927, Mr. J. S. Bilby, of the United States 

I fMTml 1 Coast and Geodetic Survey, evolved a “ portable 55 

type of observing tower which is built up of steel 
sections and rods, and, after use at one station, 
A can | 3 e dismantled and used at another. Towers 
of this type have now been in continuous use by 

“ 7 — — the Coast and Geodetic Survey ever since they were 

invented, and in recent years they have also been 
/ \ used by the Ordnance Survey in the retriangula- 

J I nstrument tion of Great Britain. Both the inner and outer 

L — towers are tripods, and, as a precautionary 
bseruers ower measure, the outer tower is provided with three 

Plan steel wire guys, attached at two-thirds the height 

Fig. 48. Observation shore ground and anchored to large screw or 
Scaffold. angle-iron pickets. The maximum height for which 

these towers are made is 103 ft. 

These Bilby towers, which are constructed in different lengths, are very 
easily transported, centered, erected and dismantled.! 


Obseruers Tower 


* For examples see Reports of United States Coast and Geodetic Survey, 1903, 
Appendix No. 4 ; 1893, Appendix No. 9, pp. 406-14 ; \882, Appendix No. 10 ; and 
Special Publication No. 4, 1 900. 

f For a description of Bilby towers see United States Coast and Geodetic Survey 
Special Publication No. 158. 
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Signals, The term signal includes any object or device used to define 
for the observer the exact position of a station. The various kinds may 
be classified as opaque or luminous. Opaque signals comprise several 
forms of mast or target signals, and are used for comparatively short 
sights. Luminous signals, including the heliotrope and heliograph for 
day observations and different varieties of lights for night work, are 
greatly used in first- and second-order triangulation. They are indis- 
pensable for long lines, but are also economical for relatively short sights 
through hazy atmosphere. 

A signal of any class should fulfil the following essential requirements. 

(1) It should be conspicuous. 

(2) It should present a well-defined outline of suitable width for 
accurate bisection. 

(3) It should be capable of being accurately centered over the station 
mark. 

(4) It should exhibit little “ phase 55 (page 197). 

Opaque Signals. This is the usual form of signal for sights of less than 
about 20 miles, although under favourable conditions it may be employed 
for much greater distances. When the station is not elevated above the 
ground, the most common arrangement is to have the signal mast supported 
by a tripod or quadripod trestle (Fig. 49), so that the instrument may 
be centered over the station mark without disturbing 
the mast. The legs of the trestle are spiked to stakes 
driven well into the ground, and may be close-boarded 
or have canvas stretched between them to protect the 
instrument against the effects of sun and wind. Tall 
masts must be secured with wire guys. 

The signal should subtend about 1-0 and L5 sec. at 
the observer, corresponding to a width of 0*3 to 0-46 in', 
per mile, but for short sights considerations of rigidity 
govern the diameter of the pole and necessitate a greater 
angular width. On the other hand, a mast to subtend 
those angles at long distances would be inconveniently 
heavy for erection, and beyond about 15 or 20 miles 
the width must be increased by nailing on thin strips of 
wood or targets of rectangular or diamond shape, formed 
of boarding or of canvas stretched on a frame. In order 
that targets may be visible from different directions, they * ripoiT'signa-l^" 
should be fixed in pairs at right angles to each other. 

To render a signal conspicuous, its height above the station should 
be roughly proportional to the length of the longest sight upon it, and 
usually lies between 10 and 30 ft. It should be of dark colour for visibility 
against the sky, and should be painted white, or in white and black stripes, 
against a dark background. To afford greater prominence, the top of 
the mast should carry a flag, a whitewashed bundle of brushwood, a tin 
cylinder or cone, or other device. For the longer sights, 15 to 30 miles, 
the upper part of a quadripod is usually boarded or thatched, as a pole 
and vanes may then be useless. 

Except when viewed against the sky, many forms of signal permit of 
accurate bisection only when the sun is in the plane of the line of sight. 
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Under lateral illumination the signal may be partly illuminated and 
partly in shadow, and, since the observer sees only the bright portion 
and makes his pointing upon it, an error, termed phase, is introduced. 
The effect cannot be avoided in cylindrical signals nor with square masts 
unless one side of the latter directly faces the observer. In target signals 
it is caused by the shadow of the upper target falling on the lower. If the 
direction of the sun is known, the phase correction, in the simple case of 
a cylindrical signal, may be formulated as on page 197, and the error 
eliminated. 

A phaseless signal is obtained by using a single target normal to the 
line of sight, an attendant being told off to turn it to face the observer. 
In the ordinary target, signal phase is reduced by making the depth of 
the targets great in proportion to their width and by using lozenge forms 
rather than rectangular. On the other hand, well-defined phase is 
obtained with a signal consisting of a tin cylinder to reflect the sun’s 
rays, the pointings being made on the bright line. 

The Heliotrope and Heliograph. The essential features of the heliotrope 
are a plane mirror to reflect the sun’s rays and a line of sight to enable 
the attendant to transmit the reflected beam in the direction of the observ- 
ing station. A very simple heliotrope may be improvised with an ordinary 
mirror mounted on a horizontal axis, the reflected sunlight being projected 

over the top of a stake or pole 
marking the required direction. 
In the usual forms of the appar- 
atus the mirror is of worked 
parallel glass with rack motions 
about both horizontal and vertical 
axes, and the line of sight may 
be either telescopic or defined by 
a sight vane with an aperture 
carrying cross wires. 

In the telescopic form (Fig. 50) 
the mirror is mounted on the 
telescope, and two rings are fixed 
so that the axis through them is 
parallel to the line of sight. The 
telescope being directed towards 
the distant station, the mirror is 
adjusted until the reflected beam 
passes centrally through the rings, 
as evidenced by a concentric 
annulus of light on the second 
ring, which is of smaller aperture 
than the first. In non-teleseopic 
forms, the sight vane may be 
mounted on the base-board or 
tripod head supporting the mirror 
and at about 2 ft. from the latter, 
or it may be erected on a pole several yards from the station and in the 
correct line. In aligning the instrument, the cross wires or other mark at 



Fig. 50 * Telescopic Heliotrope. 
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i centre of the vane are viewed through a small .'eyehole in the centre 

| of the mirror , formed by removal of the silvering, coincidence being made 

; , with the distant station. Alternatively the- cross wires and the distant 

station may be brought into coincidence with the eyehole by viewing 
their reflexions in the mirror, thus setting the centre of the vane in its 
correct position. Where the heliograph has to be placed eccentric to the 
station centre, its centre and that of the vane are most correctly aligned 
i by theodolite, the height of the vane being easily adjusted separately by 

direct sighting in or through the mirror. 

In British Colonial practice, the ordinary military 5-in. heliograph, 
commonly used in the army for signalling purposes, is very often employed 
instead of a special heliotrope. This instrument is light and compact, and, 
in addition to the fittings common to most non-telescopic types of helio- 
trope, has a tapping arrangement which swings the mirror about its 
horizontal axis, thus enabling signals in Morse code to be transmitted 
to a distant station. Its vane is a tiny opaque pillar, with a central 
mark near its top, unlike the rings or board aperture with cross threads 
mentioned above. 

Another form of heliotrope, used by the Admiralty, is the “ Galton 
Sun Signal.” This is of the telescopic variety and it is so arranged that, 

? when the light is thrown on the area occupying the centre of the field of 

view of the telescope, a small image of the sun is superimposed on the 
image of the target within the field of the telescope. Hence, it is easy 
to know immediately when the flash from the “ gun ” ceases to fall on 
the target. 

Accurate bisections cannot be made when the signal is too bright, and 
the size of mirror or aperture of vane should not be greater than will 
4 show a clear star of light. The size required is proportional to the distance 

between the stations, but also depends upon the clearness of the atmo- 
sphere and the quality of the observing telescope. If D is the length of 
sight in miles, the effective diameter or width of mirror has varied in 
different surveys from about 0-05 D to over 0*1 D inches for average 
atmospheric conditions, corresponding to an angular width of signal of 
about |th to -|rd second. In regions of exceptionally clear atmosphere 
smaller signals have been successfully used. A mirror of 5 or 8 in. diameter 
is commonly employed, and the effective area is reduced by a diaphragm 
fitted on the vane or, in the telescopic form, on the outer ring. If a 
military type of heliograph is used, the “ stops ” can be rings of card- 
board or thin sheet tin, with different diameters of circles cut out from the 
centre, fastened on the mirror. 

Use of Heliotrope. The reflected rays form a divergent beam having 
an angle equal to that subtended by the sun at the mirror, viz. about 
32 min. The base of the cone of reflected rays has therefore a diameter 
of about 50 ft. per mile of distance, and the signal is visible from any 
point within that base. In consequence, great refinement in pointing 
the heliotrope is unnecessary, as the signal will be seen provided the 
error of alignment is less than 16 min. 

The heliotrope must be centered over the station mark, and the line 
of sight directed upon the distant station. Centering is facilitated by 
means of the “self-centering” beacon introduced by the Survey of 
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Egypt. The device consists of a brass casting with three radial V-shaped 
grooves, 120° apart, which receive the feet of the heliotrope or the levelling 
screws of the theodolite. When the distant station cannot be seen or its 
direction located within about 16 min. of arc, a reference pole is erected 
with the top just below the line and at least 100 ft. from the heliotrope. 
Flashes are sent from the observing stations to enable the direction to be 
established, or the pole may be lined in by theodolite, as the bearing will 
usually be known with sufficient accuracy for the purpose. Instead of a 
simple pole, a much better arrangement is one which is due to McCaw 
and consists of a board with a circular hole about 5-in. diameter cut in it. 
The board can be erected on a pole or stand, the centre of the hole, marked 
by cross threads, being aligned on the distant signal.* 

The duty of the heliotroper consists in projecting and maintaining 
the beam in the proper direction. Because of the motion of the sun, the 
mirror must be adjusted on its axes about every minute. When the 
sun's rays cannot be received directly on the mirror, they must be reflected 
upon it from a second, or “ duplex/’ mirror, which is provided with all 
forms of heliotrope. This mirror is placed in a convenient position facing 
the sun, and must be adjusted to follow the sun’s motion. To avoid 
misunderstandings and delays, the observing party carries one or two 
heliotropes or heliographs, and a simple code of signals is adopted for 
conveying orders to the heliotropers. 

The heliotrope can, of course, be used only in sunshine, whereas the 
most favourable atmospheric conditions for angle measurement occur 


Fig. 51. McCaw Lamp. 

on cloudy days. The best results with the heliotrope are obtained from 
observations taken towards sunset. 

* Geodetic Survey of South Africa , Vol. Ill, North-eastern Rhodesia (1903-7). 
H.M.S.O. 1932. 
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Night Signals. The advantages of night observations (page 189) have 
been realised since the early days of geodetic triangulation. On the 
Ordnance Survey of the United Kingdom the longer lines were observed 
by means of the Drummond or lime light. In the Great Trigonometrical 
Survey of India blue lights and vase lights * were employed in the earlier 
work, and latterly Drummond lights and Argand reverberatory lamps 
with 12-in. parabolic reflectors were adopted. 

Various forms of oil lamps, generally with reflectors or optical colli- 
mators, have been used for lines of less than about 50 miles. In West 
Africa, ordinary oil hurricane, or stable, lamps, with a flame about 1 in. 
wide, have been used for lines up to about 12 miles in length. For lines 
between 10 and 25 miles Tilley petrol vapour pressure lamps, with mantles 
about 1 in. long, were found to be simple in use and to give satisfactory 
results. Neither of these lamps was provided with a reflector. For 
longer lines either acetylene or electric lamps may be used. A special 
acetylene lamp, designed by Captain G. T. MeCaw, was employed in the 
measurement of the arc of the meridian in Uganda in 1908-09, the longest 
sight being 46*6 miles. In West Africa these lamps, which have a candle 
power of about 600, have been observed up to 50 miles. At home, the 
same lamps were employed by the Ordnance Survey on the test triangula- 
tion in N.E. Scotland in 1910-11, the longest side being 46*9 miles. 

Fig. 51 shows a recent pattern of the McCaw lamp as manufactured 
by Messrs. E. R. Watts & Sons. It may be noted that the heliograph 
mirror, used for day work, is swung aside during the night. In this lamp 
the burner is placed at the centre of curvature of a spherical reflector at 
the back. In this position it is very approximately at the focus of a 
converging lens fixed in front of the lamp. The position of the burner is 
adjustable so that it can be moved along the axis in such a position that 
the lens throws out a slightly diverging beam of light. The gas is produced 
in a small metal generator, not shown in the figure, which can be connected 
to the burner by a length of rubber tubing. Alignment is controlled by a 
telescope mounted at the side of the lamp, the latter being fitted with 
means for providing small adjustments in altitude and azimuth. Adjust- 
ment in alignment and for width of beam can be carried out by using a 
special target of the type shown in Fig. 52. 

Fig. 52 shows a special type of electrical beacon lamp manufactured by 
Messrs. Cooke, Troughton & Simms, Ltd., which has been used recently 
on the re-triangulation of Great Britain. It comprises a bulb, silvered in 
front and with a compactly wound filament, used in conjunction with 
a Mangin reflector, the current for the bulb being provided either by a 
6- volt dry battery or by an accumulator. The bulbs are interchangeable 
and are supplied in four strengths — 24 , 12 , 6 and 8 watts — so that the 
intensity of illumination can easily be varied considerably to suit different 
conditions. Motions in azimuth and altitude are provided. The setting 
in azimuth presents little difficulty as a target can be set out with theodo- 
lite on the correct alignment and then used to bring the beam to the 
correct bearing. For setting in altitude, a small vertical arc with a 
vernier reading to 1 minute of arc may be used. Two spirit levels, for 


See Thuillier and Smyth, Manual of Surveying for India. 



Beacon Lamp Target 

Big. 52, 

{By ‘permission of Messrs Cooke, Troughton & Simms.) 

at the point of intersection of the horizontal and vertical axes of the 
lamp, which point also coincides with the focus of the reflecting surface. 
Small sighting holes are drilled in the body of the lamp to enable this 
adjustment to be tested and means are provided for centering and focusing 
the bulbs. Further, since a very slight alteration in the position of the 
bulb causes a considerable alteration in the direction of the beam, a fine 
adjustment has to be provided to ensure that, when bulbs are interchanged, 
the beam maintains its direction with relation to the line of sight, defined 
by the open sights on the top of the lamp casing, and to the zero of the 
vertical arc. To test this adjustment, a special target, shown in Fig. 52, 
can be obtained or made. The target has a cross marked on the top 
and a ring in the centre indicates the size of a parallel beam, the position 
of the cross with respect to that of the centre of the ring being the same 
as the position of the sights with respect to the horizontal axis of the 
reflector. The target is set up on level ground at a considerable distance 
from the lamp and very approximately level with it. The test then 
consists in levelling the instrument and bringing the beam into a position 
where it is concentric with the ring on the target. The line of sight 
should then intersect the cross on the target. If it does not do so, the 
open sight, which is adjustable, should be moved until the line of sight 
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levelling up the lamp, are fitted to the base, levelling being done by 
footscrews. 

When the filament is in position it should be very approximately 
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intersects .the cross. If the centre of the target has been set exactly level 
with the centre of the reflector, and the instrument has been properly 
levelled, the vertical are should read zero. If it does not, the exact reading 
may be taken and used as an index error. 

The above tests should be made every, time a bulb is changed. 

From the point of view of instrument design it is interesting to notice 
the difference in the optical arrangements of the acetylene and electrical 
lamps. Both designs try to arrange for as much light as possible to be 
obtained from front and back of the source of light and then for this 
light to be thrown out in the form of an almost parallel beam. In the 
case of the acetylene lamp, the burner is placed at the centre of curvature 
of the reflector and an image of the back of the flame is thus formed 
coincident with, or alongside, the front of the flame. The burner is at the 
focus of the convex lens in front of the lamp. Hence this lens picks up 
the light from the front of the flame and also that from the image formed 
by the reflector, and, if the flame were a point of light, the beam thrown 
out in front would be a parallel beam. 

In the case of the electric lamp, the filament is very approximately 
at the focus of the reflector, not at the centre of curvature. The rays 
from the front of the filament fall directly on the reflecting silvered 
surface in front of the bulb and from this surface are reflected back on 
to the main reflector at the rear of the lamp. Hence, the rays from 
both back and front of the filament come from the approximate position of 
the focus of the reflector and are thrown out from the lamp in the form 
of an almost parallel beam of light. No lens is therefore needed with 
this lamp. 

If the source of light in each lamp were a point source, and all adjust- 
ments were properly made, the beam proceeding from the lamp would be 
a truly parallel one. Neither source, however, is a point source and its 
dimensions in comparison with the radius of curvature and size of the 
reflector are quite appreciably large. Consequently, the beam which is 
thrown out is not a parallel beam but diverges slightly to the extent of 
about 5° or so. This is an advantage, provided the divergence is not too 
great, since it would be very difficult to align a truly parallel beam on a 
distant target. 

For lines of over 50 miles there are available the Drummond light, 
the electric arc, and the magnesium lamp. The first two are not generally 
suitable on account of the weight of the apparatus and the necessity for 
the attendance of a skilled person. The magnesium lamp with parabolic 
reflector is very portable and easily manipulated, and gives excellent 
results.* The lamp bums magnesium ribbon, which is delivered by 
clockwork at any desired rate. The magnesium is somewhat costly for a 
continuous light, but the expense of this item may be reduced by showing 
signals intermittently according to a prearranged time-table. 

Alignment of night signals is effected by means of the attached telescope 
or open sights or by the aid of a pole or board with circular hole, as 
described on page 134, set out on the proper direction and altitude. 

Marking of Stations. Stations should be marked in a permanent 

* See U.S. Coast and Geodetic Survey Report-, 1880, Appendix No. 8. 
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manner to facilitate their identification for future occupation. The 
general methods are the same for all grades of triangulation, but various 
details are adopted in different surveys according to local conditions. 

In solid rock it is usual to drill a hole from 3 to 6 in. deep, into which 
a copper or iron bolt is fixed with cement or lead. A number of arrows 
should be chiselled in the surrounding rock to point to the station. In 
ground which can be excavated the mark is made on a stone, preferably 
foreign to the locality, which, to prevent its being disturbed, is buried 
to a depth of about three feet and bedded in cement mortar. The centre 
mark in the stone is a small hole filled with lead, or may consist of a brass 
screw, an empty cartridge case, or a copper or iron pin cemented in. 
The sub-surface mark is covered with earth, and a similarly marked 
stone is then laid with the upper surface at ground level. The whole is 
covered with a cairn of stones, or, as in the Survey of India, by an observing 
pillar of masonry or concrete.* The sub-surface mark is referred to only 
when there is reason to suspect that the surface mark has been disturbed. 
To enable the station to be recovered when the surface mark is lost, two 
or three reference or witness marks should be established at some little 
distance, and note is made of the bearing and distance of the station 
from each. 

Station Description. Stations, besides being numbered, should be 
given a concise local name for convenience of reference. The record of 
the results of the survey should include a description of the site of each 
station, its marking, and the positions of the witness marks, the description 
being amplified by sketches as required. In addition, full particulars 
should be given regarding access routes, camping grounds, subsistence, 
etc., likely to prove of service to parties occupying the stations. 

Standards of Length. The fundamental standard of length for geodetic 
operations is the International Metre established by the Bureau Inter- 
national des Poids et Mesures. It is marked on three platinum-iridium bars 
deposited at the Pavilion de Breteuil, Sevres, and copies have been 
allotted to various national surveys. This standard differs slightly from 
the French legal metre, which was intended to represent 1/10,000,000 of 
the length of a meridian quadrant of the earth. 

In Great Britain the legal unit is the Imperial Yard as defined by 
Act of Parliament in 1855. There are several official copies of the standard, 
consisting of a bronze bar with gold plugs, the distance between engraved 
lines on which represents the standard length at a defined temperature. 
The relationship between the yard and the metre has been established as 

1 Imperial Yard = -91439180 Legal metre f 

= -91439842 International metre. $ 

One great disadvantage of fundamental standards of length that are 
made of metal or other material substances is that it has been found 
that all such materials are subject to very small secular changes in their 
dimensions. Accordingly, Maxwell, the famous physicist, suggested 

* See Handbook of Professional Instructions for the Trigonometrical Branch , Survey 
of India Department, or Ordnance Survey Professional Paper, No. 2. 

t Clarke, “ Comparison of the Standards of Length,” 1866. 

j See note at end of Table of Constants on page 478. 
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that the wave-length of light emitted under certain standard conditions 
would make a suitable standard. This proposal was first put into execu- 
tion by the American physicist Michelson who proceeded to determine 
the number of wave-lengths of the light corresponding to the red line in 
the spectrum of cadmium vapour which was equivalent to the standard 
metre. He found that, in air at 15° C. and at normal atmospheric 
pressure, the standard metre was equivalent to 1,553,163*5 wave-lengths 
of the red cadmium line. In 1906 another determination was made by 
MM. Benoit, Fabry and Perot and they obtained the value 1,553,164*13, 
thus confirming Miehelson’s figure to within very close limits. 

Forms of Base Measuring Apparatus. The two main types of base 
measuring instruments are (a) Rigid bars, (6) Flexible apparatus. The 
former may he divided into : 

(1) Contact apparatus, in which the ends of the bars are brought into 
successive contacts ; 

(2) Optical apparatus, in which the effective lengths of the bars are 
engraved on them and are observed by microscopes which serve to mark 
their successive positions. 

According to the means adopted for reducing the uncertainties of 
temperature correction, rigid bars may also be classified as : 

(1) Compensating, in which by a combination of two or more metals 
the bar is designed to maintain a constant length under changing tempera- 
ture ; 

(2) Bimetallic, non-compensating, in which the two measuring bars 
act as a bimetallic thermometer ; 

(3) Monometallic, in which the temperature is either kept constant at 
the melting point of ice or is otherwise ascertained. 

Flexible apparatus consists of (1) Steel tapes or wires, (2) Invar tapes 
or wires, (3) Steel and brass wires. 

Comparative Merits of Rigid and Flexible Apparatus. In the earlier days 
of modem geodesy bars were almost exclusively favoured for base measure- 
ment, but of recent years the merits of tapes and wires have become 
more fully appreciated. The most far-reaching difference between the 
two classes of apparatus lies in the much greater length of tapes and 
wires. The smaller number of contacts required has the advantages 
that : 

(1) A wider choice of base sites is available since rougher ground can 
be utilised, gorges, etc., of smaller width than the tape length offering no 
obstacle. 

(2) The measurement proceeds much more rapidly, and expense is 
reduced. 

(3) By reason of the above considerations, longer bases can be used, 
and bases of verification can be introduced at closer intervals. 

The difficulty of ascertaining the actual temperature of the apparatus 
is common to all forms, except the iced bar, and is akin to the difficulty 
of ensuring exact compensation in compensating bars. The temperature 
of a steel tape cannot be measured with sufficient accuracy by mercurial 
thermometer except in densely cloudy weather or at night. M. Jaderin, of 
Stockholm, one of the pioneers in the application of steel tapes to precise 
measurement, found that better results could be obtained by the employ- 
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ment of two wires, of steel and brass respectively, to form a bimetallic 
thermometer. The value of flexible apparatus for geodetic measurement 
has, however, been greatly enhanced by the discovery of the alloy, invar, 
which, because of its extremely low coefficient of expansion, does away 
with the necessity for precise temperature determination. With the 
assistance derived from the increased number and length of base lines 
rendered possible by tape or wore measurement, the ultimate accuracy is 
little, if any, short of that attained by the use of rigid apparatus, other 
than the iced bar, which, however, on account of the time and expense it 
involves, is better adapted for the calibration of apparatus than for 
direct use in the field. For these reasons the use of rigid bars has almost 
entirely disappeared and the modern practice is to measure base lines with 
invar tapes or wires “ suspended in catenary/ 5 

Standardisation of Base Apparatus. Standardisation of base measuring 
apparatus consists in (1) ascertaining its length, in terms of the allotted 
prototype bar, under definite conditions of temperature, etc., (2) deter- 
mining the law's governing its change of length under change of those 
conditions. Standardisation is performed by the International Bureau 
and also by survey and standards departments in various countries. In 
Great Britain it is usually undertaken by the National Physical Labora- 
tory which issues certificates in which the determined length is guaranteed 
to an accuracy of one part in a million (Class A standardisation). 

The utmost refinement is required in standardising apparatus for 
geodetic measurements. The unknown length is compared with the 
known standard by means of a comparator, usually in an underground 
chamber free from vibrations and designed to afford a steady temperature 
and perfect illumination for microscope reading. The comparator for bar 
standardisation is a heavy and elaborate apparatus carrying micrometer 
microscopes. For flexible apparatus it consists of a base, usually not 
more than 100 ft. long, having the terminals marked on invar plates. It 
is divided into sections, each of length equal to that of the standard bar, 
and micrometer microscopes are mounted at the intermediate points 
and the terminals. The operation of standardising a tape or wire consists 
in repeatedly measuring the base with, it and with the standard bar 
alternately. Expansion coefficients are determined by immersion of the 
apparatus in water or glycerine heated by hot water piping and kept in 
circulation, temperature readings being taken through the liquid. 

The National Physical Laboratory at Teddington (often referred to as 
the N.P.L.) has a 50-metre base for the comparison of tapes and wires 
used in survey work and a tank of the same length for the determination 
of coefficients of expansion. An interesting account of this base, and 
of the methods used, is contained in the section on surveying tapes and 
wires in Vol. Ill of The Dictionary of Applied Physics. Tapes longer 
than 50 metres can also be standardised at the National Physical Labora- 
tory. 

Standardisation of any form of apparatus may also be performed by 
measuring with it a base line, the length of which has been determined 
by standardised apparatus, while the coefficient of expansion may be 
obtained by making repeated measurements at widely different tempera- 
tures. 
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When sending for standardisation tapes or wires that are to be used 
for base measurement or precise traversing, it is advisable to send with them 
all the subsidiary equipment that will be ■ used with them, in the field, so 
that this equipment can be used during the actual laboratory standardisa- 
tion. This equipment should include the weights or spring balance, and 
all other gear such as cords, swivels, hooks, etc., that will be used in 
attaching the tapes to the weights or spring balance in the field. Two or 
three thermometers should be standardised at the same time, and it is 
advisable to have the weights or spring balance tested as well. In addition, 
it is also always helpful to give the laboratory authorities as much informa- 
tion as possible about the methods and apparatus to be used and the 
conditions likely to be encountered in the field. This information should 
include a statement of the tension to be applied, the manner in which 
the tapes will be supported, and, if this is known, the average approximate 
temperature likely to be experienced under field conditions. 

The tapes or wires that are sent for laboratory standardisation should 
be kept and used solely as standards for field standardisations and they 
should never be used for ordinary field measurements. The working 
tapes for the actual field measurements should then be compared in the 
field against the standard tapes at frequent intervals and their errors 
determined. If it is known that the field tapes or wires are of different 
material from that of the standard tapes or wires, or if they are of invar 
and of different rollings from the standard tapes, it may be necessary, and 
it is always advisable, to have their coefficients of expansion determined 
in the laboratory. 

At least two tapes or wires, and if possible three, or even four, should 
be properly standardised and kept solely for standardising the field tapes. 
If only two standards are kept, one may alter in length, either as the 
result of an accident or from some other unforeseen cause, and in the 
field it may then be impossible to know or to say which is in error. If a 
third tape is kept as a reserve this contingency is provided for. 

Accuracy of Base Measurement. Sources of error in base measurement 
may be summarised as (1) constant error of standardisation of apparatus, 
(2) accidental field errors due to uncertainties in reading, levelling, tem- 
perature, tension, etc. 

The degree of accuracy attained in standardisation limits the final 
precision of a base measurement, e.g. if the probable error of the apparatus 
is 1/1,000,000, no base measured by it can have a probable error as small 
as 1/1,000,000. The quality of the field work may be gauged by making 
repeated measurements of a base with the same apparatus, but the degree 
of consistency in the results does not indicate the real probable error, 
which should include all known errors, with allowances for those which 
cannot be rigidly evaluated. 

It may be taken that 1/5,000,000 is the smallest error which can be 
attained in the standardisation of bar apparatus. Tapes or wires, because 
of their greater length, cannot be standardised in terms of the short 
prototype bar with greater precision than about 1/3,000,000. The 
certificate issued by the National Physical Laboratory does not give the 
probable error of standardisation, but, for a Class A certificate, merely 
states that the results are guaranteed to an accuracy of one part in a 
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million. The final uncertainty of field measurement must therefore 
exceed these limits, and, for geodetic work, the true probable error of a 
base measurement, taking into account all the different sources of error, 
usually lies somewhere about 1/500,000. This standard of accuracy 
cannot be maintained in the computed sides of the survey, but is gradually 
lowered, by errors of angle measurement, as the triangulation proceeds 
from the base. 

Base Bars. An account of the principal forms of rigid apparatus 
which have been used in various countries will be found in the references 
on page 354. These instruments are now mainly of historical interest, 
but, to illustrate their general features, one example each of compensating, 
bimetallic non-compensating, and monometallic apparatus is here 
described. 

The Colby Apparatus, This apparatus (Figs. 53 and 54) was designed 
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Fig. 53 . Colby Apparatus, 



Fig. 54 . Colby Apparatus. 


by Maj.-Gen. Colby, formerly director of the Ordnance Survey, and was 
employed by the Ordnance and the Indian Surveys. It is compensating 
and optical, and consists of an iron and a brass bar, each 10 ft. 1-| in. 
long, | in. broad and 1| in. deep. These are firmly fixed together at the 
middle by two steel pins 1, and the compound bar rests on rollers in a 
wooden box 7, mounted on trestles in a manner permitting horizontal 
and vertical adjustment of the box. The bar is held in the box at the 
middle of its length by the stop 2 , and is free to expand or contract under 
change of temperature. A spirit level is placed on the bar, and is observed 
through a window in the top of the box. 

Near each end of the compound bar is a flat steel tongue 3 , about 6 in. 
long, which is supported by double conical pivots held in the forked 
ends of the bars. Each tongue carries at 6 a small platinum plug having 
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a microscopic dot marking the effective end of the bar. To secure com- 

, . . 0-4 . - , , coeff. of lin. expansion of iron 

pensation, the ratio # - is made equal to = — - : — -tt , 

coeff. of lin. expansion of brass 

so that, since the tongue is free to pivot, the position of the dot remains 
constant under change of temperature (Fig. 55), the 
distance between these reference points being 10 ft. 

Evidently this cannot be strictly true for all tempera- 
ture changes, but the error is very small. 

Six compound bars are simultaneously employed in 
the field. The gap between the forward mark of one / 
bar and the rear mark of the next is made a constant 
length of 6 in. by using a compensated bar 7 in. long, Fig 
the tongues of which cany two vertical microscopes 8 , 

6 in. apart. A small telescope 9, parallel to the microscopes, is fixed at 
the middle of this bar for use in sighting reference marks on the ground. 
Each compensated microscope bar is supported on the case containing 
the main bar, and has provision for horizontal and vertical alignment. 

The Eimbeck Duplex Apparatus. The contact apparatus designed by 
Mr. Eimbeck of the U.S. Coast and Geodetic Survey, and shown diagram- 
matically in Fig. 56, forms a good example of a bimetallic, non-compen- 
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Fig, 56. Eimbeck Apparatus. 

sating instrument. The measuring components are two 5 m. long and 
| in. diameter nickel-plated tubes, of steel and brass respectively, the 
metal of the latter being the thicker so that both may undergo temperature 
change at the same rate. These are supported within a brass tube of 
about 2f in. diameter, which is in turn enclosed within another of about 
4 in. diameter mounted on trestles and carrying an aligning telescope 
and an inclination sector. The inner, or reversing, tube is arranged to 
rotate about its axis through 180° for reversing the positions of the 
components to minimise the influence of unequal lateral heating. The 
components project beyond the tubes at both ends, and each is fitted 
with contact surfaces of agate in the form of a vertical plane at one end 
and a horizontal knife-edge at the other. The contacts, steel to steel and 
brass to brass, are made by turning the screws 9 , which move the compo- 
nents against the action of springs. 

Two bars are employed in the field, and, when the contacts are made, 
the forward bar remains stationary while the other is carried forward 
and brought into line and contact. The inner tube with the components 
is reversed at regular intervals. Unless the temperature happens to be 
that at which the components are of equal length, one will continually 
gain on the other, and, when the difference becomes inconvenient in 
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making the contacts, the brass component is set forward or backward 
relatively to the steel. The shift is measured on scales attached near 
each end of the steel component, and is read through widows in the 
tubes against verniers on the brass component. The relative positions 
of the components at the beginning and end of a measurement are read 
on these scales. 

Two measures of a base are thus obtained by means of the steel and 
the brass components respectively, and from the instrumental constants 
and the difference between the results the true measure, corrected for 
temperature, is deduced. The constants obtained by calibration are 
the expansion coefficients and the length and temperature of the compo- 
nents when they are of equal length. To furnish a check, each bar is 
provided with three mercurial thermometers, from the indications of 
which the base length may be obtained from the result given by either 
component independently of the other. 

The Woodward Iced Bar Apparatus. This apparatus, . designed by 
Prof. Woodward, formerly of the U.S. Coast and Geodetic Survey, to 
obviate uncertainties of temperature correction and compensation, is 
monometallic and optical. The bar is of steel, 5*02 m. long, 32 mm. deep, 
and 8 mm. broad, with the upper half cut away for a length of about 
2 cm. at each end to enable the terminal lines, engraved on platinum- 
iridium plugs, to be placed on its neutral surface or surface of no 
strain. For the alignment of the bar, similar plugs, carrying a centre 
line, are inserted in its top surface. 

The bar is supported at intervals of 0*5 m. in a Y-shaped trough, and 
is controlled at each support by one vertical and two lateral screws 
(Fig. 57). The trough is mounted on two bogies, which run on a portable 
narrow gauge track made in 5-m. sections. 
It is completely filled with crushed ice, which 
is kept in close contact with the bar by reason 
of the form of the trough and the vibration 
caused in rolling the bogies forward. The 
mounting of the trough on the bogies permits 
of vertical, longitudinal, and lateral move- 
ments, with fine adjustment, the gradient of 
the bar being given on a sector. The succes- 
sive positions of the ends of the bar are marked 
by micrometer microscopes mounted on trestles 
or stout posts. The microscopes are set ver- 
tical by levelling screws, and can be given a 
small motion along and transverse to the line 
of measurement. Micrometer readings are 
estimated to *0001 mm. 

In measuring a base, the microscopes having 
been erected approximately 5 m. apart, the 
small distance between the base terminal and 
the first microscope is read through the latter 
on a special scale, and the bar is then adjusted until its rear mark is 
centered on the micrometer wires. The observer at the other end of 
the bar brings his microscope into position for sighting the forward end 



Fig. 57. Woodward 
Apparatus. 
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| mark, bisects it with, the micrometer wires, and notes the reading. The 
forward microscope remains stationary while the bar is rolled forward 
until its rear mark is focused under that microscope. 

Measurement by Flexible Apparatus, Wires and tapes applied in 
precise measurement are usually from. 24 m. to 100 m. long. They are 
; stretched under a constant tension, and, to avoid uncertainties arising 
from friction and from unevenness of the ground surface, they must be 
suspended in the air. The most accurate method, and that adopted 
with the shorter lengths, is to suspend the wire or tape in one catenary 
between end supports. Under constant conditions of temperature, 
tension, etc., the straight line distance between its terminal marks is 
invariable, and forms the standardised measuring unit, alterations in 
the conditions being the subject of corrections. Long tapes are sometimes 
stretched over one or several intermediate supports. 

The question as to whether wires or tapes are to be preferred is a 
matter of opinion. Wires expose less surface to the action of wind, 
while tapes have the advantages that twist is easily detected and that 
the terminal graduations can be engraved directly on the tape, whereas 
a wire must carry attached scales. Wires also have a great tendency to 
coil up on themselves, and consequently are less easily handled and are 
! more easily damaged than tapes, which, moreover, are less likely to take a 
permanent set when they are coiled on drums. Largely for these reasons 
most surveyors prefer to use tapes. 

The increasing importance of the catenary method of precise measure- 
ment, and the now all but universal application of invar thereto, necessi- 
tates a description of the apparatus and methods usually employed. 

Invar. The researches of Dr. Guillaume, of the Bureau International 
des Poids et Mesures, on various properties of the nickel-steel alloys, led 
’ to the discovery in 1896 that, as the proportion of nickel increases to 
about 36%, the value of the coefficient of expansion decreases to a mini- 
mum. This least expansible alloy has been called Invar . It possesses 
the smallest coefficient of expansion of any metal or alloy known, and 
its application to precise linear measurement has greatly reduced errors 
arising from inexact knowledge of the temperature of base apparatus. 

The coefficient of expansion of invar varies in different specimens. It 
depends not only upon the percentage of nickel but also upon the tempera- 
ture, and is influenced by the proportions of carbon, manganese, silicon, 
etc., present, and by thermal and mechanical treatment. By suitable 
treatment, invar having a negative coefficient of expansion may be 
produced : the value of the coefficient rarely exceeds -0000005 per 1° E. 

Owing to the way in which the coefficient of expansion of invar differs 
with different rollings, every invar tape should have its own coefficient 
determined, although, if it is known that several tapes are made from 
? the same rolling, the coefficient of one may be determined and those 
of the remainder of the batch assumed to have the same value as it. 
This assumption, however, was found unjustifiable in Uganda, and 
even in the same tape there may be marked absence of homogeneity. 
Sometimes the makers provide a small specimen, made from the same 
rolling as the tape, which can be used for the approximate determination 
l of the coefficient of expansion. 
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making the contacts, the brass component is set forward or backward 
relatively to the steel. The shift is measured on scales attached near 
each end of the steel component, and is read through windows in the 
tubes against verniers on the brass component. The relative positions 
of the components at the beginning and end of a measurement are read 
on these scales. 

Two measures of a base are thus obtained by means of the steel and 
the brass components respectively, and from the instrumental constants 
and the difference between the results the true measure, corrected for 
temperature, is deduced. The constants obtained by calibration are 
the expansion coefficients and the length and temperature of the compo- 
nents when they are of equal length. To furnish a check, each bar is 
provided with three mercurial thermometers, from the indications of 
which the base length may be obtained from the result given by either 
component independently of the other. 

The Woodward Iced Bar Apparatus. This apparatus, designed by 
Prof. Woodward, formerly of the U.S. Coast and Geodetic Survey, to 
obviate uncertainties of temperature correction and compensation, is 
monometallic and optical. The bar is of steel, 5*02 m. long, 32 mm. deep, 
and 8 mm. broad, with the upper half cut away for a length of about 
2 cm. at each end to enable the terminal lines, engraved on platinum- 
iridium plugs, to be placed on its neutral surface or surface of no 
strain. For the alignment of the bar, similar plugs, carrying a centre 
line, are inserted in its top surface. 

The bar is supported at intervals of 0-5 m. in a Y-shaped trough, and 
is controlled at each support by one vertical and two lateral screws 
(Fig. 57). The trough is mounted on two bogies, which run on a portable 

narrow gauge track made in 5-m. sections. 
It is completely filled with crushed ice, which 
is kept in close contact with the bar by reason 
of the form of the trough and the vibration 
caused in rolling the bogies forward. The 
mounting of the trough on the bogies permits 
of vertical, longitudinal, and lateral move- 
ments, with fine adjustment, the gradient of 
the bar being given on a sector. The succes- 
sive positions of the ends of the bar are marked 
by micrometer microscopes mounted on trestles 
or stout posts. The microscopes are set ver- 
tical by levelling screws, and can be given a 
small motion along and transverse to the line 
of measurement. Micrometer readings are 
estimated to *0001 mm. 

In measuring a base, the microscopes having 
been erected approximately 5 m. apart, the 
small distance between the base terminal and 
the first microscope is read through the latter 
on a special scale, and the bar is then adjusted until its rear mark is 
centered on the micrometer wires. The observer at the other endL of 
the bar brings his microscope into position for sighting the forward end 
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mark, bisects it with the micrometer wires, and notes the reading. The 
forward microscope remains stationary while the bar is rolled forward 
until its rear mark is focused under that microscope. 

Measurement by Flexible Apparatus. Wires and tapes applied in 
precise measurement are usually from. 24 m. to 100 m. long. They are 
stretched under a constant tension, and, to avoid uncertainties arising 
from friction and from unevenness of the ground surface, they must be 
suspended in the air. The most accurate method, and that adopted 
with the shorter lengths, is to suspend the wire or tape in one catenary 
between end supports. Under constant conditions of temperature, 
tension, etc., the straight line distance between its terminal marks is 
invariable, and forms the standardised measuring unit, alterations in 
the conditions being the subject of corrections. Long tapes are sometimes 
stretched over one or several intermediate supports. 

The question as to whether wires or tapes are to be preferred is a 
matter of opinion. Wires expose less surface to the action of wind, 
while tapes have the advantages that twist is easily detected and that 
the terminal graduations can be engraved directly on the tape, whereas 
a wire must carry attached scales. Wires also have a great tendency to 
coil up on themselves, and consequently are less easily handled and are 
more easily damaged than tapes, which, moreover, are less likely to take a 
permanent set when they are coiled on drums. Largely for these reasons 
most surveyors prefer to use tapes. 

The increasing importance of the catenary method of precise measure- 
ment, and the now all but universal application of invar thereto, necessi- 
tates a description of the apparatus and methods usually employed. 

Invar. The researches of Dr. Guillaume, of the Bureau International 
des Poids et Mesures, on various properties of the nickel-steel alloys, led 
to the discovery in 1896 that, as the proportion of nickel increases to 
about 36%, the value of the coefficient of expansion decreases to a mini- 
mum. This least expansible alloy has been called Invar . It possesses 
the smallest coefficient of expansion of any metal or alloy known, and 
its application to precise linear measurement has greatly reduced errors 
arising from inexact knowledge of the temperature of base apparatus. 

The coefficient of expansion of invar varies in different specimens. It 
depends not only upon the percentage of nickel but also upon the tempera- 
ture, and is influenced by the proportions of carbon, manganese, silicon, 
etc., present, and by thermal and mechanical treatment. By suitable 
treatment, invar having a negative coefficient of expansion may be 
produced : the value of the coefficient rarely exceeds *0000005 per 1° F. 

Owing to the way in which the coefficient of expansion of invar differs 
with different rollings, every invar tape should have its own coefficient 
determined, although, if it is known that several tapes are made from 
the same rolling, the coefficient of one may be determined and those 
of the remainder of the batch assumed to have the same value as it. 
This assumption, however, was found unjustifiable in Uganda, and 
even in the same tape there may be marked absence of homogeneity. 
Sometimes the makers provide a small specimen, made from the same 
rolling as the tape, which can be used for the approximate determination 
of the coefficient of expansion. &0K 
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Invar exhibits phenomena of change of length, both of a permanent 
and a temporary character, the existence of which must be recognised 
in base apparatus. The permanent change manifests itself in a slow 
increase with age which continues for years at a decreasing rate, the 
length of a tape or wire appearing to tend towards a definite limit. This 
effect is considerably reduced, although not eliminated, by subjecting 
the tapes or wires to a process of artificial ageing ( ituvage ), which consists 
in annealing them by exposure for several days to the temperature of 
boiling water. The temperature is thereafter slowly lowered to reach 
25° C. at the end of about three months. Fig. 58 shows results obtained 
at the Bureau International for the increase of length of invar bars of 



which the final temperature of annealing was 40° and 25° C. respectively, 
the bars being thereafter kept at the temperature of the laboratory. 
Because of the comparatively rapid growth at first, it is advisable to 
allow as long a period as possible to elapse between dtuvage and standardisa- 
tion of apparatus. 

The temporary phenomena occur with change of temperature. When 
invar which has remained for some time at a certain temperature is 
subjected to a rise of temperature, it expands according to the coefficient 
of expansion, but, on continued exposure to the higher temperature, a 
slow residual contraction or creep is exhibited. When, on the other hand, 
the alloy is subjected to a fall of temperature, the residual change is an 
expansion. For temperatures between 0° and 100° C. the creep on a 
length L is given by Dr. Guillaume as 

SL = 0-00325 x I0-* L{T X * - T 2 2 ), 

where T x is the original, and T 2 the new temperature in degrees centi- 
grade. At atmospheric temperatures creep develops very slowly, and 
several months may elapse before the alloy assumes equilibrium under 
the new temperature. At high temperatures the movement is much more 
rapid. 

The coefficient of expansion of invar tapes may also show slight 
variations with time and it is advisable to have the coefficients of the 
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tapes determined both before and after an important base measurement. 
For this reason there is a growing tendency not to seek coefficients so 
nearly equal to zero, but to use a more stable material at the expense 
of a slightly increased coefficient of expansion. Invar stable, so called, 
appears to go too far in this direction. 

In general, the precision with which allowance can be made for these 
variations is sufficient for geodetic purposes. Reference tapes or wires 
are standardised before and after use, and, if a considerable period 
elapses between the standardisations, the lengths at the time of base 
measurement are interpolated. 

Other properties of invar are favourable to its employment in 
geodetic measurements. The tensile strength is 100,000 to 125,000 lbs. 
per sq. in., the elastic limit about 75% of the ultimate strength, and the 
modulus of elasticity 21 to 23,000,000 lb. per sq. in. In tests made at the 
Bureau of Standards, Washington, no permanent set was detected under- 
loads of at least i/8th of the ultimate strength. 

Care of Invar Tapes and Wires. Invar is much softer than steel and 
needs very careful handling if kinks are to be avoided. Particular care 
should therefore be taken when unrolling a tape or wire from its drum 
and when rolling it back again. Sudden jars should be avoided and 
great care taken when the unrolled tape or wire is being carried forward 
from one bay to another. Tension, whether by weight or by spring balance, 
should be slowly and carefully applied. If weights are used, they should 
be lowered very gradually. 

The drums on which the tapes or wires are wound should be of as large 
diameter as possible. Generally, a drum of about 10-in. interior radius 
is provided by the makers, but Hotine considers that in most cases 
rolling on such a small drum may cause undesirable stresses due to the 
bending of the tape, and, for a tape \ in. by ^ in. cross section, he recom- 
mends a drum of about 4 ft. diameter.* 

After use, tapes and wires should be well greased with a non-corrosive 
grease or vaseline and they should be well cleaned before use so that 
their weight is not altered in any way by oil or grease that may be adhering 
to them. They should never be tied up at the ends with string, as the effect 
of the moisture in the string may be to cause corrosion in the body of 
the metal, and it may be very difficult to detect this corrosion from the 
appearance of the surface. Accordingly, the end of the tape should be 
fastened to the drum by a stout leather strap or thong. 

Measurement by Wires or Tapes in Catenary. In this method, introduced 


2 7, y 2 3 3 

, JJU r - ; — ^ o r.: — f. 5 MeasuringTripods set m advance. 


t Measuring Tripods 


2. St raining Tripods 
Fig. 59 


by Jaderin, the successive intervals between a series of movable marks 
are measured by a wire or tape freely suspended and subjected by means 

* See “ Theory of Tape Suspension in Base Measurement,” by Major M. Hotine, 
R.E., in the Empire Survey Review , Vol. V, No. 31, January, 1939. 
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of straining tripods to a constant tension (Fig. 59). The movable marks 
are carried on tripods, which are set in alignment at approximately 
correct intervals in advance of the measurement, and the elevation of 
each is recorded for reduction of the measurement of each span to the 
horizontal. 

As the employment of invar wires or tapes on this system yields the 
best results which can be attained by flexible apparatus, the following 
description relates to their use. 

Apparatus. Wires and Tapes. Wires are employed in the apparatus, 
designed by Dr. Guillaume and M. Carpentier, which was much used in 
the years immediately following the introduction of invar. The wires 
are of 24 m. nominal length by 1*65 mm. diameter, and weigh 17*32 gm. 



Fig. 60 . Beglette. 


per metre. They have attached at each end a regletie or scale, graduated 
to millimetres, the reading edge of which lies in the prolongation of the 
axis of the wire (Fig. 60). Both scales read in one direction. When 
not in use, the wires are wound on a drum, of 50 cm. diameter, mounted 
in a box. 

Invar tapes for simple suspension are usually either 24 m. or 100 ft. 
long with a cross section of 3 mm. by 0*5 mm. In recent years, tapes 
300 ft. long have been successfully used in some of the British Colonies 
but these have been supported at one or more equally spaced intervals. 
The metric tape is usually divided to millimetres for a length of 10 cm. 
at each end, and in the case of the 100 ft. tape the end scales are usually 
divided either to 1/25 in. or 1/100 ft. In the measurement of the bases 
used in the survey of the East African Arc of Meridian in 1931 Hotine 
used 100 ft. tapes in which 0*4 ft. at each end was graduated to 0*002 ft., 
readings being estimated and booked to tenths of divisions, or to 
0*0002 ft. ; these readings were taken with the aid of a magnifying glass 
attached to the measuring tripod. The lengths were 99*6 ft. between 
zeros and the scales at both ends read outwards, to obviate errors of sign. 

On some forms of measuring tripods makers supply small micrometers 
which clamp on to the small upright pillar or cylinder that forms the 
head of the tripod. The small difference in length between the index 
mark on the tape and the mark on the top of the cylinder can then be 
read by means of the micrometer. The use of these instruments, however, 
necessitates very exact setting out so that the distance between tripods 
is very approximately equal to the length of the chord joining the end 
marks on the tape. Micrometers of this kind are specially useful for field 
standardisations, but, apart from this, careful visual readings of end 
differences on the scales engraved on the tapes are more convenient than 
micrometer readings and are sufficiently accurate for all practical purposes, 
since errors in end readings tend to cancel out while those of standardisa- 
tion are cumulative in their effect. 

To allow for the possibility of injury, as well as to afford checks on 
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the work, two or three of these wires or tapes are required for use in the 
actual measurement. As many more are reserved as reference tapes 
exclusively for periodical standardisation of the field tapes during the 
measurement. Whether wires or tapes are employed, a short, fully 
divided tape is required for measurement of the distance between the last 
tripod and the base terminal. It may also be necessary to provide one 
or more wires or tapes of twice or three times the normal length for 
spanning gorges, etc. but abnormally long unsupported spans should be 
avoided wherever possible. 

Measuring Tripods. The Guillaume tripods (Eig. 61), usually ten in 
number, carry a small upright cylinder upon which is engraved the line 
to which measurement is made. The cylinder is set vertical by means 
of levels and foot screws, and is capable of fine adjustment, relatively to 
the tripod, for alignment. Eig. 62 illustrates the best form of cylinder 
head, half being cut away so that the surface of the tape or the face of 



the reglette may lie in the plane of the reference mark. To prevent fouling 
and to allow for the slope of the tape when hanging in its natural curve, it 
is well to have the upper surface of the cut-away portion chamfered off 
slightly away from the centre and in the same direction as the cut. When 
the day’s work is finished, or when it is otherwise necessary to transfer the 
tripod mark to the ground, a plumb bob may be used for the purpose, but 
it is preferable to employ two theodolites at right angles, the sights being 
taken on a fine needle held on the mark. Some forms of apparatus, such as 
the “Macca” base line measuring equipment manufactured by Messrs. 
Cooke, Troughton & Simms, are provided with special <£ transferring 
heads ” which can be used for transferring the tripod mark to the ground. 
In the Zeiss apparatus, an “ optical plummet,” which fits on the tribrach 
of the measuring tripod and replaces the cylinder carrying the mark, is 
provided for this purpose. 

Another useful accessory to the measuring tripod is an aligning and 
levelling telescope which can be slipped over the vertical cylinder, the 
latter thus becoming the vertical axis of the telescope. The telescope 
can then be used for aligning the tripods, and, if fitted with a good bubble 
and a short graduated vertical arc, together with a vernier arm, it can also 
be employed for observing slopes for the determination of slope correction 
and heights, When a telescope of this kind is provided for measuring 
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vertical angles, one or two small sighting vanes are also provided. These 
slip over the vertical cylinder on the next tripod that is being sighted, 
and the height of the sighting mark above the vertical cylinder is the 
same as that of the levelling telescope. Consequently, the use of this 
target avoids any height of instrument or height of signal correction 
when reducing the vertical angles. 

Straining Apparatus. Straining of the wire or tape is effected by 
weights which are carried at each end by a cord attached through a 
swivel hook to the ring of the wire or tape. They are suspended from 
two straining tripods (Fig. 61), each of which carries a pulley on ball- 
bearings. The tension should be not less than 20 times the weight of 
the wire or tape. The Guillaume-Carpentier 24-m. wires are strained 
by weights of 10 kgm. In the measurement of the Lossiemouth base line 
by the Ordnance Survey the 100-ft. tapes were given a tension of 20 lb. 
and the same weight was used in the measurement of the base on the 
East African Arc of Meridian. In West Africa, tapes 300 ft. long, suitably 
supported and of section £ in. by ^ in., have been used with a tension of 
30 lb. It is important that the same straining apparatus should be used 
in field standardisations as in the actual measurement because of 
uncertainty arising from friction in the pulleys. It is also a great 
convenience if the straining trestles are provided with means of altering 
the height of the pulley relative to the tripod which carries it and of 
adjusting it laterally in a direction at right angles to the line of the tape. 

Miscellaneous. If no special aligning telescope is provided with the 
equipment, a theodolite will be required for the alignment of the measuring 
heads, and, if no other means exist for transferring to the ground 
the mark on the measuring tripod, a second theodolite should be carried 
so that these transfers can be made independently of the plumb line. 

The levelling observations are made either by a level and a light staff, 
fitted with a rubber pad for contact with the tripod heads, or by the 
levelling telescope already described. 

Other items of equipment include a spacing tape or wire, usually of 
steel, for setting out the tripods, thermometers, reading glasses and 
iron pickets with movable heads for marking section terminals. About 
six thermometers in all should be provided, at least two of these having 
been standardised in a properly equipped standardising laboratory. 
These standardised thermometers should be kept for use as standards 
only, and the remainder, which are to be employed in the field measure- 
ments, should be compared with them at frequent intervals and their 
errors noted. These comparisons can best be made in water at different 
temperatures. 

Field Work. Preliminary Operations . The ends of the base are defined 
in the usual manner by a sub-surface and a surface mark, as well as by 
reference points : the surface mark for base terminals is sometimes 
elevated on a pillar of concrete about 3 ft. above the ground. The line 
of the base must be cleared of trees and bushes, and a series of line marks 
is accurately established at intervals of about half a mile to control the 
alignment of the tripods. 

Organization of Field Parties. The personnel is divided into two 
parties : 
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(1) A setting-out party, whose duty is to place the measuring tripods 
in alignment in advance of the measurement, and at as nearly as possible 
the correct intervals. This party consists of two surveyors with a number 
of porters for carrying forward tripods. 

(2) A measuring party of two observers, recorder, leveller, and staff- 
man, with porters for the transport of apparatus. The duties of recorder 
and leveller are sometimes combined. 

Setting Tripods. If the base terminal is not elevated above the ground, 
the first tripod must be set with its fiducial mark vertically over the 
station mark. Thereafter the tripods are aligned by a theodolite centered 
over one of the line marks previously established along the base, or by 
the aligning telescope. The setting out of the approximately correct 
intervals is performed by means of the spacing wire or tape, which is used 
at the tension adopted for the measuring wires or tapes, the pull being 
measured by a spring balance. Each tripod when placed at the proper 
distance has the head set level and is finally adjusted into alignment. 

The setting of the tripods proceeds at about the same rate as the 
measurement. Fresh tripods are carried forward from the rear, but 
one, at least, is always left behind the measuring party for reference in 
case of disturbance of the tripods under measurement. 

Measurement. The series of operations involved in measuring the 
distance between each pair of tripods must be executed on a uniform 
system to avoid delays. The first measurement in each bay is that of 
the difference of level between the tripod heads. If it is made by level, 
the instrument is set up equidistant from the tripods, and readings are 
estimated to 0*001 ft. With the aligning and levelling telescope, the 
angle of slope is read to the nearest graduation on the vernier, and is 
obtained as the mean of a forward and back reading. 

While the levels are being observed, the wire or tape, weights, and 
straining tripods are brought forward from the preceding span. The 
latter are placed at the proper distance from the measuring tripods and 
as nearly as possible in the correct line. The swivel hooks fastened to 
the cords over the pulleys are then handed to the observers, who attach 
them to the wire, and at the word of command the men carrying the 
weights simultaneously hook them to the cords as gently as possible. 
To avoid lateral friction of the cords in the pulleys, the latter must lie 
in the vertical plane of the base. The straining trestles are finally adjusted 
for line and level to bring the scales into gentle contact with, and in the 
plane of, the reference marks on the measuring tripods. Before reading, 
an examination is made for twist of the wire or tape. 

The scale distance to be applied to the known length between the 
zeros is obtained as the mean of an even number of pairs of readings, 
usually six to eight, taken by the observers in simultaneous pairs, the wire 
being displaced longitudinally between each pair, first in one direction 
and then in the reverse direction. In order to avoid possible errors due 
to eccentricity of the pulleys of the straining trestles, it is advisable to 
rotate the pulley through approximately equal angles between each set 
of readings, so that the cord supporting the weights lies in turn along 
different parts of the rim of the pulley. Readings are taken with the aid 
of magnifying glasses to one-tenth of a scale division, and are noted by 
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the recorder, who at the same time tabulates the differences. The maxi- 
mum range in the differences should not exceed 0-3 mm., otherwise 
further readings are required. The record may be arranged as follows : 




I Headings in mm. 




• Span No. 

Wire. No. 



Difference. 

Mean. 

Temp. 

Fahr 

Hear. 

Forward. 






' 

16-5 

11*4 

- 5*1 





28-2 

23*0 

- 5*2 



23 

2 

42-4 

58-7 

37*3 

53*5 

- 5*1 

- 5*2 

- 5*1S 1 

53°*5 



65-1 

59*8 

-5*3 





72*9 

07*7 

— 5*2 




The temperature during the measurement of each bay is read by 
the recorder. If two or more field wires are used, the same procedure 
is repeated with another wire before lifting the straining tripods. When 
the measurement of a bay is completed, the weights are simultaneously 
unhooked, and the apparatus is carried forward for the next span. The 
wires must, of course, not be allowed to drag on the ground, and should 
be carefully guarded against accidental overstrain, so that the observers 
should themselves take part in their transport. 

To reduce errors of personal equation, the observers change ends after 
every tenth span, or oftener. Each day’s work forms a section, the end 
of which is marked by transferring the last tripod mark to a picket set 
in the ground. Each section must be measured at least once in each 
direction, the magnitude of the discrepancies indicating whether further 
measurements are required. Work must be suspended when wind 
causes appreciable vibration of the scales. 

Sometimes, when wind is likely to be troublesome, it is useful to employ 
a long low canvas or grass screen which can be erected alongside the 
tape to protect it from the effects of the wind. In the Sudan, wind 
rendered long tapes useless. 

Standardisation of Field Wires and Tanges. The reference or standard 
wires or tapes which are provided for comparison with the field wires or 
tapes should be standardised before they go on service and again on 
their return. The expansion coefficients of the field wires must also 
have been determined, but the lengths of the latter are determined in 
the field before and after the measurement of the base and at intervals 
during its progress. As a medium of comparison, a short reference base 
may be laid out in the field in a convenient position. The length may be 
one or several wire lengths, and can be marked by fine lines on metal 
plugs firmly bedded in concrete. Generally, however* it is more convenient 
to use two measuring tripods as a base, and to measure the distance 
between the marks on them several times with the reference wire, and 
then to compare this distance with that obtained from the field wires. If 
tripods are used in this way, comparison between standard and field 
wires may be made before the beginning and at the end of each day’s 
work. 
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Use of Long Tapes. In the course of a measurement by the system 
just described, if roughness of the ground necessitates the use of a long 
wire or tape, a greater pull is required, and the consequent increase of 
friction in the straining pulleys is a source of uncertainty affecting the 
value of the actual tension. If possible, one or more intermediate supports 
should be provided. 

The system of using long tapes supported at intervals has been greatly 
used in American base measurements. The tapes are 50 in. and 100 m., 
or 300 ft., long by about 6 mm. by 0*5 mm., and supports are provided 
at regular intervals of 10 m. to 25 m. A series of trestles or, more usually, 
firmly driven posts, about 4 in. by 4 in. are set out in the line of the base 
and approximately a tape length apart. On the top of each is nailed a 
plate of copper or zinc on which is to be marked the position reached by 
the forward end graduation of the tape. Lighter pickets serve as the inter- 
mediate supports, the tape resting either on a nail in the side of each or 
in suspended wire loops. The points of support are set on a uniform 
gradient between the mark posts : when this proves inconvenient, their 
respective elevations are recorded, and must be such that the tape when 
stretched will not lift clear of any support. 

The rear end of the tape is connected to a straining stake behind the 
mark post, and the tension is applied at the forward end by means of a 
tape stretcher. A common and simple form consists of a wooden base 
to which an upright lever is hinged by a universal joint (see Eig. 89). A 
spring balance, graduated to ounces, is connected to the lever through 
a gimbal, and to it the tape is attached. Provision is made for adjusting 
the position of the spring balance and tape on the lever to suit the height 
of the mark post. The operator, standing on the base plate, applies the 
tension by pulling the lever, and sees by the indication of the spring 
balance that it is maintained. When the tape is strained, the position 
of the forward end graduation is engraved on the plate by means of a 
sharp awl. After carrying forward the tape, the rear end is adjusted to 
coincide with the mark previously made, or its position is also marked 
on the plate, and the gaps or overlaps are measured by a finely divided 
scale. 

The rate of measurement on this system is roughly twice that with 
short, freely suspended wires or tapes, speeds of over a mile an hour being 
occasionally reached. Although excellent results have been obtained, 
the error of marking the plates is naturally greater than can occur in 
the mean of repeated readings of scales against tripod marks, while the 
effect of friction at the supports is an additional source of uncertainty. 

In certain of the British Colonies a number of bases have been measured 
with tapes 300 ft. in length. These tapes have usually been suspended 
in three equal spans of 100 ft. each, the tension of 25 to 30 lb. being 
applied by means of weights hung over the pulleys of the two straining 
trestles, and the end measurements taken to marks on ordinary measuring 
tripods. The supports at the 100 ft. and 200 ft, marks were' the hubs of 
bicycle wheels mounted on brackets which could be slid up and down 
and clamped on poles held by labourers (see Fig. 92). These hubs were 
carefully aligned, both horizontally and vertically, between the tops of 
the measuring tripods. It was found that there was very little friction 
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in the system and the results obtained appeared to be of the same standard 
of accuracy as those obtained with a tape 100 ft. long used in a single span. 

If fairly heavy slopes are encountered, and the tension is applied by 
weights hung over straining trestles, it may be necessary to prevent 
longitudinal movement of the tape by putting small extra weights at the 
upper end of the latter. Otherwise, one end of the tape may be anchored 
or fastened to a straining trestle placed at that end and the weight applied 
at the other. In this case, care should be taken to note in the field book 
whether the tension was applied at the upper or the lower end of the tape. 
If extra weights are applied, their exact amount should also be carefully 
noted. 

Temperature Measurement. The measurement of the actual tempera- 
ture of a wire or tape under field conditions is one of considerable difficulty. 
A close determination is essential when steel tapes are employed, but in 
the case of invar the influence of small errors of thermometry is consider- 
ably reduced by the smallness of the coefficient of expansion. 

The coefficient of expansion of steel tapes is about *0000063 per 1° F., 
or thirty times the mean value of the coefficient for invar, and an uncer- 
tainty of 1° Fahr. in the tape temperature therefore corresponds to an 
uncertainty in distance of 1/160,000. In sunshine the temperature 
indicated by a mercurial thermometer may differ from that of the tape 
by several degrees, and to attain an accuracy of 1 / 500,000 or over, measure- 
ment by steel tape must be executed only when the air and the ground 
are at the same temperature, i.e. in densely cloudy weather or, preferably, 
at night. 

The thermometers used should be read to 0*1° C. or 0*2° F. Probably 
the best type to use is one enclosed in a metal tube or casing in which 
there is a narrow slot running down one side through which the gradua- 
tions can be seen and read. The casing should, if possible, be of very 
similar colour, polish, brightness and capacity for heat to the tape itself. 
Three thermometers are placed at intervals along the tape and they 
should be held close to the tape in an almost horizontal position, but with 
the bulb very slightly lower than the top of the stem.* These thermo- 
meters should be read before and after the measurement of each tape 
length. The measurement of each section of the base should be divided 
equally between rising and falling temperatures to reduce the influence 
of lag in the thermometers caused by volume change in glass lagging 
behind temperature, change. 

All thermometers should be examined at frequent intervals to see 
that there are no broken threads of mercury. 

Errors arising from uncertainty in temperature measurement may, in 
future, be greatly reduced by standardising wires and tapes in terms of 
their electrical resistance instead of at a stated temperature, and by 
observing the resistance during the field measurement. One difficulty 
about this appears to be that of maintaining the constancy of the resistances 
of the standard resistance coils under the varying conditions met with in 

* Some surveyors prefer to use thermometers suspended in a vertical position, but 
experiment appears to indicate that they are more likely to give the correct tempera- 
ture of the tape if suspended in the horizontal position. See Report of Proceedings , 
Conference of Empire Survey Officers, 1935, pages 295 to 325. 
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the field. In Australia this method is being used with steel tapes for 
precise base measurement. 

Measurement by Steel and Brass Wires. In Jaderin’s application of 
the principle of the bimetallic thermometer to flexible apparatus, the 
measurement is made by a steel wire and by one of brass. These are 
25 m. long by 1*5 to 2*6 mm. in diameter, and have end scales 10 cm. 
long divided to millimetres. The wires used in combination are of similar 
diameter, and are nickel plated to ensure the same temperature conditions 
for both. They are freely suspended, one after the other, between movable 
tripods carrying a fine needle against which the scales are read. Tension 
is measured by a spring balance graduated to tenths of a kilogramme 
and read to hundredths by estimation. From the total lengths given 
by the steel and brass wires respectively the temperature effect is elimi- 
nated by the method of page 156. 

Base measurement on this system can be executed in sunshine with as 
great precision as can be attained by the use of steel tapes in densely 
cloudy weather or at night. The method has, however, been superseded 
by the employment of invar. 

Calculation of Length of Base. The final value of a base measurement 
is arrived at from the immediate results of the field work by the application 
of a series of corrections. Most of these corrections are exactly the same 
as those applicable to measurements with steel tapes and have already 
been described in some detail in Vol. I, pages 158-163. 

A number of corrections refer to the apparatus, and aim at the elimina- 
tion of the effects produced by differences between its absolute and 
nominal length and between the field conditions and those of standardisa- 
tion. In measurement by rigid bars, corrections of this class are required 
for absolute length and temperature. In the case of flexible apparatus, 
additional corrections are necessitated by any deviation from the standard 
conditions as to suspension and puli, which govern the form of the curve 
assumed by the wire or tape. The application of these corrections yields 
the distance along the gradients in which the measurement has been 
made. 

The remaining corrections depend upon the vertical and horizontal 
alignment and elevation of the base. The length of each slope must be 
reduced to its horizontal equivalent. A correction for horizontal align- 
ment is required in cases where the location of the base necessitates an 
alignment in plan which deviates from the straight line between the 
terminals. Lastly, the length of the base is reduced to the value it would 
have if projected upon the mean sea level surface. For uniformity, all 
stations in a geodetic survey are considered as projected normally upon 
this surface, and all linear distances are arcs upon it. To obtain the 
projected lengths of all the triangle sides it is sufficient to reduce those of 
the measured bases. 

Corrections are positive or negative according as the uncorrected 
distance is to be increased or decreased. Each section of the base is 
separately corrected, as the degree of consistency obtained in repeated 
measures can be gauged only from the final reduced lengths. 

Correction for Absolute Length. The absolute length of a base measuring 
instrument as obtained in standardising is usually expressed as its 
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nominal length, l, plus or minus a small quantity, c, the value of which 
is given for the temperature of standardisation. If, therefore, the instru- 
ment is laid down n times, the nominal distance, nl, is subject to a correc- 
tion, nc } of the same sign as that of c in the expression for the absolute 
length of the instrument. 

Correction for Temperature. It is usually sufficient to deduce from 
the thermometer readings the average temperature prevailing during the 
measurement of each section and to apply a temperature correction for 
the whole section. If, however, the value of the coefficient of expansion 
of the apparatus varies under change of temperature, it is necessary to 
correct each bar or wire length. Thermometer readings are first corrected 
for scale errors, and it is important in precise work that the coefficient 
of expansion should be known for the particular instruments used, 
instead of adopting average values. 

Let T m = mean temperature during measurement, 

T h = temperature of standardisation, 
a = coefficient of expansion, 

L = measured distance. 

Correction for temperature difference ==. + ~~ T S )L. 

Temperature Correction for Bimetallic Apparatus . 

Let L 8 , L h = distances as computed from the absolute lengths of the steel 
and brass components at standard temperature, 
a 8i a h = coefficients of expansion of the components, 

D » corrected distance, 

T = A, - T x . 

Then D — L s ( 1 + o,,T) — L h { 1 + a b T), 
whence T — ~^r, 

» A — « A 


so 


and D = 


L„L h (a h a s ) 


that correction to result given by steel component == D — L 


, — L h ) 

a b L b 


or, with ample accuracy, == + 


*.(L t -L b ) 


Similarly, correction for brass component = 


Ai) 


Correction for Change of Tension. This correction is required when 
flexible apparatus is subjected in the measurement to a different tension 
from that of standardisation. 


Let F m = tension applied during measurement, 

F s = tension applied during standardisation, 
A = cross-sectional area of wire or tape, 

E = modulus of elasticity of do., 


L = measured distance. 

Correction for change of tension = + — . 

The cross-sectional area is most accurately obtained by weighing the 
wire or tape and dividing the weight by the length times the density. For 
geodetic work, in place of adopting a general value for the modulus of 
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elasticity, it should be determined by subjecting the wire or tape to 
widely different tensions and measuring the change of length with change 
of tension. 

It must be remembered that, if a wire or tape is standardised in cate- 
nary, an alteration in tension will alter the sag correction. In this case, 
the sag correction for the tension used during standardisation should be 
added to the standardised chord length to give the equivalent length on 
the flat. The sag correction for the tension applied during measurement 
may then be subtracted from this result to give the new chord length. 
Alternatively, when (F m — F s ) is small, the new sag correction C m will 
be given by : — 


C m ^C' s ~-2C s x 


(F m -F a ) 
F s •' 


Correction for Sag. This correction represents the difference between 
the actual length of a suspended wire or tape and the chord distance 
between the end graduations when these are at the same level. The 
correction is applicable when the wire or tape is standardised on the fiat 
and suspended during measurement, in which case the value of the correc- 
tion must be known with a precision equivalent to that of standardisation. 
Wires and tapes to be used in single catenary are standardised in terms 
of the chord distance obtained at standard tension, so that no correction 
for sag is necessary. 

Let w = weight of wire per unit length, 

F = applied tension in same unit, 

S = chord length between zeros of wire when suspended, 

L = actual length of wire. 

S z w 2 I?w 2 


Sag correction = (S — L ) 


24J 2 ’ 


or = 


2 


with sufficient approximation if F is not less than 20 wL.* 

If the wire or tape is supported at intermediate points, forming n 

equal bights, the correction becomes ^ times the above or n times the 

sag correction for a single span of length S/n. 

Correction for Index Error of Spring Balance. When tension is measured 
by spring balance, the same instrument should be employed in the field 
measurement as is used in standardising. If not, it is necessary to apply 
an index correction the value of which for horizontal tension differs from 
that for a vertical position of the balance. A balance adjusted to read 
correctly in the vertical position indicates less than the true tension 
when used horizontally. 

Let I = index error when balance is vertical, i.e. reading when 
suspended hook downwards, without load, 

T = reading with balance inverted and suspended from hook, 

IT = total weight of balance, found by weighing, 

I T — / — /' 

then index error for horizontal position = — • , 

I being taken as negative when less than zero. 

* See Appendix II for proof of this formula. 
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The value of the correction for readings taken on a slope is investigated 
by Young in a paper to the Institution of Civil Engineers {Min. Proc., 
Vol. CLXI). 

The indications of spring balances are also influenced to some extent 
by temperature changes. Balances should therefore be subjected at 
the standard tension to different temperatures, and a table of corrections 
prepared. 

Correction for Change of Gravity. When a wire or tape measurement 
is made in a different latitude or at a different elevation from that of the 
place of standardisation, allowance is made in geodetic work for the 
change in the value of g, the acceleration due to gravity. When tension 
is applied by means of suspended weights, the pull they exert and the 
weight of the wire are proportional to g. The form of the catenary 
remains constant, but the wire suffers a small extension or shortening 
by the resulting increase or decrease from the standard tension. If the 
tension is measured by spring balance, it is unaffected by change of g, 
but the weight of the wire is altered, so that in this case increase of g 
causes increase of sag. 

The various formulae which have been proposed to express the variation 
of g over the earth give sufficiently accordant results that any of them 
can be used for the present purpose. The formula of Helmert is 
g = g 0 ( 1 + 0*005302 sin 2 <£), 

where g = the acceleration due to gravity at sea level in latitude <£, 
g 0 — the value at sea level at the equator.* 

The above value of g is subject to various corrections depending upon 
the elevation of the place, the density of the underlying strata, and the 
conformation of the surrounding country. The elevation corrections 
have the values : 


(a) For height above mean sea level, 



(6) For the mass between sea level and the station, + 


where h — elevation of station above mean sea level in ft , 
E — mean radius of the earth = 21 x 10 6 ft. 


In the case of straining by weights, let g ± and g 2 be the respective values 
of gravity, in terms of g 0 , at the places of standardisation and of measure- 
ment. 


Then g ± — £i 
9i 


SF 

F’ 


where SF is the change produced on the nominal tension F. The correc- 
tion is then evaluated by the change of tension formula, and is positive 
or negative according as g 2 is larger or smaller than g v 


* Recent work by J effreys gives for any latitude 

g * 978-049 (1 + 0-0052895 sin 2 </> ~ 0*0000059 sin 3 2 <£), 
where g is in cm./sec. 2 For g in ft./see. 2 the constant 978*049 outside the bracket 

becomes 32*088. 

(See Monthly Notices Royal Astronomical Society 101, No. 1, 1941 ; and Nature , 
No. 3733, Yol. 147, page 613.) 
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Correction for Slope. 

Let lj, l.,, etc. = lengths of successive uniform gradients, 

h u h 2 , etc. = differences of elevation between the ends of each. 

For any gradient of length l and difference of elevation h, 
the slope correction == — (l — ■sj P — A 2 ), 

(h* A* . \ 

= ~ \2i + sf + etc r 

The second term may safely be neglected for slopes flatter than about 
1 in 25. 'With its omission, 

x r , X- 1 A l 2 , W , \ 

total correction = — f + . . . j t 

= — ^ , when the gradients are of uniform length l. 

If the slope is measured in terms of 6, the angle of elevation or depres- 
sion, 

correction = — Z(1 — cos 9) — — 21 sin 2 \9 — — l veraine 6. 

Wires and Tapes in Catenary . — The above slope corrections are strictly 
applicable only to measurements by rigid apparatus, but are also usually 
employed in the case of tapes with frequent supports. For a wire or 
tape suspended in catenary, account should be taken in precise work of 
the deformation of the catenary when the ends are not at the same 
elevation. The development of formulae for this is too lengthy for 
inclusion, and the reader is referred to Prof. Herrrici’s 44 Theory of Tapes 
in Catenary 55 in Ordnance Survey Professional Paper No. 1 . The formula 
obtained by Henri ci for measured differences of elevation is as follows. 

Let S == nominal length of tape or wire, along chord between zeros, 
h = difference of elevation between measuring tripods, 
l = length along catenary between tripod marks, 
a 0 = standardisation correction to nominal length, 
a x = algebraic sum of scale readings, 
a = coefficient of expansion, 

t = excess of field temperature over standard temperature, 

A “ a 0 -f~ Hh SaZ, 

X 3 iv z 

A = apparent shortening due to sag = as before, 

X = required horizontal distance between tripod marks, 

X (> = value of X when h = 0. 

Then X 0 = l — A = S + A, 
andX = X„(l - j^j * 

= (S + A) (i - (g _|_ A _|_ A}2 ) * ; . 

Expanding, and retaining only 4he first powers of A and A, this becomes 
X = S— P + A+ Q + R, 
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where P = S 
Q — A 
R = A 


4 + + 


k « _L k l , 

£ g 6 ‘ 12 ' g $8 ‘ 


(4 


h% + fla + + 


S 2 1 8 S 4 


S 2 ^ 2 S 4 h 8 S 6 A 


& . 


This formula for X gives a result accurate to 1/10,000,000 if g is less 
than A is less than S/1000, and the tension applied exceeds 20 times 


the weight of the tape, and to 1/2,000,000 if-g-is less than and A is less 

than S/1,000, provided the mean tension is constant. 

If angles of slope instead of differences of elevation are measured, the 
sag correction is given by C = — kl, where & is a constant the value of 
which depends on whether the tension used in computing it is that applied 
at the upper or at the lower end of the tape. If the tension F is applied 
at the upper end, 

k = B 2 cos 2 0(1 + B sin 0)/24, 

where B = ^ and 0 is the angle of slope. If the tension F is that applied . 


at the lower end : — 

& == jB 2 cos 2 0(1 — B sin 0)/24, 

It will be noted that, if 0 === 0°, the sag correction assumes the ordinary 
value already given for a tape horizontally suspended. . 

The two tables on the opposite page, taken from the Gold Coast Survey 
Publication Tables for Use in the Department , give the values of h for 
different values of B and for different slopes. In both cases they 
are for a tape standardised on the flat. If the tape has been standardised 
in catenary, the k to be used is obtained by subtracting the value 
tabulated for 0 = 0° from the value tabulated for the observed slope. 
Thus, for B = 12. with tension applied at the upper end and 0 =25°, 
k = — 0*000082 and the correction is + 0*0000822 instead of — 0*0005182. 

All of the above formulae for sag correction are derived on the assump- 
tion that the tape is perfectly flexible ; in other words, there can be no 
shear or bending moment at any part of it. This assumption is not 
strictly true for any tape or wire, as all tapes and wires have a certain 
amount of rigidity. Hotine, however, in his paper on the “ Theory of 
Tape Suspension in Base Measurement ” in the Empire Survey Review , 
Vol. V, No. 31, January 1939, has shown that the rigidity term is given by 

W where 0 is the angle of slope, E is Young’s Modulus of Elasticity 


and I is the moment of inertia of the tape about its neutral axis.* For 


* This paper gives the complete theory of base measurement with wires or tapes 
and it also contains many hints of practical value. For a good account of the 
measurement of a modern base line and of modern base line apparatus see the same 
author’s paper on The East African Arc ” in the Empire Survey Review, Vol. Ill, 
No. 18 . 
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SAG CORRECTION ON A SLOPE 
*ivl> 

If !? = --=. then correction = — hi. 
F 

Table giving Values of k. 


(A) Tension Applied at Upper End of Tape 


B 

! 0° 

5° 

10° 

15° 

20 ° 

25° 

30 ° 

35° 

40° 

0*01 

0*000 004 

f.'.'V' A". ; u .: 

004 

004 

004 

004 

003 

003 

■ 

003 

002 

*02 

017 

017 

016 

016 

015 

014 

013 

012 

010 

■03 

038 

038 

037 

036 

033 

032 

029 

026 

022 

•04 

067 

067 ! 

065 

063 

060 

056 

051 

! 046 

040 

*05 | 

104 

104 

102 

098 

094 

087 

080 

072 

063 

•06 

150 

150 

147 

142 

135 

126 

116 

I 104 

091 

*07 

204 

204 j 

200 

194 

185 

172 

158 

| 142 

125 

•08 

267 

267 : 

262 

254 

242 

227 

208 

187 

165 

*09 | 

338 

338 

332 

323 

307 

288 

265 

239 

210 

*10 | 

■ 417 

417 

411 

399 

381 

357 

328 

, 2.96 

260 

*11 i 

504 

505 

498 

484 

462 

433 

! 399 

359 

317 

*12 ,| 

600 

602 

594 

577 

552 

518 

477 

430 

379 

•13 

704 

707 ! 

698 

679 

649 

610 

562 

508 

448 

*14 i 

817 

821 

811 

790 

756 

711 

655 

592 

522 

0*15 ! 

i 

0*000 938 

943 j 

933 

909 

870 

819 

756 

684 

1 

603 


(B) Tension Applied at Lower End of Tape 


B 

0 ° 

50 i 

10 ° 

15 ° 

20 ° 

25 ° 

30 ° 

35 ° 

40 ° 

0*01 

0-000 004 

004 

004 

004 

004 

003 j 

003 

003 

002 

•02 

017 

017 

016 

016 

015 

014 

012 

011 

010 

*03 

038 

03S 

036 

035 

033 

031 

028 

025 

022 

*04 

067 

066 

064 

062 

058 

i 054 

049 

| 044 

038 

•05 

104 

103 

100 

096 

090 

■ 084 

076 

| 068 

| 059 

*06 

150 I 

148 

144 

138 

130 

120 

109 

! 097 

085 

•07 

204 i 

201 

196 

187 

176 

1 163 

! '148 

131 

114 

*08 

267 ; 

263 

255 

244 

229 

212 

192 

171 

148 

*09 

338 j 

333 

322 

308 

289 

267 

: 242 

215 

187 

•10 

417 

410 

397 

379 

355 

328 

297 

264 

229 

*11 

504 

495 

480 

457 

428 

395 

357 

317 

275 

*12 

600 

589 

570 

542 

508 

468 

423 

375 

325 

*13 

704 

691 

668 

1 635 

594 

546 

494 

437 

379 

*14 

817 

801 

t 773 

1 735 

687 

631 

; 570 

504 

436 

0*15 

10*000 938 

919 

886 

841 

785 

722 

650 

575 

497 


Note. The length obtained by using the above table or the original formula is 
the length of the inclined chord between the end marks of the tape. Slope 
correction must then be applied to this chord length in the ordinary way. 
p. & g. s. v a 
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all ordinary tapes or wires, such as are used in base measurement, this term 
is negligible. 

It has also been found that, with the ordinary tape used in base measure- 
ment, the total sag correction for a tape supported in n equal spans is 
equal to n times the sag correction for a single span as computed by the 
ordinary formula. 

Correction for Inclination of End Readings . If the graduations are 
etched on the tape itself, the end scales will be inclined to the horizontal 
when the tape is suspended in catenary since the end of the tape itself is 
inclined to the horizontal. This inclination is given by : — 

wl 


tan^ 


or, since 4> is small, 


'2 F 

wl 
: 2F 


Hence, if E denotes summation so that Er is the algebraic sum of the end 
readings, the correction to be applied to these readings is : — 

— Er{ 1 — cos <£)=:— Er{l — 1 + • • •) 

„ 4 > 2 

= — Er 

2 

Taken over a whole section or a whole base, the quantity Er is usually 
very small and this correction is often neglected. It should, however, be 
taken into account when tapes are being standardised in catenary, and it is 
just as -well to compute it, and, if necessary, apply it in other cases as well. 

Correction for Horizontal Alignment. ' In the exceptional case where 
the base must be aligned as a series of two or more courses of different 
bearings, the distance between the terminals falls to be computed as for 
a traverse survey. The deviation from straight alignment is usually 
small, and the formulae for slope correction are applic- 
able if l represents the length of any course, 0, the 
angle it makes with the straight line between ter- 
minals, or h } the difference between the offsets from 
that line to the ends of the course. 

Reduction to Mean Sea Level. The profile of the 
measurement must be referred to mean sea level, and 
the mean elevation of the base deduced. 

Let R == measured length of base, 

h = length reduced to mean sea level, 

H s== average elevation of base, 

R = radius of earth in latitude and azimuth 
of base. 

Prom Fig. 63, b = B g - jt— , 
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or correction (b — B) = — B - — = or = 

ti U 


B -zz, since H is small 
K 


compared with R. 

R is commonly taken as the mean radius of the earth. 


Probable Error of Base Measurement. The probable error of measure- 
ments with a long steel tape has been fully discussed in Vol. I, pages 169- 
174, and the methods and arguments there described are very similar 
to those that are applicable to the calculation of the probable error of 
the measurement of a base line. The principal difference, perhaps, is that, 
in a base measurement with invar tapes or wires, the effects of constant 
and cumulative errors are far more thoroughly eliminated than they are 
in the case of ordinary measurements with a long steel tape. Hence, in 
base measurement the principal errors affecting the observations are 
almost entirely of the accidental type and we can therefore assume that 
the probable error of the final result is the square root of the sum of the 
squares of the probable errors of the individual operations which can 
appreciably influence the result. To take the case of a wire or tape 
measurement, the following errors require recognition and investiga- 
tion, . , 

Errors in Standardisation : (a) Probable error of prototype bar, as 
compared with the original international metre standard. 

(b) Probable error of mural base at standards laboratory, as derived 
from prototype. 

(c) Probable error of standardising reference wires on mural base. 

(d) Probable error of values of coefficient of expansion of reference 
and field wires. 

(e) Probable error in estimation of length of reference wires at dates 

of comparison with field wires arising, particularly in the case of invar, 
from molecular change. . ■ 

(/ ) Probable error of comparison of field wires with reference wires. 

Errors in Measurement : (g) Probable error of measurement of differ- 
ences in level of supports. 

(h) Probable error in reading scales. 

(i) Probable errors of tension or of change in -weight of wire due to 
adhesion of dirt, making the catenary assumed during measurement 
differ from that at comparison. 

(j) Probable error of temperature measurement. 

(k) Probable error in value of mean elevation of base, affecting reduc- 
tion to mean sea level. 

To estimate the final probable error of a measurement, that contributed 
by each of the above sources is separately worked out for the whole base. 
r The probable errors of standardisation operate as constant errors, and 
are proportional to the length of the base. The data required for the 
evaluation of the total probable errors from a , b , c, and d are obtained 
from the standards office. The effect of d for the reference wires is propor- 
tional to the difference between the standard temperature and the mean 
temperature of the field comparisons, and in the case of the field wires 
depends upon the difference between the latter temperature and that 
during the base measurement. The value of e can only be roughly esti- 
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mated, while that of / is obtained by the usual method of evaluating 
probable error from the results of repeated observations (page 247). 

The combined effect of all purely accidental errors of measurement, 
such as g and h, is obtained in the same manner for each section by its 
repeated measurement, and the probable error for the whole base from this 
source is the square root of the sum of the squares of the probable errors 
of the several sections. Error i is non-compensating, but allowance for 
it is unlikely to be required if the same straining apparatus is used for 
standardisations as in the field measurement. The value of j cannot be 
exactly assessed. Error k is obtained from the probable error of the 
value taken for the elevation of the reference datum and of the levelling 
between the bench mark and the base. 

As indicating the relative magnitudes of the errors, those of the Semliki base in 
Uganda may be quoted.* This base was measured in 1908 with the Gutllaume- 
Carpentier apparatus, and the reduced length is 16,532-37644 m. The individual 
probable errors for the whole base are in millimetres : — a — ± 1‘65 ; b — ± 6-S9 ; 
c=±3*59; d = ±8-06; £=± 6-365; /=±1-S7S; g + h = ± 4*511 ; 

j = ± 3-746 ; k = ± 4-03. Errors c, d, and e are for the mean of three reference 
wires, and / is for three field wires used in combinations of two. The mean tempera- 
ture during measurement happened to be the same as that of the comparisons, so 
that no account had to be taken in d of errors in the coefficient- of expansion of the 
field wires. 

The probable error of the result is therefore = ± 's/ 1-65 2 ± 6-89 2 4 etc. 

= ± W-92 mm. 

Ail example of a somewhat similar calculation — that of the estimated 
probable error of the length of a traverse line as measured with an invar 
tape — is given on page 220. 

ANGLE MEASUREMENT 

Instruments. Considerable variety exists in the forms of theodolites 
for precise work, but they do not differ materially in essentials from the 
patterns used in ordinary surveying. In the early days of geodetic 
surveying the required refinement of reading was secured by the use of 
large circles, the great theodolite of the Ordnance Survey having a 
diameter of 36 in. Modern improvements in graduating engines enable 
as good work to be done with much smaller instruments. For first-order 
triangulation the usual sizes for theodolites of the ordinary micrometer 
type with silver circles are now 10 in. and 12 in., with 5 in. to 8 in. instru- 
ments for second-order work, but more recently the tendency has been 
to replace, this type of theodolite by others of the double reading type, 
such as the Wild and Tavistock; The horizontal circles of the large 
geodetic types of Wild and Tavistock theodolites are made of glass 
and are only in. and 5 in. diameter respectively ; the corresponding 
vertical circles, also made of glass, are 3 -A- in. and 2| in. 

A high standard of workmanship is required throughout primary 
instruments. The telescope must be of the best quality, particularly as 
regards definition, and should be of sufficient magnifying power that the 

* “ Report of the Measurement of an Are of Meridian in Uganda,” Vol. 1. Colonial 
Survey Committee, 1913. 
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refinement of pointing may not be inferior to that with which the circle 
can be read. Several eyepieces are provided, and the magnifying power 
usually ranges from about 30 to 80, the aperture of the objective being 
2| in. to 3 in. An eyepiece micrometer is commonly fitted for use in 
making signal bisections by means of the movable vertical hair. By 
turning the micrometer into the vertical position, it is made available 
for the measurement of small vertical angles. To illuminate the field 
for night work, a small electric light, the intensity of which is under 
control, is attached to one of the standards, and the rays are projected 
through a lens in the hollow trunnion axis on to a very small mirror 
which reflects them to the hairs. The electrical equipment of modern 
instruments also provides for the electrical illumination of the graduations 
in the field of view of the micrometers on the horizontal and vertical 
circles, and, when an instrument is so equipped, it is advisable to use this 
Illumination for daylight as well as for night observations. 

In the pages which follow we shall first of all describe the ordinary 
micrometer type of geodetic theodolite and its adjustments and then 
the double reading type of which the large Wild and the geodetic 
Tavistock are prototypes. 

Geodetic Theodolites of the Ordinary Micrometer Type. In this type of 
theodolite the circle is usually divided to 5 min., and is read by equi- 
distant micrometers to 0-1 sec. by estimation. For reading the large 
circles formerly used, five micrometers were fitted, but two or three is the 
usual number on 8-in. to 12 -in. theodolites, and two on smaller instru- 
ments. A pointer microscope is provided for reading the figures. The 
vertical circle may he of the same diameter as the horizontal circle, or 
may be much smaller and intended merely for use in finding signals or 
for setting approximately on a known vertical angle. In some foreign 
patterns it is omitted altogether. When the vertical circle is read by 
micrometers with a refinement similar to that for horizontal angles, the 
instrument is adapted for astronomical observation and may be distin- 
guished by the name, altazimuth instrument. 

Plate levels are fitted as in smaller theodolites, but the final levelling 
is performed by means of a striding level placed on the horizontal axis. 
The sensitiveness of this level is not less than 2 sec. per division, and 
should be ascertained either on a level trier (Vol. I, page 37) or by placing 
the level longitudinally on the telescope and measuring a small vertical 
angle or by the <e Wisconsin method ” (page 69). Centering is j>erformed 
either by plumb bob or by means of a nadiral or look-down telescope, 
which can be screwed into the horizontal plate. Such a telescope is 
particularly useful on elevated scaffolds. The weight of large theodolites 
necessitates the piovision of a stout lifting ring by which they can be 
handled without danger of overstrain. 

The instrument illustrated in Fig. 64 is by Messrs. E. R. Watts and 
Son, Ltd., London, and was constructed for the Ordnance Survey for 
use on the test triangulation in Scotland. 

The horizontal circle is of 12 in. diameter, and is entirely protected 
from dust. It is graduated to 5 min., and is read by three micrometers 
to single seconds directly and to 0*1 sec. by estimation. The micrometers 
and a pointer microscope are carried by a single casting. The vertical 
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Fig. 64 . Ordnance Survey Geodetic Theodolite. 

The telescope, which transits both ways, has an objective of 24 in. 
focal length and 3 in. aperture. It is fitted with an eyepiece micrometer, 
and the powers of the eyepieces range from 40 to 80. The field of view is 
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illuminated electrically from either end of the trunnion axis. The attach- 
ment shown at the left side is designed to verify the cylindrical form of 


Fin. 65 . Canadian Survey Geodetic Theodolite. 

the pivots. The striding level has a sensitiveness of 1*25 sec. per 0*/ in. 
division. 

For the accurate centering of the instrument over a station, a nadiral 
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telescope, having an objective of about 8 in. focal length, is screwed 
into the upper horizontal plate. Centering is effected by bringing the 
line of sight of this telescope upon the station mark by means of three 
radial screws operating upon the lower base plate.' A strong circular 
leather-covered lifting handle is fitted to the tribrach plate. 

Fig. 65 illustrates the instrument adopted by the Canadian Govern- 
ment Geodetic Survey and manufactured by Messrs. Watts. The hori- 
zontal circle is of 12 in. diameter, and is graduated and read in the same 
manner as in the foregoing example The setting circles are of 4 in. 
diameter and read to 1 min. The telescope is non-transiting. The objec- 
tive has a focal length of 18J in. and an aperture of 3|- in. An eyepiece 
micrometer is fitted, and the powers of the eyepieces range from 36 to 72. 

Adjustments of the Theodolite. The adjustment of a precise theodolite 
does not differ materially from that of smaller instruments, but advantage 
is taken of the striding level, for horizontal axis adjustment. The adjust- 
ments pertaining to horizontal angle measurement are : 

1. Plate level adjustment. 

2. Striding level adjustment. 

3. Horizontal axis adjustment. 

4. Collimation adjustment. 

5. Micrometer adjustments. 

Adjustment of the Plate Levels. Unless the sights are nearly horizontal, 
these levels should be employed only in the approximate levelling of the 
instrument, and are subordhiate to the striding level. Their adjustment 
is performed as described in Vol. I, page 92. 

Adjustment of the Striding Level. Object. To make the level axis 
parallel to its supports. The V-shaped foot of either leg of the level 
affords two points of support, and the level axis is required to be parallel 
to the line joining the points midway between these two points in each V. 
Two steps are necessary : A, to make the level axis coplanar with this 
line ; B, to place them parallel. 

Necessity. To enable the striding level to indicate the horizontally 
or otherwise of the horizontal axis. 

A ; Test 1. Set the striding level upon the horizontal axis, and level 
the instrument approximately. 

2. Incline the level a little to one side or the other of the vertical plane 
containing it. If the bubble remains in a constant position, the level is in 
lateral adjustment. 

Adjustment. If not, by means of the lateral controlling screw adjust 
the level until the test is fulfilled. 

B : Test 1. Level the instrument by reference to the plate levels. 

2. Place the striding level on the horizontal axis, and centre the bubble 
exactly by the levelling screws. 

3. Remove the striding level, and carefully replace it end for end. 
If the bubble remains central, the level is in longitudinal adjustment. 

Adjustment 1. If not, bring the bubble halfway back by means of 
thq adjusting screws controlling the tube vertically. * 

2. Relevel by the foot screws, and repeat until the test is satisfied. 
Adjustment of the Horizontal Axis. Object and Necessity. As for the 
engineer’s transit theodolite (Vol. I, page 96). 
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Test. 1. Adjust the foot screws until the striding level maintains a 
constant position while the instrument is swung through 180° in azimuth. 
The vertical axis is now truly vertical. 

2. If the bubble is central, the horizontal axis is correct, since the 
striding level is in adjustment. 

Adjustment. 1. If not, bring the bubble half-way back by means of 
the screws controlling the trunnion support in one standard. 

2. Relevel, and repeat until the test is fulfilled. # 

Note. If the error is small, it may be left, as its effect is eliminated by change 
of face, and in observations unbalanced as regards change of face the error can be 
corrected out from the reading of the striding level. Provision for making the 
adjustment is sometimes omitted in precise theodolites as in smaller instruments. 

Adjustment of the Collimation Line. This adjustment is performed as 
for the engineer’s transit theodolite, except that the test sights should 
be as long as possible. If the telescope does not transit, reversal must 
be made by removing the axis from the standards and replacing with the 
telescope end for end. 

Micrometers. The essential features of the mi crometer microscope 
have been described in Vol. I, page 72. Those fitted on precise theodolites 
are required to carry the subdivision to single seconds, and the magnifying 
power of the microscope must be sufficient to justify estimation of the 
readings to 0*1 sec. The circle is usually divided to 5 min., and the pitch 
of the micrometer screw is such that five turns are required to move the 
hairs from one graduation to the next. The micrometer drum is divided 
into sixty parts, which therefore represent single seconds. For convenience 
in keeping count of the number of complete turns, there is provided a 
fixed comb scale, the teeth of which have the same pitch as the screw, 
so that one turn moves the hairs from the centre of one notch to that of 
the next. The centre notch is distinguished from the others, by greater 
depth or otherwise, and corresponds to the single notch in small instru- 
ments in approximately marking the position of the zero line. 

The appearance presented through the microscope is shown in Fig. 66. 
The hairs are shown 
centered over gradua- 
tion 144° 10', which 
is the approximate 
reading since the centre 
notch lies between 144° 

10' and 144° 15'. As- 
suming the hairs have 
been moved from the 
centre notch to this 
position, they have 
passed two notches, but 

have not reached the centre of the third. The micrometer reading is there- 
fore 2 min. plus the number of seconds recorded on the drum, the 
complete reading being 

144° 10' + 2' + 48"* 0 = 144° 12' 48"-0. 

Notes. (1) In the reading of the comb scale, single minutes are reckoned by 
the number of spaces from hollow to hollow, and not from crest to crest of the 
notches. The number of spaces to be counted is always that between the centre 
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notch and the preceding graduation, representing the approximate reading, irre- 
spective of the fact that the hairs may be centered over the following graduation. 
If the hairs appear to lie centrally in a notch, the drum reading shows whether they 
have reached the centre or passed it. 

(2) The utmost delicacy is required in manipulation, and strict attention must 
be paid to the precautions given in Vol. I, page 74, notes 3, 4, and 5. 

Run of the Micrometer* The condition, hitherto assumed, that an 
exact plumber of turns of the screw should carry the hairs precisely from 
one graduation to the next, can be only approximately realised. If, on 
moving the hairs across a circle space, the drum registers a different 
reading after the movement from that at starting, the discrepancy between 
the micrometer measurement of the space and its nominal value is termed 
the run of the micrometer. When run is present, the value of a fractional 
part of the circle division is not correctly given either by the back or the 
forward reading, viz . the respective readings obtained by setting the hairs 
on the graduation last passed by the zero line and on the graduation in 
advance of it. Since the drum reading decreases as the hairs are moved 
from left to right, the forward reading is less than the back reading when 
more than five turns are required to move the hairs across the space. 
The micrometer is then said to overrun, or the run is positive : otherwise 
it is negative. 

Apart from errors of observation and manipulation, many factors 
contribute to the existence and variation of run. The circle spaces are 
not themselves equal on account of imperfect graduation, unequal 
temperature, or mechanical strain. Again, while the distances between 
the circle and the microscope objective and between the objective and 
the hairs should be such as to make the length of the real image of a circle 
division exactly five times the pitch of the screw, these distances are 
subject to variation under change of temperature, and the former is also 
affected by eccentricity. Means are provided for adjusting the microscope 
to eliminate run, but with high power microscopes the perfecting of the 
adjustment is a delicate operation. Since the run does not preserve a 
constant value, all that can be done is to limit the error to a few seconds. 
The influence of this residual error on the measurement of a fractional 
part of a circle division is then eliminated by applying a correction. 

Correction for Run. If for each observation both the back and forward 
micrometer readings are noted, the value of the run is known for the 
particular division used and under the prevailing temperature conditions. 
The amount of correction corresponding to the position of the zero line 
between the graduations can then be obtained as follows. 

Let D = the nominal value of the circle division, i.e. its mean value for 
the whole circle, = 300" in the usual case ; 
b = the back reading, i.e, the micrometer measurement of the arc 
between the zero line and the graduation last passed by it, as 
obtained by setting the hairs on that graduation ; 

/ = the forward reading, i.e. the micrometer measurement of the 
same arc, as obtained by setting the hairs on the graduation 
in front of the zero line : 



r = the run developed in D, == (6 — /) 
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D x — the micrometer measurement of D, = (D + r) ; 

M = the corrected micrometer reading to be applied to the approxi- 
mate reading. 

It is to be assumed that the effect of all errors causing run is to displace 
the back and forward graduations by equal amounts and in contrary 

directions. For positive run the image of a division is too long by ~ on 

either side of its centre line, and the corrected micrometer reading must 
be less than b and more than /. Negative run produces the opposite 
effect. Distances on the actual image bear the same ratio to D x as their 
correct equivalents should bear to Z>, so that 


' M 
b 

whence M 


D 

b£ 

& i 


or correction to b = 
M is commonly obtained from m, 
and since m = 


hr 

?{- 

b+f 
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r 

2 * 



; m _|_ _ ^ with ample precision, 

2 JD 


or correction to m 



The correction has the same sign as the run for values of m up to 
2' 30" and the opposite sign for values between 2' 30" and 5'. Its value 
may be tabulated * for various values of r and m. In making the reduc- 
tions, it is unnecessary to correct each micrometer reading. The back and 
forward readings of all micrometers are noted and the mean back reading 
and the mean forward reading obtained. From the mean of these means 
and the mean run the correction is evaluated for each pointing. 
Adjustments of the Micrometer, These are : 

1. Adjustment of the entire microscope to place the image of the 
graduations across the middle of the field of view. 

2. Adjustment of the zero line. 

3. Adjustment for run. 

There may be no means of making the first adjustment, but if the 
bracket carrying the microscope is controlled by adjusting screws, the 
method will be apparent. 

Adjustment of the Zero Line. Object . To place the zero lines of the 
several microscopes at the desired intervals, and to make the hairs lie 
centrally in the middle notch when in the zero position. 

* See Davidson, “ The Run of the Micrometer/’ United States Coast and Geodetic 
Survey Report, 1884, Appendix No, 8 or “ Geodetic Survey of South Africa,” VoL I, 
Cape Colony and Natal, 1882, 
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Necessity . It is not essential that the intervals between the micro- 
scopes should be exactly equal, but it is convenient in recording that the 
discrepancies should be small The adjustment is usually only necessary 
when new hairs have been fixed. The comb scale may then require 
adjustment to make the reference notch coincide with the hairs when 
they are brought to the zero position. 

Test. 1. For equidistance, set the hairs of one micrometer in the zero 
position, and bring a circle graduation centrally between them. 

2. See if the corresponding graduations fall on the zeros of the other 
micrometers. 

Adjustment. 1. If not, by means of the screw at the side of the box 
opposite the drum (VoL I, Fig. 64) move the comb scale until the centre 
of the index notch coincides with the image of the graduation. 

2. Centre the hairs on the graduation. 

3. Slacken the screw holding the milled head at the drum, and turn 
the drum until it reads zero, without rotating the micrometer screw. 
Finally, tighten the head. 

Note. In some instruments there is provision for moving bodily all but one of 
the micrometers in a circumferential direction. The greater part of an error of 
spacing may be thus removed, and the remainder is eliminated as above. 

Adjustment for Run. Object. To eliminate run as far as possible. 

Necessity. As the effect of run can be corrected out in the reduction, 
it is sufficient for the most refined work that its value for a 5' space 
should not exceed 2" or 3", so that no appreciable error can be introduced 
in the correction by assuming that the error is developed at a uniform 
rate. It is, however, convenient to have the run adjusted down so 
that the mean of the back and forward readings, or, in low grade work, 
the back or forward reading alone, may be used without correction. 

Test. 1. Focus the eyepiece for distinct vision of the hairs. 

2. Move the hairs across a division, and note the amount and sign of 
the run. 

Adjustment. 1. If the run is positive (negative), the image is too large 
(small). Release the clamping ring of the objective cell, and move the 
objective towards (away from) the hairs. 

2. The image is now decreased (increased), but does not lie in the 
plane of the hairs. Eliminate the resulting parallax by moving the whole 
microscope in its collar away from (towards) the circle. 

3. Again take the run, and repeat the adjustment as often as necessary. 

Notes. (1) Since the micrometer reading for each pointing is obtained as the 
mean of the readings of all micrometers, it is usual to adjust for the mean run. 
Instead of adjusting each micrometer, the run of one of them is made equal and 
opposite to the sum of the runs of the others. 

(2) The elimination of parallax must be regarded as an essential feature of the 
adjustment, as its presence makes accurate reading impossible. 

(3) The hairs must be left parallel to the graduation lines. 

Double Reading Geodetic Theodolites. The 4 4 double reading theo- 
dolite,” with optical micrometer, was originally the invention of the 
late H. Wild when he was still an employee of the German firm of Zeiss. 
The first instruments were made by Zeiss to his design, but, in 1921, 
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he left. Zeiss and moved to Heerbrugg in Switzerland, where he started 
the manufacture of the instrument that now hears his name. 

At present two instruments of the double reading type which are suitable 
for primary geodetic work are on the market, the one being the large Wild, 
manufactured by Wild in his works at Heerbrugg, and the other the large 
Tavistock, manufactured by Messrs. Cooke, Troughton & Simms at 
York. In both these instruments the graduated circles are made of 
glass with the graduations etched on the glass. The great advantage of 
these glass circles as compared with ordinary silvered ones is that the 
graduations are very much finer than any that can be made on silver 
and this makes it possible to use a higher magnification in the micro- 
meters. They are also less affected by temperature changes, but, for use 
in the tropics, they have the disadvantage that they are liable to attack 
by “ fungus ” (Vol. I, page 34). 

Other advantages of the direct reading as compared with the older 
types of theodolites are : — 

1. They are much smaller and lighter. 

2. All readings can be made from the same side of the instrument 
facing the eye end of the telescope and there is no need for the observer 
to move his position or to walk round the instrument to read the different 
micrometers and levels. 

3. The two diameters of a circle, 180° apart, can be brought together 
or slightly separated and viewed simultaneously in a single eyepiece. 

4. The micrometers are so designed that a single reading gives the 
mean of the readings at diametrically opposite parts of the circle. 

5. The illumination is brilliantly and evenly spread over the field of 
view of the micrometers and illumination for night observation is easily 
provided. 

6. The instrument can be made watertight and dustproof more 
easily than the ordinary instrument. 

The Optical Micrometer. The characteristic feature of the double 
reading theodolite is that, by means of a system of prisms or mirrors, 
the graduations of diametrically opposite sides of the circle are brought 
into the same field of view, and can be read in a single microscope, so 
that it is unnecessary for the surveyor to move from one side of the 
instrument to the other when taking his observations* The observed 
reading is then the arithmetical mean of the readings which would 
otherwise be obtained by using two micrometers 180° apart. In this way, 
errors due to eccentricity of the circle are automatically eliminated. 

In Fig. 67 the numbers 64, 65, 66 and 67 represent graduations on 
the upper part of the circle, as seen through a small window above the 
circle.* Above these are the images of the graduations of the lower and 
diametrically opposite part of the circle when these have been reflected 
to appear in the same field of view as the others. The vertical line with 
arrows is an index line with reference to which the observations are 
made. 

* Note that the figure is drawn for the case of the Zeiss and Wiid theodolites 
where the opposite graduations appear in the reflected images to run or increase in 
opposite directions. In the Tavistock theodolite the graduations on the reflected 
images appear to run or increase in the same direction. 
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In the upper part of the figure the graduation 65° fails short of the 
index line by an amount x, and, in the lower part of the figure, 245° 
falls short of the index line by an amount y. If the lower reading 

were taken by means of a second 



Fig. 67. 


micrometer, the observed mean 
angle would be taken as 65° + 

3* _L y 

— J .— r ; where d is the distance 
2d 

between successive graduations on 
the circle. As the outer gradua- 
tions and figures in the upper 
part of the figure are mirror 
images of those in the lower, the 
245° graduation in the upper part 
also falls short of the index line 
by the amount y. Hence, the 

reading is still 65° + ~~~~ = 

65° + ^ where 2 = x + y is the 

distance between the 65° and 245° 
graduations as seen through the 
window in the upper part of the 
figure. 


It will be noted that, if we imagine the outer graduations to move to 
the left, the 246° and 66°, and the 247° and 67°, graduations have passed 
each other but the 244° and 245° have not passed the 64° and 65° marks. 
Fig. 68 (a) shows a circle graduated to 20'. The distance between the 


30° 40' and 210° 40' graduations is seen to be 0*8 of the length of a 20' 


interval. Hence, reading 


40' + °' 8 * - ° = 30° 48'. Alterna- 


tively, the distance between the 30° and the 210° graduations is seen 



< a > Fro. 68. tb> 

to be 1-6 times the distance between two successive degree divisions. 
Hence, the reading is 30° + ■ ■ ■ 6 * 6 - = 30° 48'. Similarly, in Fig. 68 (b) 
the distance between the 125° 10' and 305° 10' graduations is seen to be 

1-3 times a 10' interval. The reading is consequently 125° 10' + 13 * 10 

= 125° 16-5'. 
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It will also be noticed that the index line, shown in the figure by a 
vertical line with double arrows, acts as little more than a guide to obtain 
the coarser reading. The finer measurements depend solely on the 
variable distance between two graduations on the opposing scales and 
not on any measurement made to the index line. Various types of optical 
micrometers differ mainly in the means adopted to measure the distance 
between the relevant graduation marks. In the case of the Zeiss Universal 
and the Wild smaller and larger theodolites this distance is measured 
by the amount of movement necessary to bring the images of the dia- 
metrically opposite graduations into coincidence, and this method is 
also used in the Casella double reading theodolite (Vol. I, pages 78 
and 76).* In the case of the Tavistock theodolite, both small and 
large models, the images of opposing graduations are not brought into 
coincidence but so that they lie on either side of, and equidistant 
from, an index line which appears in a small window in the field of 
view of the microscope. In all these cases the finer readings are 
measured on the drum of the micrometer which imparts the necessary 
motion to the images of the graduations, an image of part of the 
circumference of this drum also being seen in the field of view of the 
microscope. 

In the Zeiss Universal and Wild theodolites the two images of the 
circle graduations are made to coincide by means of equal and opposite 
displacements of the rays from opposite sides of 
the circle as they pass through two parallel plate 
micrometers (page 360). The rotations of the 
micrometers in opposing directions are combined 
in a single motion which is read on a drum, an 
image of which appears in the field of view of 
the microscope, either above the image of the 
graduations in the case of the Wild or below it 
in the case of the Zeiss. Fig. 69 shows the 
appearance of the images in the microscope of Fig. 69 . 

the Zeiss instrument, the reading in this case 

being 358° 21' 55"* 7. The appearance of the images in the large Wild 
instrument is shown in Fig. 72, page 179. 

In the Tavistock theodolite, the line of separation between the opposite 
graduations is parallel to the graduations themselves, instead of being at 
right angles to them, as in the case of the Wild and Zeiss instruments. 
Also, the images of the diametrically opposite graduations are such that 
the latter appear to run or increase, and when the milled head of the 
micrometer is turned, to move together, in the same direction and the 
reading is taken when these graduations appear to be equally spaced on 
either side of a fixed index line. The motion is controlled by two 
travelling prisms which are mounted on a single frame, the motion of 
the frame being measured by the graduations on a glass drum, an image 
of which appears in a small window in the field of view of the microscope. 

* The Casella and SSeiss Universal as well as the smaller models of the Wild and 
Tavistock theodolites are only suitable for use on minor triangulation or on precise 
traversing. For primary triangulation for geodetic purposes the instruments now 
generally used are the larger Wild or the geodetic Tavistock. 
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88° marks. As the screw which operates the micrometer has not been 
touched, the reading in window 2 will still be zero. In window 3 either 
no graduations will appear at all or else they will be unequally disposed 
about the index mark as in Fig. 70 (b). 

Let the milled head which works the micrometer now be rotated until 
the index line in window 3 appears to come in the middle of the space 
between two graduations. The appearance will be as shown in Fig. 70 (c). 
The pointer in window 2 now reads 6' 58"* 5, while the pointer in window 
1 reads 87° 50'. The complete reading is therefore 87° 56' 58"* 5. 

From the system of reading adopted it will be seen that the reading 
of the 88° graduation in Fig. 70 (b) may be considered to be referred to 
an imaginary index graduations to the left of the centre of the black 
index line in window 3, and the 268° reading to an imaginary index \l 
graduations to the right of the centre of the black index line. Hence, 
if & be the distance, in scale graduations, of the 88° mark to its imaginary 
index, and y the distance, in scale graduations, of the 268° mark to its 
imaginary index, the mean reading referred to the centre of the black 
index line in the window will be : — 

*(88° + a +1+ 88° + V -|) = 88° + 

where x and y are very nearly equal in value. The function of the micro- 
meter is therefore to measure the interval \{x + y). As the readings of 
the graduations on the circle itself are referred to the pointer in window 1, 
the reading to be taken is 87° 50' + b(x -f~ y). 

The relative positions of the windows and circle and micrometer 
divisions are also shown in Fig. 75 (a), and, although this particular 
diagram has been drawn to illustrate the arrangement on the small 
Tavistock theodolite, the principle is the same for the geodetic model, 
the only difference being a 10' instead of a 20' interval between the 
graduations on the horizontal circle, and the micrometer shown on the 
larger instrument is graduated to half instead of one second intervals. 

The Wild Precise Theodolite for Primary Triangulation. This instru- 
ment, considering the accuracy of its readings, is remarkable for its 
lightness, the theodolite itself weighing only 22§ lbs. and the special- 
metal carrying case 12| lbs. Both circles are made of glass, the horizontal 
circle being 5| in, diameter and the vertical circle 3 X \- in. The graduation 
interval of the horizontal circle is 4' and of the vertical circle 8', readings 
being made on the optical micrometer direct to 0"*2 and by estimation 
to 0"*02. The reading microscope for reading both circles is placed along- 
side and parallel to the telescope. This telescope has an effective aperture 
of 2*4 in., is 10J in. long, and is of the internal focusing type. Three 
eyepieces, giving magnifications of 24, 30 and 40 diameters, are provided 
with the instrument, the magnification ordinarily used being 30 diameters. 
Fig. 71 shows the general appearance of the instrument. 

Illumination of the circles is provided by light reflected through two 
small prisms, one for illuminating the horizontal and the other for illu- 
minating the vertical circle. Electrical illumination is also obtainable 
if desired. This includes illumination of the horizontal and vertical 
circles, the diaphragm of the telescope and the altitude level. This level 


178 


PLANE AND GEODETIC SURVEYING 


is read through one of two prisms, one of which faces the observer in 
either the face right or face left positions. 

The optical arrangements of this model are very similar to those of the 

Wild Universal Theodolite which are 



ivj;' 


Fig. 71 . Wild Precise Theo- 
dolite for Primary Trian 
gelation. J Actual size. 


described in Vol. I, pages 77-78. 

The micrometers for reading the hori- 
zontal and vertical circles are both viewed 
in the same eyepiece which lies at the 
side of the telescope and is clearly seen 
in the illustration. To view the horizontal 
circle reading, an “ inverter 5> knob, 
which is to be found on one standard, is 
turned in a clockwise direction ; to view 
the vertical circle reading, this knob is 
turned in the reverse direction. Two 
windows will be seen in the field of view 
of the microscope. In the top window, 
the graduations of opposite parts of the 
circle are seen separated by a horizontal 
line, a vertical line in the bottom half of 
the window serving as an index from 
which the “ coarse JS readings are taken. 
As a general rule, the two sets of gradua- 
tions do not coincide. To read the 
micrometer, the top knurled knob on the 
standard which does not carry the altitude 
level is turned so that the two sets of 
graduations appear to approach one 
another. Movement is continued until 
equivalent graduations in the top -window 
are brought into coincidence. The seconds 
readings will then be given by the scale 
and pointer in the lower window. 


When the graduations in the upper window are in coincidence, the 
'pointer in that window will either coincide with the graduation marks 
or will come half way between them. In the former case, the minutes 
are read direct from the 4' division which coincides with the index mark ; 
in the latter case, 2' must be added to the nearest 4' division lying to the 
left of the index mark. The reading on the seconds scale in the bottom 
window is one half of the proper reading. Accordingly, the number of 
seconds which arc read on this scale must be doubled, or, better still, 
opposite graduations in the upper window should be brought into coinci- 
dence twice and the two readings on the seconds scale added together. 

The method of reading the micrometer of the horizontal circle will be 
clearly understood from Fig. 72. In (a) the index in the upper window 
in the right-hand figure coincides with the graduation 166° 40' and this 
figure therefore represents the coarse reading. The opposite graduations 
were twice brought into coincidence, the first reading on the seconds 
scale in the lower window being 39"* 34 and the second reading 39"*39. 
Hence, the reading to be taken is 166° 40' + 39"* 34 + 39"* 39 = 
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106° 41' 18"* 73. In Fig. 72 (h) the index mark comes half way between 
the 83° 28' and 83° 32' divisions so that the coarse reading is 83° 30'. 
The two readings on the seconds scale were 45"* 56 and 45"* 50. Hence, 
the reading on the circle is 83° 31' 31"*06. 
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The vertical circle, owing to its smaller size, is graduated into 180° 
instead of 360° and the interval between graduations is 8' instead of 4'. 
Hence, the readings on this circle are taken as follows : — 

1. Having brought opposite graduations into coincidence in the upper 
window, book degrees and minutes. 

2. Take two separate readings of seconds, (Two intersections of the 
; distant mark.). 

3. Add the two readings of the seconds and add the result to the 
degrees and ' minutes. 

4. Subtract the total from 90°. 

5. Double the result. 

To make this clear, the work may be set out as in the following example. 

Reading. Sum — 90°. Angle doubled. 

90° 02' Jpgg 0° 03' 35"- 42 0° 07' 10"-88 


If the horizontal circle is to be set on a given reading, the seconds of the 
reading should be halved and the seconds drum set to read the result. 
This is done by means of the slow-motion micrometer seconds drum 
screw on one standard. Next set the circle, by means of the fine motion 
screw on the horizontal plate (covered by a hood), so that the required 
degrees and minutes are in coincidence with the opposite graduations in 
the upper window. After the instrument lias been set, care must be 
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taken to close the hood over the fine motion screw so as to obviate an 
accidental disturbance of the setting. 

The ordinary adjustments of the Wild Theodolite are similar to those 
of an ordinary theodolite. Adjustments of the optical micrometers 
should be left to the makers. 

For setting on a pillar, the instrument is provided with a solid base 
plate which can easily be centered by means of a special centering pin with 
circular level. 

The Wild “ Astronomical 55 Theodolite., Messrs. Wild have very 
recently (1941) brought out a new theodolite, Model T4, which is larger 
than the ordinary geodetic model and which is specially designed for 


Fig. 73 . Wild Astronomical Theodolite. 


precise astronomical observations. This instrument is provided with a 
horizontal circle almost double the diameter of that on the geodetic 
model, so that not only can horizontal angles be measured but the 
observations of these angles should also be considerably more accurate 
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than similar ones taken with the smaller instrument. The theodolite is 
of the “ broken telescope ” type ; that is, the image formed in the 
telescope is viewed through an eyepiece placed at one end of the trunnion 
axis, the latter being made hollow so that rays of light proceeding from 
the objective are reflected through it by means of a right-angled prism 
placed at the end of the short telescope barrel. The general appearance 
of the instrument is shown in Fig. 73. 

One particularly interesting feature of this theodolite is that reversal 
of the horizontal axis and telescope is carried out by a special hydraulic 
arrangement which ensures freedom from vibration. Readings of both 
horizontal and vertical circles are taken with an optical coincidence 
micrometer, a single reading giving, as in the case of the ordinary model, 
the mean of the readings on opposite sides of the circle. 

An impersonal eyepiece micrometer, which can be rotated through 90° 
between stops, so that it can be used as either a horizontal or vertical 
micrometer, is fitted to the instrument and this, of course, makes the 
latter peculiarly suitable for high-class astronomical work. Electrical 
lighting, to illuminate both circles and field, is built into the body, the 
connection to the battery being made by means of a plug at the base. 

The principal dimensions of the instrument are as follows : Diameter 
of horizontal circle 10 in. Graduation interval 2' with direct reading to 
0"*1. Diameter of vertical circle 3-5 in. Graduation interval 20' with 
direct reading to 1". Clear aperture of object glass 2*4 in. and magnifica- 
tion of telescope 65 diameters. Sensitivity of suspending level, and of 
the two Horrebow-Talcott levels which are supplied with the instrument, 
1" per 2 mm. Sensitivity of level for vertical circle 5" per 2 mm. 

The Geodetic Tavistock Theodolite. This instrument, manufactured by 
Messrs. Cooke, Troughton & Simms, now weighs 24 lbs. and the case 
18 lbs. Both circles are of glass, the diameter of the horizontal circle 
being 5 in. and of the vertical circle 2f in. The horizontal circle gradua- 
tions are at 10' intervals and the readings on the optical micrometer are 
made direct to 0"*5. The aperture of the telescope, which is of 10*1 in. 
focal length and an overall length of 11-| in., is 2*375 in., the telescope 
being of the self -focusing type. Two eyepieces are provided and these 
give to the telescope magnifications of 20 and 30 diameters. Illumination 
is by daylight, but electrical illumination can also be supplied as an extra. 
This electrical equipment gives illumination to the diaphragm of the 
telescope, the optical micrometers and the altitude level. Other fittings 
which can be obtained as extras are a striding level, eye piece micrometer, 
diagonal eyepiece and a canvas outer case. A tripod is included with the 
ordinary equipment, but, for main triangulation, the instrument is best 
used set on a concrete pillar. 

Fig. 74 shows the instrument complete with striding level, eve-piece 
micrometer and diagonal eyepiece. The eyepiece micrometer is mounted 
in a conical bearing so that it can be rotated through an angle of 90° 
against stops and clamped in either position. 

It will be noticed that there are separate microscopes or eyepieces for 
reading the micrometers of the horizontal and vertical circles. These 
eyepieces are pivoted and can be swung into any convenient reading 
position, so that the micrometers can be read by the observer when 



Fig. 74. The Geodetic Tavistock Theodolite fob Primary 
Triahgtjlation. 

(By permission of Messrs, Cooke, Troughton & Swims.) 


LETTER REFERENCES 


A Coverplate containing optical 
system of horizontal circle. 

B Box containing optical system for 
vertical circle. 

C Striding level casing. 

C' Striding level adjusting screw. 

D Striding level mirror. 

E Reading eyepiece for vertical circle. 

E' Micrometer milled head for vertical 
circle. 

F Reading eyepiece for horizontal 

circle. 

F' Micrometer milled head for hori- 
zontal circle. 

G Adjusting screws of reticule or 
diaphragm. 

G' Clamping screws for reticule 

adjustment. 

H Focusing ring for telescope. 

H' Diagonal eyepiece. 

J Luminous sights. 

K Plate spirit level, 

L Screwed cap covering optical 
adjustment in A. 

L' Screwed cap covering optical 
adjustment in B. 

M Altitude spirit level. 


M' Altitude spirit level prism reader. 
N Zero setting adjustment for 
vertical circle. 

0 Tribrach. 

P Footscrews. 

Q Weight relieving adjusting screw. 
R Milled head for rotating horizontal 
circle. 

S Clamp for upper plate, 

S' Slow motion screw for upper plate 
(not seen). 

T Clamp for telescope. 

T' Slow motion screw for telescope. 

XJ Setting screw for altitude spirit 
level. 

V Electric illumination for vertical 

circle and altitude spirit level. 
W Daylight illumination reflector for 
: horizontal circle.; ; 

W y Electric illumination for horizontal 
circle. 

X Electric illumination to telescope 
graticule. 

V Plate securing theodolite to tripod 

head. 

% Spring plungers locking circle 
reading eyepieces. 
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(*) ft) 

Fig. 75 . Examples of Circle Readings. 

{By permission of Messrs. Cooke, Troughton & Simms.) 

from this description, the methods of reading should easily he understood. 
After the instrument has been sighted and clamped to view the object 
whose direction is to be observed, look into the horizontal circle reading 
eyepiece (E in Fig. 74) and assume that the circle reading in the largest 
window, with reference to the small index tooth, is approximately 90° 30' 
(see Fig. 75 (b) ). It is possible that no circle graduations will appear in 
the smallest aperture, but, if they do, they will generally not be equally 
spaced on either side of the index mark. In either event, the odd minutes 
and seconds must be found by rotating the micrometer milled head F 
until two graduations are equally spaced on either side of the index line 


looking at the telescope in either the face right or face left position. 
Hence, it is not necessary to move round the instrument when observations 
are in progress as all the necesssay observations can be made from the 
one position. 

The principles involved in reading the optical micrometers of the 
Tavistock theodolite have already been described in pages 173-177 and, 
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in the smallest window, when the minutes and seconds are read on the 
image of the micrometer drum that appears in the top square-shaped 
window. Fig. 75 (b) shows the appearance in the field of view' of the 
eyepiece of the horizontal circle and Fig. 75 (c) the appearance in the field 
of view of the eyepiece of the vertical circle. In the first case, the reading 
in the degrees window is 90° 30' and in the seconds window it is 0' 1"*5. 
Hence, the reading on the horizontal circle is 90° 30' OX"* 5. Similarly, 

1 the reading on the vertical circle is 90° 40' plus 7' 35" = 90° 47' 35". 

Fig. 75 (a) shows the relative positions of the windows and of the 
graduations underneath them. The graduations actually shown in this 
diagram relate to the small Tavistock theodolite, where the divisions on 
the main horizontal circle are at 20' instead of 10' intervals, but, apart 
from this, the arrangement of the relative positions of window's and circles 
and micrometer divisions in the geodetic model is exactly the same as 
in the smaller instrument. 

The vertical circle readings are viewed in the eyepiece E, and the setting 
of the graduations on either side of the index line in the small wdndow r is 
controlled by the milled head E' in Fig. 74. 



PLANE Of COMBINED CIRCLE 



Theobolxte. 

(By permission of Messrs Cooke, Troughton & Simms.) 


The paths of the rays of light in the micrometer are shown diagram- 
matically in Fig. 76. A beam of light proceeding from A is split up into 
two parts by the central reflecting surfaces of the prisms B in such a way 
that one half of the beam travels in one direction and the other half in 
the opposite direction. These halves travel along the paths indicated 
by the arrows until they enter the prisms C. Here they are deflected by 
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the surface D (see small figure at bottom) from the plane of the paper 
to a direction at right angles to it, and so enter the window E which lies 
in front of the silvered graduated circle. Before leaving B and entering C 
they are slightly deflected, and, after being reflected in the graduated 
circle, they undergo a second reflection at the surfaces D, so that they 
again travel parallel to the plane of the paper to the surface G, whence 
they are directed to the reflecting surfaces of the prisms H. Erom H 
they proceed in parallel paths to the prism J, where they are reflected 
towards each other, and finally emerge together in a direction at right 
angles to the plane of the paper. 

Two objectives K are placed between G and H and the combination 
is such that an image of the figures and graduations appearing under the 
window E is formed in the focal plane of the prisms J. The parts of the 
micrometer are so arranged that the images from opposite diameters of 
the circle are brought together and appear continuous on either side of 
the index line as shown in Eig. 75 (a), the index line in the small window 
being the line of junction of the edges of the outward reflecting surfaces 
of the prisms J. 

Two deflecting prisms M are mounted on a travelling frame so that 
they intercept the beams on their passage from H to J. The frame 
carries a rack N which gears with a pinion attached to the glass drum 0. 
Movement of the prisms, which is effected by rotating the milled head 
of the micrometer, displaces the images of the graduations formed in the 
focal plane L of the prism J by an amount which is proportional to the 
distance of the prisms from L, and the amount of this displacement is 
measured by reference to the divisions on the drum O, these divisions 
being viewed in the fine reading window of the micrometer. 

The actual appearance of the optical parts of the two micrometers is 
shown in Eig. 77, the top figure referring to the micrometer of the 
horizontal circle and the bottom figure to the micrometer of the vertical 
circle. 

Adjustments of the Geodetic Tavistock Theodolite . The ordinary adjust- 
ments for levelling the instrument and for eollimation, etc., are similar 
to those for an ordinary theodolite, but the following two are special to 
this particular instrument. 

1. Adjustment of width of light gap in micrometer on each side of the 
setting index. 

2. Adjustment of focus of the circle graduations and for micrometer 
run. 

The first of these adjustments consists in spacing the images of the 
graduations in the smallest window in the micrometer so that the light 
gap between them and the central or setting index is of a convenient 
width. This width is about 30 seconds of arc, as read in the micrometer 
by bringing the circle graduations into coincidence with the index and 
noting the difference in micrometer reading. 

To carry out this adjustment for the horizontal circle, tighten the 
clamp S, Eig. 74, and, by means of the milled head E', set the micro- 
meter so that the narrow gaps on each side of the setting index are 
equal. If these gaps are of a convenient width no further adjustment 
is necessary, but, if they are too narrow or too wide, remove the screwed 
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cap L in the horizontal cover plate A. An adjustment spindle will be 
seen in the aperture and this spindle can be engaged with the key pro- 
vided. On turning the key, the width of one gap will be altered. Now 
use milled head F' to equalise the two gaps. If they are still too narrow 
or too wide, the above operations should be repeated until the desired 
width is obtained, when the cap L should be replaced. 


When setting the light gap for the vertical circle, a screwdriver must 
be used to turn the setting screw at L', which is normally covered with a 
clip. In this circle, movement of the spindle alters the width of both 
gaps, so that the adjustment can be made at once and there is no need 
to equalise the gaps a second time. This adjustment does not disturb 
the index setting of the vertical circle. 

The second adjustment is for focus of the circle graduations and for 
micrometer run, and it involves movements of the lenses K in Pig. 76. 
These two lenses are shown as B and A in Fig. 77, which shows’ the 


Fig. 77. View of 


System of Geodetic Tavistock: Theodolite. 
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appearance inside the micrometer boxes when the covers are removed 
according to the instructions provided by the makers. The lens A 
controls the magnification but has little effect on the position of the image, 
this position being controlled mainly by that of the lens B. A movement 
of A towards B increases the magnification, and a movement of B towards 
A causes the plane of the image of the graduations to move inwards and 
fall short of the plane of the setting index and the graduations on the 
fine reading circle. The adjustment is made by removing the small grub 
screw clamping the mount of the lens A and then inserting a pointed tool 
through the screw hole in order to move A away from B. If the movement 
required is rather large, it may be necessary to move cell B in order to 
focus the circle divisions properly. This movement of B may upset the 
adjustment of A, in which case the operations must be repeated. The 
test for run is to set the fine reading scale to read zero, and then to use 
the fine motion screw to bring the nearest divisions into a position where 
the light gaps are equalised. Keeping the circle clamped, the micrometer 
drum is then rotated until the gaps are equalised over the next division, 
when the fine reading scale should read 10' very approximately. 

Correction for Vertical Circle Index Setting Error. On account of the 
method which has to be adopted for figuring the circle, the ordinary 
method of eliminating index setting error by taking the mean of face 
right and face left observations does not apply when vertical angles are 
observed with a double reading theodolite. Hence it becomes necessary 
to determine the amount of the error and to apply it to the observed 
readings. The procedure is as follows : — 

Take face right and face left pointings and readings and add the results 
together. If the sum is exactly 180° there is no index error, but, if it is 
not exactly equal to 180°, half the excess or deficit represents the index 
error. If the sum of the readings is more than 180°, the circle readings 
are too large and the error is subtractive. If the sum of the readings is 
less than 180°, the index error is additive to each reading. 

Example . Let the two readings be : — 

Face Left - 30° 20' 28" 

Face Right ■« 149 39 36 


Sum = 180° 00' 04" 

Hence, Index Error s= — 2"*0 

and corrected readings are 

Face Left « 30° 20' 26" 

Face Right ---- 149 39 34 

Sum = 180° 00' 00" 

The operation should be repeated a number of times and the mean value of the 
index error taken. 

Axis Strain in Light-Weight Geodetic Theodolites* As a result of several 
years’ experience of the use of a number of early models of the Wild 
Geodetic Theodolite, the Canadian Geodetic Survey came to the conclusion 
that the results obtained with some of them were disappointing when 
compared with the results obtained from others or from older and larger 
types of theodolite. The discrepancies, although small enough to be 
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inappreciable in ordinary classes of work, were definitely noticeable, 
when, it was attempted to use the instruments for first -order observing. 
Accordingly j an elaborate investigation was made in the Physics Labora- 
tory of the National Research Connell of Canada and if was established 
that the main sources of trouble were due to phenomena known as 
“ creep ” and “ axis strain/’ which appeared to be caused largely by 
defective design of the bearings and by the tolerances between the parts 
of the bearing surfaces being too close. A slight modification in the 
design of the axis system was proposed and tried, and, when this modifica- 
tion had been made, the instrument yielded satisfactory results. A full 
account of this investigation, and of the conclusions reached, which are 
of importance from the point of view of instrument design, will be found 
in a paper by J. L. Rannie and W. M. Dennis on “ Improving the Per- 
formance of Primary Triangulation Theodolites as a Result of Laboratory 
Tests,” which is published in The Canadian Journal of Research, VoL 10, 
No. 3, March 1934.* In this paper, the authors recommend the adoption 
of the following precautions during observing with a view to eliminating 
the possible effects of creep and axis strain : — 

1. The footscrews of light theodolites should be kept much tighter 
than those of heavier instruments. 

2. The position of the footscrews should be changed several times 
during observations. Thus, a programme for observations might be 
divided into three parts and the direction of the footscrews altered 
through 120° between each part. 

3. Whenever the elevation of pointing is altered, the top centre of the 
telescope should be tapped to avoid error due to climb of the horizontal 
axis. 

An account of some tests for axis strain carried out on Tavistock 
theodolites will be found in Hotine’s paper on the “ Re-triangulation of 
Great Britain ” in The Empire Survey Review, Vol. IV, No. 29, pages 391- 
395. These tests showed that axis strain in these instruments was 
virtually non-existent. The axes of the Wild instruments have been 
re-designed in accordance with Rannie and Dennis’s recommendations, 
and it is claimed that axis strain is absent in the later models. 

FIELD OBSERVATIONS 

Stability of Instrument. The instrument is supported on a scaffold, a 
masonry pier, or upon its own tripod set on the ground. In the latter 
case the tripod legs are supported on firmly driven stakes, the tops of 
which are level and at such a height that the observer can use the telescope 
without stooping. 

In first- and second-order triangulation some form of observatory hut 
or tent must be erected round the instrument to protect it against air 
currents and to shade it from the sun. On observing scaffolds the tent 
must be entirely supported by the outer or observer’s tower. It should 
be provided with means for lowering the walls sufficiently for sighting, 
or have removable flaps on each wall at the level of the telescope. For 
tertiary work an umbrella gives sufficient protection. 

* See also Empire Survey Review , Vol. II, No. 13, July, 1934, pmes 424-428, and 
Vol. Ill, No. 15, January, 1935, pages 2-5. 
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An instrument mounted on an elevated scaffold is exposed to the 
vibration of the instrument tower in wind, and the observations are 
also subject to error arising from twist of the tower under lateral 
heating. These effects are sometimes guarded against by wrapping 
the outer scaffold with canvas to shelter the inner. Observations 
from a movable tower are never of the same precision as those taken at 
ground level. 

Conditions Favourable for Observation. Irregular atmospheric refraction 
forms a difficult source of error, particularly in the case of rays which 
are not greatly elevated above the ground. No uncertainty need be 
occasioned by visible phenomena, since work must be suspended when 
irregular refraction causes apparent trembling of the signals or when 
shimmer manifests itself by expanding a luminous signal into a wide 
vibrating sheet of light impossible of accurate bisection. Lateral refrac- 
tion, however, may exercise the more dangerous effect of causing a slow 
swing of the image of the signal to one side of the vertical hair, although 
the light may appear of normal size and free from vibration. 

Observations should therefore be made only under favourable atmo- 
spheric conditions. In densely cloudy weather observing on mast signals 
can be carried on all day. The best results with heliotropes are obtained 
from about 4 p.m. till sunset, but an hour or two at sunrise usually permit 
of satisfactory work. Observation on night signals is generally confined 
to the period between sunset and midnight. To minimise error due to 
lateral refraction, a rule followed in some surveys is that observations at 
each first-order station should be distributed over at least two days. 
Care, however, must be taken not to exalt lateral refraction into a fetish 
or a cover for ail ills. 

Relative Merits of Day and Night Observations. Except for short lines 
on which opaque signals can be satisfactorily employed, the usual practice 
is to observe either on heliotropes or lamps as the weather allows. The 
chief advantage gained by the addition of night work consists in its 
doubling the number of hours a day available for good observation, but 
in some respects observing can be carried on better at night than by day. 
With heliotrope signals serious delays are occasioned by cloudy weather. 
Night observation can be conducted with less interruption and sometimes 
with greater accuracy. Further, refraction is much greater at night than 
by day, and, in consequence, the line of sight is farther removed above 
intervening elevated ground, so that towers and signals erected exclusively 
for night observation may be rather lower than would be necessary for 
day work — -a point of some importance sometimes. 

In the tropics, trouble may be experienced in getting natives employed 
as signalmen to remain on isolated hills at night, as many of these hills are 
regarded with superstitious awe by the local inhabitants, who regard 
them as “ juju.” 

General Methods of Observation. In precise angle measurement the 
routine of observation must be specially arranged to reduce to a minimum 
the effect of instrumental and observational errors. Half of the observa- 
tions for each angle are made with the telescope direct and half with it 
reversed, to eliminate errors of eollimation and horizontal axis. If the 
telescope does not transit, it must be removed from the standards 
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and replaced end for end with the trunnion pivots placed in the same 
supports as before reversal. Half of the observations are taken from left 
to right and half from right to left to eliminate errors arising in manipula- 
tion or due to twist of the instrument and its support caused by lateral 
heating. Accidental errors of signal bisection and of reading are reduced 
to any extent by increasing the number of observations. Errors of 
eccentricity are rendered negligible by reading all the micrometers at 
each observation, and the effect of graduation errors is sufficiently reduced 
by using a different part of the circle for each measurement. 

Observational programmes belong either to the Direction or the 
Repetition system. In the direction, or reiteration, method the several 
angles at a station are measured in terms of the directions of their sides 
from that of an initial station. The signals are bisected successively, 
and a value is obtained for each direction at each of several rounds of 
observations. The initial or reference station should be that one of the 
triangulation stations which is most likely to be always visible. When 
all the sights are so long that one of the stations cannot be preferred 
for the purpose, a referring signal, of a form suitable for accurate bisection, 
may be established not less than a mile and a half away. This practice, 
however, is not advisable on precise work, and it is better to measure 
individual angles, or combinations of angles, using as R.O. any convenient 
station that happens to be showing even if this means loss of time and a 
station adjustment by least squares (page 251). 

The distinguishing feature of the repetition method consists in measur- 
ing each angle independently by multiplying it mechanically on the 
circle, the result being obtained by dividing the multiple angle by the 
number of repetitions. Theoretically, any desired refinement of reading 
can be obtained by sufficiently increasing the number of repetitions, 
the effect being to reduce the least count correspondingly. Practically, 
however, owing chiefly to errors introduced in clamping, there exists 
for any instrument a limit beyond which the accuracy is not improved 
by increase of the number of repetitions. The system is designed for 
vernier instruments, and may be adopted when these are employed for 
fine angle work. 

Vernier instruments, when they are used on main triangulation for 
the observation of angles by the method of repetition, are sometimes 
called 44 repeating instruments/’ The essential feature of a repeating 
instrument is that it must have a slow-motion screw for the lower 
plate. The larger instruments used in geodetic surveying do not 
always have this fitting and are thus only suitable for measurements by 
the direction or reiteration method. Hence, they are called 44 direction 
instruments.” 

Although the repetition method was formerly applied to primary 
observations, it is generally confined to secondary and tertiary work. 
The method of reiteration should be employed in primary triangulation. 
It is designed for micrometer instruments, and in British geodesy these 
have always been used for refined work to the exclusion of vernier instru- 
ments. Owing to the modern application of micrometer reading to all 
sizes of theodolites, the reiteration method is equally suitable for all 
grades of triangulation. 
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Programme of Measurement by Reiteration. To measure the angles 
AOR, BOO, and COD (Fig. 78), A being adopted as the initial station, 
first set one of the micrometers to about 0°, point on A with telescope 
direct, and read all micrometers. Swing on to B, C, and D successively, 
booking the micrometer readings after each pointing. 

Overshoot D, i.e. move the line of sight a little beyond 
D to the right. Again point on D, and read the micro- 
meters. Swing on to C, R, and A successively, taking 
the readings at each. Overshoot A, reverse the tele- 
scope, setting to about 180° the microscope originally at 
0°, and repeat the same observations to D and back to O 
A. This constitutes one series, and yields four measures 
of each angle. The microscope originally at 0° is now 
brought to a new reading, and a second series is 
observed in the same manner on a different part of the 
circle. The required number of series depends upon the 
quality of the graduation and the number of equidistant p IG# 7 g # 
micrometers as well as the grade of the work. Six or 
eight series as above, giving twenty-four to thirty-two measures, each 
derived from the mean of the micrometer readings, are sufficient for 
geodetic triangulation with modern instruments. 

Instead of each series consisting of a swing right and a swing left on 
each face, as described, it is a common practice to use one face for the 
swing right and the other for the swing left. The number of pointings 
in a series is thus halved, so that to afford the same number of measures 
as before, twice as many zeroes are required, and graduation error is likely 
to be reduced. A second modification consists in closing the horizon by 
continuing each swing to finish on the initial station. This ensures 
detection of any disturbance or twist of the instrument during the round, 
but it is generally considered that the alternation of right and left swings 
is sufficient precaution against error from this source. 

First-order Angle Observations. The average probable error of first- 
order angles in modern triangulation is less than 0*4 sec., so that, to 
attain the necessary consistency between the several measures, the 
utmost delicacy is required in manipulating the instrument and, parti- 
cularly, the micrometers. Clamping must be lightly performed to avoid 
stress ; for the same reason the vertical circle is better left free. In making 
pointings, the line of sight should be brought on to all the signals in the 
direction of swing to avoid possible error due to friction. Care should 
therefore be exercised not to overshoot signals except in order to reverse 
the direction of swing at the end of a set. When a horizontal eyepiece 
micrometer is fitted, the signals are bisected by movement of the vertical 
hair and not by the tangent screw. Several bisections are made before 
and after reading the circle micrometers, the mean reading of the eyepiece 
micrometer being applied to that of the circle. In making bisections, 
the observer should examine the image long enough to make sure that 
it is not swinging under the influence of lateral refraction. 

For the elimination of periodic error of graduation, the change of zero 
between series must be such that the microscope readings for each signal 
are made on uniformly spaced points round the circle. For a three- 
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micrometer instrument the interval between these points should be 
60° 

about ■ — , where n is the number of series. When one microscope is 
n 

set at 0°, the others are at 120° and 240° respectively, and, after reversal, 
the readings are ISO 0 , 300°, and 60°. By reversal of the telescope one 
zero therefore gives, for each signal, micrometer readings at 60° intervals 
round the circle. For a two-micrometer instrument the successive 

180 ° 

difference should be about . The zero shift should not be an exact 

n 

number of degrees in order better to distribute the microscope settings 
over the smallest division of the circle. The following are examples, of 
the settings adopted in different surveys for primary triangulation. 

Survey of India. Three -micrometer theodolite : six series, each of three swings 
right and three swings left to each face. 

Telescope Direct : 

0° O' 70° 1' 140° 2' 210° 3' 280° 4' 350° 5' 

Telescope Reversed : 

180° O' 250° V 320° 2' 30° 2' 100° 4' 170° 5' 

Ordnance Survey , Test Triangulation in N.E. Scotland, 1910-12. Three -micrometer 
theodolite : eight series, partly of swing right and swing left on alternate faces, 
and partly of swing right and swing left to each face. 

Telescope Direct : 

0° 0' 45° 1' 90° 2' 135° 3' 200° 4' 245° 5' 290° 6' 335° 7' 

Telescope Reversed : 

180° O' 225° 1' 270° 2' 315° 3' 20° 4' 65° 5' 110° 6' 155° 7' 

Ordnance Survey. Re-triangulation of Great Britain. Geodetic Tavistock theo- 
dolite : double-face reiterations in two series, each on eight zeroes given by the 
following face left readings on the R.O. 

First series : 

0° 01' 05", 90° OS' 55", 45° 02' 10", 135° 07' 50", 

22° 33' 20", 112° 36' 40", 67° 34' 30", 157° 35' 30". 

Second series : 

11° 15' 05", 101° 23' 55", 56° 17' 10", 146° 22' 50", 

33° 48' 20", 123° 51' 40", 78° 49' 30", 168° 50' 30". 

United States Coast and Geodetic Survey. Three -micrometer theodolite (one 
division of circle = 5 minutes) : sixteen series, each of swing right on one face and 
swing left on the other. 

Telescope Direct : 

0° 0' 40" 195° 1' 50" 30° 3' 10" 225° 4' 20" 64° 0' 40" 57° 4' 20" 

Telescope Reversed : 

180° 0' 40" 15° 1' 5Q" 210° 3' 10" 45° 4' 20" 244° 0' 40" 237° 4' 20", 

the same intervals being repeated in groups of four, with a change of 18° 56' 20" 
between the groups. 

Two micrometer theodolite (one division of circle = 5 minutes) : sixteen series, 
each of swing right on one face and swing left on the other. 

Telescope Direct : 

0° 00' 40", 191° 01' 50", 22° 03' 10", 213° 04' 29", 

45° 00' 40", 236° 01' 50" 67° 03' 10", 258° 04' 20". 

Telescope Reversed : 

90° 00' 40", 281° 01' 50", 112° 03' 10", 303° 04' 20", 

135° 00' 40", 326° 01' 50", 157° 03' 10", 348° 04' 20". 

Note. In the first example it will be seen that, neglecting minutes, readings for 
each signal are made by the different micrometers at 10° intervals round the circle. 
In the second the intervals are 5° and 10°, in the third 114°, in the fourth 3° and 4° 
and in the fifth 11° and 12°. 
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In these settings the odd minutes and seconds are used to eliminate 
the effects of errors of run of the micrometers. 

None of the above systems of settings makes any provision for altering 
the positions of the footscrews during observation, but the recent researches 
of Rannie and Dennis on axis strain in theodolites indicate that, unless 
the^ instrument is known to be free from axis strain, it is advisable to 
divide the observations into series and to alter the position of the foot- 
screws in relation to the R.O. between each series (page 188). 

On completion of a series, the consistency between the measures may 
be found unsatisfactory, and additional swings are made if the discrepancy 
between any two measures in the series exceeds about 4".* Discrepant 
measures are not to be omitted from the record, but the results of observa- 
tions which are known to be not entirely satisfactory are noted as doubtful. 
A decision as to whether they will be retained or cancelled is made before 
adjusting the angles (page 250). 

It sometimes happens in the course of a swing that one or more signals 
are invisible and must be omitted. When the opportunity occurs, such 
swings are completed, with the appropriate zeroes, by sighting the 
omitted stations in conjunction with the initial station. If the latter 
is obscured, reference may be made to any other one station previously 
included. 

Second- and Third-order Reiteration Observations. Although the 
routine is much less elaborate for observations other than first-order, 
measures should in all cases be equally divided between the two faces 
and directions of swing. While the programme to be adopted should 
depend largely upon the character of the instrument, it is generally 
sufficient in second-order triangulation to use two or three zeroes with 
two faces to each and two swings on each face, or, alternatively, about 
five zeroes each of one swing on each face. For third-order work two 
zeroes with swing right on one face and swing left on the other are all that 
are necessary. Angles taken merely to fix points by intersection require 
only one zero with a swing on each face. 

Programme of Measurement by Repetition. To measure angle AOE 
(Fig. 78), set one of the verniers to about 0°, point on A with telescope 
direct, and book the readings of all the verniers. Release the upper 
clamp, swing clockwise, and bisect B. Read a vernier to ascertain the 
approximate value of the angle. Slacken the lower clamp, turn clockwise , 
and again set on A. Loosen the upper clamp, and bisect B. Release 
the lower clamp, again turn clockwise, and point on A. Swing on to B 
as before. This constitutes three repetitions with telescope direct. 
Reverse the telescope, and, leaving the verniers unchanged, swing clock- 
wise on to A. After making another three repetitions exactly as before, 
book the vernier readings. With the verniers unchanged, and the telescope 
still reversed, point on B, and, maintaining the clockwise direction of 
swing, make three repetitions on the exterior angle BOA, followed by 
three more with telescope direct. Finally, note the readings of the 
verniers. These six repetitions of the angle with six on its explement 

* This applies only to the latest instruments in which the error of division does not 
exceed about 1 // . In older primary instruments the range in a series of measures 
amounted to as much as 8" in an angle of 90°. 

p. &. a. s. 
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constitute one set, and additional sets to the number required are taken 
in the same manner from different initial readings. 

A programme for repetition observation must provide for the elimina- 
tion of error introduced by repeated clamping. This may be accomplished 
either by making half the repetitions from right to left and half from 
left to right or by the above method of measuring the exterior angle in 
exactly the same manner as the interior. By the latter routine the sign 
of the error is made the same for both angles, and, as its magnitude may 
be taken to be independent of their size, the mean of the measured value 
of the required angle and that given by subtracting the measured value 
of its explement from 360° is free from clamp error. 

When the best possible results are required, all the angles at a station, 
including that required to close the horizon, are observed according to 
the above programme. Usually, however, the measurement of the 
explement of each angle is omitted, since, in closing the horizon, the 
explement of the sum of the required angles is measured. The amount by 
which the sum differs from 360° is equally divided among all the angles. 

Angles, beside being measured individually, are sometimes observed 
in various combinations, e.g . AOC, AOD, BOD (Fig. 78). While “ all 
combinations 99 might lead to a better determination of the required 
angles, the labour of station adjustment is somewhat increased, and, 
where weather permits, it is economical rather to amplify the programme 
for the measurement only of the angles to be used in calculating the 
triangulation system. When cloud persists there are strong practical 
objections to measurement in all combinations ; and experience does not 
show any increment of accuracy. 

In applying the repetition method to first-order work, six sets of six 
repetitions each, as described, have been used with 8-in. to I2-in. theodo- 
lites. For second-order triangulation with 7-in. to 10-in. instruments, two 
to four sets are sufficient in ordinary cases, and the same for third-order 
work with 6-in. to 8-in. instruments. 

The Angle Book. Readings must be registered in a permanent manner 
as soon as they are announced. The recorder should apply the necessary 
corrections and enter up the individual measures of the angles before 
the observations are completed, so that it may be decided whether further 
measures are required. 

The tabular arrangement of the angle book may take various forms. 
That shown (Fig. 79) is suitable for observations with a three-micrometer 
instrument without eyepiece readings, and is arranged for run correction. 
The corrected directions or angles are transferred to an abstract in which 
the final average results are shown. 

Miscellaneous Corrections. Further corrections may have to be appled 
to give the final measured values which are to be subsequently adjusted. 
These include corrections for : 

1. Horizontal Axis Dislevelment. 

2. Bisections by Eyepiece Micrometer. 

3. Phase of Signal. 

4. Eccentricity of Instrument. 

5. Eccentricity of Signal. 

6. Reduction of Directions to Mean Sea Level. 



Station Date Instrument Observer Recorder 
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1. Horizontal Axis Dislevelment. When the horizontal axis of the 
telescope is not level, and inclined sights are taken, a correction may 
have to be applied to each observed horizontal direction when its inclina- 
tion to the horizontal is appreciable. The amount of this correction can 
be deduced from observations with the striding level. 

Let e = dislevelment, in seconds, of the horizontal axis, as given by 
the readings of the striding level and the known value of 
its division (page 68). 

oc = angle of elevation, or depression, of the signal. 

Then correction to observed direction in seconds = e tan a.* 

The error causes an apparent displacement of signals towards the 
side of the higher pivot for angles of elevation and vice versa for angles of 
depression. The signs of the corrections to observed directions are 
therefore 

Elevation. Depression. 

Right pivot higher — + 

Left pivot higher + — 

2. Eyepiece Micrometer. The mean of the micrometer readings for 
several bisections made by the movable hair is multiplied by the angular 
value of one division of the eyepiece micrometer, and the result is applied 
to the mean reading of the circle micrometers. The telescope pointings 
are made sufficiently closely that the amount of correction need seldom 
exceed one or two seconds. 

The value of one division of the eyepiece micrometer must be deter- 
mined from time to time. It is most simply obtained by measuring a 
small angle both on the circle and with the micrometer. Bisect a well- 
defined distant signal with the movable hair, and read the eyepiece 
micrometer and the circle micrometers. Move the hair from the signal 
by giving the micrometer screw, say, n turns. Again bisect the signal 
by means of the upper tangent screw. Read the circle micrometers, thus 
obtaining the angle through which the line of sight was turned, 1 jn of 
which is the value of one turn of the eyepiece micrometer screw. A mean 
value is obtained by repeating the same process several times for each of 
several different parts of the screw. Another method, which is indepen- 
dent of the divisions on the horizontal circle, is to use the movable hair 
in the horizontal position to take observations to a circumpolar star 
near elongation, and to note the times on a sidereal chronometer as the 
star travels through intervals corresponding to different complete revolu- 
tions of the micrometer drum. If m is the value of a micrometer division 
in seconds of arc, and the interval between successive transits is 100 divi- 
sions on the micrometer drum and t seconds on the chronometer, then 

10 0w = ^.(l ^ )cosS 
sin 1" 

Great care must be taken while observations are in progress to maintain 
the bubble in a constant position, or to apply the proper bubble correc- 
tion. The instrument should be set with one footscrew approximately 
in the meridian plane, a,nd a number of different observations made, 

* Sea Vol. I, page 226, for proof of this formula. 
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the mean of the values deduced from each observation being taken as 
the accepted value of m. 

3. Phase of Signal. It has been explained (page 132) that the error 
of pointing caused by phase is a definite quantity for signals of cylindrical 
form. When the surface is sufficiently smooth to reflect sunlight in a 
bright line, as occurs with metal cylinders or wet surfaces, the pointing 
is made upon that line. With canvas-covered or whitewashed signals, 
the portion of the illuminated surface as seen from the instrument will 
be bisected. The correction is applied to convert the observed direction 
to that of the centre of the signal. 

In Eig. 80, let A be the position of the observer, and C the centre of 
the signal, and let the direction of the sun make an angle a with AC. The 


90 


Fig. 80 . Fig. 81 . 

visible part of the illuminated surface extends from B to D. If the line 
of sight is directed along AE to bisect its projection, the value of the phase 
correction is EAC = c = j(6 + d). 

But, denoting the radius of the cylinder by r and the length of sight by 
D, since b and d are very small, we may put 




j r .. , r cos a . . , 

b = — and d = — ^ — , m circular measure, 

. , r(l + cos a) r cos 2 \a 
..so that c ■ 2 j) " p s or 

correction, in seconds, to bisection of illuminated portion 


r cos 2 \a 
D sin P* 


If the observation is made on the bright line formed by the reflected 
rays, then, in Fig. 81, let SEA represent their path. The values of the 
marked angles are readily deduced, and, with the approximations allow- 
able since c is small, it follows that 

r cos 4a 

correction, in seconds, to pointing on bright line = 
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The correction must be applied positively or negatively, according to 
the relative position of the sun and the signals. 

4. Eccentricity of Instrument. When existing features, such as 
steeples, are adopted as triangulation points on account of their visibility, 
it frequently happens that the instrument cannot be centered over 
them. In such a case, a subsidiary instrument station, called a satellite 
station, is selected near the true station, and the values of the angles 
measured there are reduced to centre, i.e. 
corrected to the values they would have if 
measured at the triangulation point. 

In Eig. 82, C represents the true station to 
which observations have been made from stations 
A and B, and S is the satellite station, at which 
angle s is measured with the same precision as 
if S were a triangulation point. The further 
measurements required for the reduction are the 
distance SC and the angle ASC = d. The 
unadjusted values of angles ABC and BAG are 
already known, and by solving triangle ABC the 
distances AC and BC are obtained with sufficient precision for the present 
purpose. 

CSsind . . 

or, since a is usually very 



Fig. 82 . 


Now, in triangle ACS, sin a = 
small, we may write 

а, in seconds, 

Similarly, from triangle BCS, 

б, in seconds, = 


AC 

CS sin d 
: AC sin V 

CS sin ( d + s) 
BC sin l" * 


But a represents the difference in direction between CA and SA, and h 
that between CB and SB, so that, by applying a and b with the appro- 
priate signs, the included angle c is readily deduced from < 5 . 

To ascertain the signs of the corrections, it is convenient to regard SC 
as an arbitrary meridian for the observations made at S. Bearing SA, 
situated in the first quadrant, would require the addition of the correction 
a to yield the bearing CA. Similarly, SB in the second quadrant is 
converted to CB by addition of b , but lines in the third and fourth quadrants 
would have the corrections applied negatively. In the case illustrated, 
(s — • c) = (a — b) } but when A and B are on opposite sides of CS, 
(* — c) = (a + b). 

5. Eccentricity of Signal. Correction is required when observations 
are made upon a signal which is found to be out of centre or is for special 
reasons placed so. The value of the correction is obtained as in the 
previous case, the distance and direction between the signal and the 
centre being measured. If, in Fig. 82, the signal for station C is situated 
at S, the observed angles BAS and ABS are to be corrected by a and b 
respectively. 

6. Reduction of Directions to Mean Sea Level This correction is 
made only in the most refined first-order triangulation in districts at a 
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considerable elevation above sea level and particularly in low latitudes. 
Owing to the spheroidal form of the earth the vertical through an observa- 
tion station A is not coplanar with that through a signal B, except when 
A and B are in the same meridian or of the same latitude. When, there- 
fore, A and B are projected normally to A 1 and Bi upon the mean sea level 
surface, the plane AAjB, containing the observed direction, does not 
coincide -with the plane AA 1 B 1 , containing its projection, and the direction 
AB must be corrected to yield that of AjB^ 

The value of the correction, applicable to the observed direction, as 
given by Clarke in Geodesy is, in seconds, 


2 a 


sin 2 A cos 2 <f> cosec l". 


where e = eccentricity of the earth (page 279), 
a —major semi-axis of the earth, 

h = elevation above mean sea level of the signal station B, 
A — azimuth of AB, reckoned from north by east, 

<f> = mean latitude of AB. 

The sign of the correction is given by that of sin 2 A, viz. positive for 
values of A in the first and third quadrants and negative for the second 
and fourth. Its maximum value occurs in azimuth 45° at the equator, 
when it amounts to O"0335 per 1,000 ft. elevation of the observed station. 


PRECISE TRAVERSING 

In the British Colonies, precise traversing, in the sense now understood 
by that term, appears first to have been undertaken by the Malaya States 
Survey Department before the Great War of 1914-18, when it was 
decided to try and replace triangulation, in parts of the country that were 
unsuitable for it, by standard traverses in which the standard of accuracy 
aimed at would be of the order of accuracy of about 1/10,000. In this 
work, the closing errors actually obtained, as measured by the errors of 
closure on fixed trigonometrical points, turned out on the average to be 
of the order of about 1 /30,000. Since then, the method has been developed 
in other Colonies, notably in the Gold Coast and in Nigeria, where closing 
errors of the order of 1/70,000 to 1/100,000 are now regularly expected and 
attained. Meantime, in America, the United States Coast and Geodetic 
Survey had commenced work of this kind in 1916 and the work done by 
it shows an average closing error of somewhere between 1/70,000 to 
1 / 100,000. Precise traversing is also used in flat forest country in Australia 
and in Canada, the Canadian methods being very similar to those adopted 
in the United States. 

The considerations that govern the choice between triangulation 
and precise traversing have been described at length on pages 120 to 122. 
Briefly, they may be summarised by saying that, unless the highest 
possible degree of accuracy is required, a good rule to adopt is the 
American one which lays down the principle that precise traversing 
should only be adopted when triangulation would be likely to cost more 
than twice as much as traversing. The conditions to which this rule 
would ordinarily apply are : — 

1. Very flat country which would involve the use of very high observa- 
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fcion towers for triangulation, although the invention of the portable 
Rilby tower (page 130) has done much to overcome the difficulties of 
triangulation in flat country. 

2. Elat country combined with heavy forest. 

3. Climatic conditions unfavourable for the long sights required in 
triangulation. 

In addition, in small triangulation schemes, where the lengths of the 
sides of the triangles would be very short, a carefully executed scheme of 
precise traverses may yield more accurate and more satisfactory results 
than triangulation. 

Classification of Traverses, The United States Coast and Geodetic 
Survey divide their traverses, like their triangulation, into three classes — 
first-order, second-order and third-order — according to their standard of 
accuracy. The following table gives the minimum requirements for each 
class : — 



First-Order 

Second-Order 

Third-Order 

Closing error in position, not to exceed 

1 : 25,000 

1 : 10,000 

f—i 

pt 

o 

o 

o 

Probable error of main scheme angles . 
Number of stations between astronomical 

1*5 sec. 

3*0 sec. 

6*0 sec. 

azimuths ...... 

Astronomical azimuth, discrepancy per main 

10 to 15 

15 to 25 

20 to 35 

angle not to exceed .... 

Astronomical azimuth, probable error of 

1-0 sec. 

2*0 sec. 

5*0 sec. 

result ...... 

0*5 sec. 

2*0 sec. 

5*0 sec. 


In the pages which follow' we shall concern ourselves principally with 
the description of the methods used in what, under the above classification, 
would be called traverses of the first-order, and we shall then describe 
the simplifications usually adopted for the survey of traverses of the 
second-order. Traverses of the third-order are of the kind that are 
described in Vol. I. 

Differences in Methods of Survey of Precise and Ordinary Traverses. 
The differences between the methods to be used in the survey of precise 
and ordinary traverses are, of course, such as to secure the highest possible 
standard of accuracy in the survey of precise traverses and a less accurate 
standard, and hence a decrease in the cost, in the survey of ordinary 
traverses. Broadly speaking, however, the following represents the 
essential differences between methods of precise and of ordinary traversing : 

1. The standard of angular observation is much higher in precise 
traversing. This means the use of larger theodolites, more sets of 
observations at each station and possibly all horizontal angular measure- 
ments being made at night. 

2. The use of much longer lines for the main angular observations. 

3. The last requirement generally means an extensive use of 44 devia- 
tions 55 or “ loops ” — that is, cases where the line of the taping follows a 
slightly different route to the line followed by the main angles, the actual 
distances between the main angular stations being obtained by means 
of subsidiary traverses or other measurements. 
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4. More frequent and more accurate azimuth observations are taken 
on precise traverses. 

5. All linear measurements on precise traverses are made with invar 
instead of with steel tapes, such as are used on ordinary traverses. 

6. More frequent and more accurate standardisations of field tapes. 

7. Greater care and accuracy in reading tapes and end differences, in 
applying tension and in observing temperature, heights and slopes. 

8. Lines on precise traverses are often laid out so that they may be as 
closely as possible an exact number of tape lengths long, so avoiding the 
use of odd unstandardised portions of the tape. 

9. Greater care in check taping and in preventing the occurrence of 
gross errors. 

10. Application of more corrections to measured lengths. 

11. Modifications in methods of computation, including, if necessary, 
the use of formulae which take into account the spheroidal shape of the 
earth, and the application in certain cases of the method of least 
squares. 

12. Use of £C Laplace Stations ” (page 40) where considered necessary 
or advisable. 

Differences between British Colonial and American Methods of Precise 

Traversing. The main difference between British Colonial and American 
methods of precise traversing lies in the taping and in the methods of 
computing the results. In American practice the traverse very often 
follows a railway and the tape is stretched along one rail, the positions of 
the end marks being scratched on the rail. In other cases the line may 
follow highways or city streets, when the tape may be either supported 
throughout its length on the pavement or sidewalk or it may be supported 
on stakes driven alongside the road or on portable tripods. Thus, the 
American methods often involve a considerable amount of ec surface 
taping.” In the British Colonies, on the other hand, long “ straights ” 
and fiat curves on railways and roads are seldom available and the 
taping very often has to be taken over broken ground or along lines cut 
through the hush. Hence, in nearly all cases, taping is done in “ cate- 
nary ” in much the same way as base lines are measured with long invar 
tapes. 

Layout of Precise Traverses. Before actual measurements begin it is 
well to make a preliminary reconnaissance of the route to be followed, 
and to select the stations which will be occupied as main angular stations 
and those which will be used as azimuth stations. In selecting the main 
angular stations, the object to be achieved is to obtain as long lines as 
possible, at the same time avoiding “ grazing ” rays and keeping the 
lines as high above ground surface as may be practicable. To do this, 
the lines which the taping will follow need not be the same as the line 
followed by the main angular line, and 44 deviations ” and “ loops ” 
should be freely used when desirable. 

In Fig. 83, A and B are main angular stations which are intervisible, 
and the taping line follows the line AabcdefB, with changes of direction 
at a, b, c, d, e and /. The line AabcdejB is measured as a subsidiary 
traverse and the distance AB computed, the direction AB being taken 
as a line of zero bearing when computing the subsidiary traverse, 

u* 
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When laying out the subsidiary traverse it is well, if this is possible, to 
select the different lines up to the point/ so that each measures an almost 



Fig. 83 . 


exact number of tape lengths. This avoids using unstandardised gradua- 
tions of the tape except on the last leg. This point, however, is not of 
great importance. 

Figs. 84(a) and (6) show examples taken from American practice. 
A and B are main angular stations but the linear measurements are made 
along the line ab which coincides with the surface of one rail, the distances 



a A and 6B being very short when compared with the distances AB and ab. 
The angles a and ^ at a and 6, together with the short distances aA and 
6B, are measured, and, from these observations and the measxired length 
ab, the length of AB may be computed. 

The above are only typical examples, but much ingenuity may be 
employed in planning suitable diversions which will ensure long and high 
lines for the main angular line and at the same time suitable lines for the 
taping. 

In every case where a deviation is used, a sketch should be made in 
the field book and this sketch should indicate very clearly the particular 
angles and distances that are measured. 

Joining Traverse to Triangulation. As a general rule, the principal 
triangulation points will be on high hills which are usually inaccessible 
or inconvenient for direct traversing. Hence, it becomes necessary to 
devise some means of joining a point on the traverse to the main triangula- 
tion point without having to measure a traverse directly between them. 
This can usually be done by using a short length of the traverse as a 
traverse base. If necessary, a special length of traverse miming in a 
direction differing from the main direction may have to be measured for 
the purpose. 

t Eigs. 85 (a) and (b) show two typical connections. In (a) the main 
line of the traverse is AB, but, from B, two subsidiary traverses BC and 
BD are measured to the points C and D, the trigometrical point T being 
visible from each of these points. It is not essential that C and D should 
be intervisible, though it is desirable that they should. The length and 
bearing of the line CD are computed from the traverse CBD, and these 
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computed quantities, together with the measured angles at C, D and T, 
give all the essential data for computing the triangle CDT. 


D 



Sights to T from one or more intermediate points such as E will 
strengthen the connection. 

In Fig. 86 (b) the connection is made to the two trigonometrical points 
E and D, the traverse length BC serving as a base from which to compute 
the quadrilateral. 

Combined Traverse and Triangulation. Chances sometimes occur of 
combining triangulation and traverse in cases where triangulation or 




Fig. SO. 

traverse would be difficult by themselves. Many combinations are 
possible, but Fig. 86 (a) and (b) show two simple examples. In all cases 
where triangulation is combined with traverse, and the legs of the triangles 
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are short, great care should be taken with the centering of both instru- 
ment and signals, but more particularly of the latter. 

Setting Out, Before distances or angles are measured, a small party is 
generally sent ahead to erect pillars, and towers when these are used, to 
put in station marks, clear lines, and, when the tape is used in catenary, 
to drive pegs on line at every point where a measuring tripod will be 
erected. Lining out is best done with a small theodolite, and care has 
to be taken in placing at the proper intervals the pegs over which the 
measuring tripods are to be erected. Otherwise the main taping party 
will have trouble with the taping, especially when the interval between 
pegs is too large. 

The setting out is best done with a steel tape graduated in a different 
unit to the unit of length used in the main taping, as the drainage of 
the setting out party can be used to serve as a check against gross error 
in the main taping. For example, if the invar tape is 300 ft. long, the 
setting out can be done with a graduated steel tape 100 metres long. 
In this ease, the distances along the setting out tape which correspond 
to multiples of the 300-ft. mark when the invar tape is used in catenary 
must be carefully tabulated. It is, of course, inconvenient to set out 
bays approximately 300 ft. long with a 100-metre tape, but this incon- 
venience is balanced by the advantage of using the setting out drainage 
as a check on the main taping, and the chances of undetected mistakes 
are lessened if the two measurements are made in different units of 
length. 

The setting out party sometimes forms part of the reconnaissance 
party. It is also responsible for preparing descriptions of all permanent 
beacons and station marks, and it notes the chainage. where permanent 
detail, such as roads, rivers or railways, cuts the traverse lines, as this 
information is often useful for mapping or topographical purposes, or for 
finding a station when the detail near it has altered with the passage of 
time. 

ANGULAR MEASUREMENTS 

Signals and Station Marks. In all first-order work it is best to observe 
the main angles at night or on very cloudy days, and this is now generally 
done, the signals used for both night and day observations preferably 
being electrical lamps worked from dry batteries or accumulators. If 
the ground is very flat, the lamps may be supported on low wooden tripods 
or quadripods something like the inner tripod illustrated in Fig. 48, but 
on a much smaller scale. These tripods also serve to support the instru- 
ment, and consequently, if they are more than about 5 ft. high, a separate 
tower or scaffold must be built around them to carry an observing plat- 
form. Tripods or tow T ers of this kind must, of course, be very stiffly 
constructed, and they should be of such a height as to insure that there 
is a good clearance between the line of sight and all objects on the ground, 
a minimum clearance of about 4 ft. being desirable. In the United 
States, special towers are almost invariably erected at the main angular 
stations, the ground mark being, a mark in. a rock, or a low concrete 
post or pillar built in the shape of the fms rum <4 a cone. Fig. 87 (a) 
shows an observing tower in use, and Fig. 87 (b) linear measurements 
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Tripod with Target in Plage. Measuring the Offset Distance. 

(Photo by U.S. Coast and Geodetic Survey). 

Fig. 87. 


tripod, provided this is stiff enough, with the signals set on similar 
tripods. A better plan, however, is to build a good concrete pillar, about 
4 ft. high above ground surface, at every main angular station, the pillar 
being sited on the top of a ridge or on any bump or elevation that may be 


First order Traverse Work in U.S.A. Tripod and Scaffold for Elevating 
the Instrument and Observer. 


(Photo by U.S. Coast and Geodetic Survey). 
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available, to as to avoid grazing rays and to raise the line of sight as 
high above the ground as possible. Both instrument and signal can then 
be set on each pillar in turn and carefully centered over a nail or brass 
plug let into the top of the pillar to indicate the exact station mark. 

If a very steep sight of elevation or depression has to be observed, 
readings on the striding level should always be taken and the correction 
c = e tan a (page 196) applied. Very steep slopes will not normally 
occur on the main angular lines but they may sometimes occur on the 
subsidiary taping lines. 

The three-tripod system of observing (Voh I, page 84) is particularly 
suitable for use in connection with the measurement of subsidiary traverses 
or deviations in which the legs are comparatively short, and the standard 
of accuracy need not be so high as that for the measurement of the main 
angles. In this system, of course, the signals are small targets of a type 
similar to that illustrated in Vol. I, Fig. 74, which can be mounted on 
tripods that will take either signal or theodolite. 

Main Angular Observations. The main angles of a precise traverse 
should be measured with a good micrometer theodolite which should 
enable readings to be taken direct to a second or two. In recent years, 
much work has been done in the Colonies with the ordinary Tavistock, 
Zeiss Universal or Wild instruments, although these are on the small 
side for the measurement of the main angles of a first-order traverse and 
it w T ould be better to use the larger geodetic models of the same types 
such as are used for the observation of first-order triangulation. With 
instruments of this kind at least twelve measurements of the angle, 
each on a different zero and with face right and face left on each zero, 
will normally be required, and it may be an advantage to measure six 
of these zeroes on one night and the remaining six on another night. In 
this case, the discrepancy between the observed azimuth at the end of a 
section and the azimuth calculated through the traverse should not 
be allowed to exceed Q's/ n seconds, where n is the number of instrument 
stations, including the two azimuth stations. Normally, the discrepancy 
should be very much less than this value. 

In the United States, the observations are taken at night with a cc high- 
order 55 micrometer theodolite, using eight zeroes, but, if a smaller instru- 
ment is used, the number of zeroes is increased to twelve. For each zero, 
a pointing is made on every station in a clockwise direction with face right 
and then in an anti-clockwise direction with face left. Here the rule is 
that an observation on a single zero should be rejected, and the observation 
repeated, if it differs from the mean of all the observations by more than 
5 seconds, and. for any set of observations, the arithmetical mean should 
have a probable error not exceeding 1*5 seconds. In addition, the 
discrepancy between the azimuth carried forward through the traverse 
should not differ from the observed azimuth by more than one second 
times the number of stations between azimuth stations. 

Some considerations regarding the standard of accuracy to be aimed 
at in the angular work are stated on pages 218 to 224, and these considera- 
tions afford a useful guide to the number of observations that should be 
taken with any particular instrument to reach a desired standard of 
accuracy for the traverse as a whole. 
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Measurement of Subsidiary Angles. The subsidiary angles are the 
angles measured on deviations or loops to enable the distance between 
the mam angular stations to be computed. These angles need not be 
observed with the same accuracy as the main angles, and, if a large 
geodetic type of instrument is used for the measurement of the main 
angles, a smaller type can, if desired, be used for the observation of the 
subsidiary angles. For all ordinary eases, a theodolite of the ordinary 
. avistock type, or one of similar type and performance, is suitable, one 
° f S1X - Z f oes bemg “ easured > preferably at night, at each station. 
With an instrument of this kind, the angular misclosure on a deviation 

should not exceed 12 vn seconds, where n is the number of subsidiary 
angles m the deviation. 

United States, the angles of small loops are sometimes measured 
wit 1 a 7-m. repeating theodolite, one set of six repetitions, each repetition 
on lace right and face left with alternate swings being measured on the 
interior angle and a similar set on the exterior angle. Otherwise, they 
a sma ^ direction instrument, four zeroes being used. 
When, however, loops are long and the intermediate stations are perma- 
nently marked, the angles are measured with a direction instrument to 
the same degree of accuracy as the main angles. 

« k 1 aM cases where deviations or loops occur, the angles should be 

closed and the closing error in bearing or azimuth obtained and 
adjusted among the various angles. 

Azimuth Observations. Azimuth observations must be taken at 
frequent intervals along a traverse in order to control the bearings. The 
number of angular stations between azimuth stations will depend mainly 
on the average length of the legs, but this interval should never exceed 
about 50 miles or 20 traverse legs, whichever is the shorter, and more 
frequent azimuth stations — say at every 10 to 15 instrument stations — 
are desirable when circumstances permit. If possible, and more particu- 
larly m higher latitudes, longitude observations should also be taken at 
intervals of about 100 to 150 miles, and a Laplace correction (page 40) 
applied when necessary. 

In American practice, the observations are taken to Polaris at any hour 
angle. At ordinary azimuth stations the number of zeroes observed is 16, 
but at Laplace stations this number is doubled, the observations being spread 
over two or three nights. As the exact hour angle of Polaris is required, 
the chronometer correction has to be obtained, the method used for this 
being observed altitudes of east and west stars near the prime vertical. 

The method of observing hour angles of Polaris for azimuths is not 
suitable for use in the tropics, and here the one commonly used on traverse 
work consists of observing altitudes of east and west stars at or near 
elongation, not necessarily at or near the prime vertical. The stars chosen 
must be carefully paired for both altitude and declination and a pro- 
gramme made out before observing commences. If azimuths are not 
more than 20 miles apart, twelve pairs of stars, equally spaced around 
the circle, should suffice, but, if the azimuth stations' are more than 
20 miles apart, it is advisable to increase the number of pairs to eighteen. 
In either case, it is well to observe in sets of six pairs, each pair on a 
different night. 
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The correction for disievelment of the horizontal axis of the instrument 
(page 196) must be applied to all azimuths observed to control the main 
angular observations of a precise traverse. 


LINEAR MEASUREMENTS 


The lengths of the legs of a precise traverse are now almost invariably 
measured with invar tapes, generally from 100 ft. to 300 ft. long. The 
most common practice is to use the tape “ in catenary ” in a manner 
very similar to that employed in base measurement, but, in certain parts 
of the United States and of Canada where the traverse follows a railway 
or a flat highway the measurements are made with the tape laid flat 
along the surface of one rail or on the surface of the road. This method 
of surface taping is practicable when the line of the railway or road 
consists of long straights, but, in most undeveloped or partially developed 
countries the railways are not suitable for surface taping, and, to attain 
any sort of accuracy combined with reasonable speed, the only alternative 
is to use the tape suspended in catenary. 

Methods of Surface Taping. As the method of surface taping is seldom 
used outside of the United States or Canada the following description of 
it is based almost exclusively on the system adopted by the Coast and 
Geodetic Surve}^. 


Fig. 88. Forward Stretcher for Invar Tape with Attached Spring 
Balance. The Stretcher is made of Thin Sheet Iron and Held 
on the Rail by the Foot. 

(Photo by U.S. Coast and Geodetic Survey.) 


When the taping follows a railway, the tape is laid along the surface of 
one rail, except for short lengths at the end of the traverse leg where it is 
necessary to leave the rail in order to reach the main instrument station 
This station is usually sited at, or near, the intersection of the tangents 
to curves, and the tape is supported on graded pegs between this point 
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and the point where it leaves the rail The tape used is 50 metres long 
and the tension of 15 kilogrammes is applied to it at one end by means 
of a special lever or stretcher to which a spring balance is attached. This 
stretcher works on a shoe which fits easily over the top of the rail and is 
held firmly on the latter by the tapeman pressing his foot on top of the 
shoe. A similar stretcher, but without the spring balance, is used at the 
other end of the tape. Fig. 88 shows one of these stretchers with attached 
spring balance as used on a railway ; when they have to be used on a 
road or pavement a small piece of wood is slipped between the flanges of 
the shoe to provide a smooth surface between the bottom of the latter 
and the surface of the road. 

When measurements are being made along the top of the rail, the 
position of the forward-end mark is scratched on the rail with an ordinary 
glass cutter, and, in measuring over stakes, the mark is made by a knife 
on the top of the stake. The rear end of the tape is held against the mark 
at that end, so that, with this method of taping, end differences are not 
read at every set up of the tape. 

Measurement of Temperature, Temperatures are measured by means 
of special thermometers which are attached to the tape at distances of 
1 metre inside the zero and 50-metre graduations. Each thermometer is 
read for a full set up of the tape, but only one is read on end bays or on 
offset lines shorter than a complete tape length. 

Measurement of Heights and Slopes. The correction for height above 
sea level is obtained from the results of the measurement of a line of 
first-order levels which, unless a completed line already exists in the 
neighbourhood, is surveyed at the same time or before the traverse is 
measured. The function of this line of levels is to determine the heights 
of the main traverse stations and to establish bench marks to which 
the minor levelling, required to determine slope correction, can be 
connected when desired. This minor levelling is done by the use of a wye 
level or sometimes by a special track level in the form of a clinometer 
that can be laid along the surface of a rail. During the course of the 
minor levelling, the slope or difference of height of each tape length, and 
at intermediate points where the slope changes, is determined. 

Measurement of Odd Length Bays . Distances on the main lines shorter 
than a full tape length are measured by using the 5-metre graduations on 
the invar tape and measuring the distance from a suitable graduation 
to the mark by means of a steel tape graduated in feet and metres, the 
measurements being made in both units. 

Measurements in Catenary. The methods of measurement of the 
lengths of traverse legs with the tape suspended in catenary are very 
similar to those used in base line measurement., The lengths of the tapes 
used, the manner of supporting them, and the methods of applying 
tension, vary in different countries. In the United States, the tape em- 
ployed is 50 metres long, with one intermediate support at the 25-metre 
mark, and the tension is applied and controlled at one end by means 
of a spring balance carried on a special pole or stretcher, a similar 
stretcher, but without the spring balance, being used at the other end. 
Fig. 89 shows a spring balance with its special mounting on the stretcher 
pole. 



'Counterpoise 


( Photo by U.S. Coast and Geodetic Survey,) 


Poet able Iron Tripod for Table 
Support, Double Joint. 

This tripod permits the marking table 
to be adjusted over a point as well as 
placed on correct slope. 


Portable Iron Tripod for Tape 
Support, Single Joint 

The wooden marking table, which 
carries a strip of copper on which the 
mark for the tape end is made, can be 
placed on correct slope by the ball-and- 
socket base and then clamped in position. 


(Photo by U.S . Coast and Geodetic Survey.) 
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The ends of the tape are sometimes supported on stakes carrying a 
piece of metal on which the end marks can be scratched, but, in other 
cases, and more specially in work in cities, low movable iron tripods are 
used as tape supports. These tripods, shown in Figs. 90 (a) and 90 (b), 
are provided with a small wooden table mounted on a ball and socket 
joint, so that it can be placed and clamped on the same slope as the end 
of the tape.- This table either carries a strip of copper on which the end 
mark can be stretched or else it carries an invar graduated scale so placed 
that the zero of the scale faces the direction in which the line is being 
measured. At the rear end of the tape, the zero mark is held against 
the zero of the scale, and. at the forward end, the small difference 



Fig. 91. Method or using Graduated Invar Strips on Marking Table. 


The marking tables of movable tripods for traverse measurement are frequently 
fitted with these strips. With the arrangement as shown, and the rear or zero mark 
of the tape held opposite the zero mark of the strip on the rear marking table, the 
reading of the forward mark on the tape would always be recorded as a set-up, or 
additive quantity. 

{By ‘permission of the Director 37.S.C. <& G . S .) 

between the 50- metre mark on the tape and the zero mark on the scale 
is read and booked. Fig. 91 shows the method of reading when a scale 
is used. 

The support at the 25-metre mark is a nail on a stake or a loop 
or hook held by a labourer. This support, whatever its nature, is 
carefully aligned, both horizontally and vertically, between the end 
marks. 

Elsewhere than in America, invar tapes 300 ft. long and J in. wide 
are often used in two or three equal spans, with supports at the 
150-ft. or at the 100-ft. and 200-ft. marks. Tension is usually applied 
at one end either by weight or spring balance, the other end being 
“anchored” to some form of support or anchoring trestle or lever. 
The actual measurements are made to marks carried on stakes or on 
measuring tripods similar to the measuring tripods used in base line 
measurement. 


When long tapes are used, intermediate supports are necessary and 
different types are used. One is simply a hook suspended from a long 




Simple Anchoring Trestle 


Fro. 93. 


angle iron. These two angle irons or boards are separated by a space 
about 1 in. wide, except at points where they are fastened together by 
plates or slats, this space forming a groove along which the laying-oil 
device can be slid up and down and clamped where desired. The 
construction of the trestle and of the laying-on device will be more 
clearly understood from the diagram. A series of notches in the 
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Tube 


Fig. 92 


Clamping 
51 js* Screw 


pole held by a labourer. Another, -shown in Fig. 92, consists of the hub 
of a bicycle wheel mounted with its ball bearings on a frame which can 

be slid up and down a long pole, and clamped 
at any height, this pole also being held by a 
labourer. In all cases, the intermediate 
support must be carefully lined in, both 
horizontally and vertically, between the end 
marks. 

In applying tension by weight, a straining 
trestle, similar to the ones used in base line 
measurement, is often employed ; in other 
cases, a pulley mounted on ball bearings and 
carried on a single pole held by a labourer is 
used. The other end of the tape is generally 
fastened to some form of anchoring pole or 
trestle, the trestle in some cases being a spare 
straining trestle similar to the one used for 
applying the weight. Fig. 93 shows a rather elaborate, but “ home 
made, 55 anchoring trestle with a special fine motion “laying-on device” 
for laying the end mark of the tape exactly against the mark on the 
stake or measuring tripod. This trestle, intended primarily for 
accurate field standardisation work, is supported and controlled by a 
labourer aided by “ steadying poles” similar to those often used for 
steadying levelling staffs, and it can be made out of two light angle 
irons, or out of stiff boards nailed together to form a shape like an 


Lateral Steadying 
Poles 

Longitudinal 
Steadying Pole 


Tape^ 
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frame serve to hold in position a strut to take the forward pull on the 
trestle. 

Instead of trying to lay the end mark of the tape exactly against a 
mark on the measuring tripod, end differences are often read at both, 
ends, generally by means of a metal scale, a magnifying glass being used 
to magnify the images of the marks when necessary. 

On heavy, or fairly heavy, slopes a note should always be made in the 
field book to indicate whether the tension has been applied at the upper 
or the lower end of the tape. This information may be needed to work 
out the sag correction for a tape on a slope. 

Measurement of Temperature . Temperatures are usually observed at 
each set up of the tape by means of two thermometers, held one near 
each end of the tape. The best type of thermometer is one cased in a 
metal tube with an open slot opposite the graduations in the stem. Each 
thermometer should be compared at reasonably frequent intervals 
against a standardised one, and during taping it should be supported 
near the tape in a horizontal position (see page 154). 

Measurement of Heights and Slopes. As all measured lengths have to 
be reduced for slope and for height above sea level, it is necessary either 
to carry a line of levels along the line of the traverse or else to observe 
vertical angles, the latter being the quicker method and the one which 
is most generally used. The angles on the taping line can be observed 
either with a theodolite, or, more conveniently still, with a small aligning 
and levelling telescope that can be slipped over the vertical cylinder of a 
measuring head (page 149). In any event, vertical angles should also 
be observed at each main instrument station and these angles used to 
control the observations along the taping line as well as to give the data 
for working out the heights of the principal stations. The main vertical 
angles should be observed on both faces, but, provided the instrument 
is in good adjustment, the slopes along the taping lines may be observed 
on one face only. 

In all cases, whenever bench marks established by spirit levelling 
exist near the line of the traverse, the trigonometrical heights resulting 
from the measurement of the vertical angles should be connected to the 
nearest bench mark. 

Measurement of Odd Length Bays. Whenever practicable, the taping 
lines are laid out so as to avoid the use of odd length bays, but, when an 
odd length occurs, it is measured either directly from the graduations on 
the tape itself, when the latter is suitably graduated, or else by a special 
graduated tape provided for the purpose. If necessary, a special tape grip, 
similar to that shown in Fig. 118, Yol. I, may be used to apply the tension 
at an intermediate point of the tape, although it is better to lay out the 
latter beyond the end station of the line, exactly as if a fresh bay were 
to be measured. In any case, the use of tape grips with the main invar 
tapes should be avoided as much as possible. 

For the determination of the sag correction for odd length bays see 
Yol. I, page 161. 

Check Taping. Owing to the risk of error in taping it is essential to 
have some sort of check on the main taping. Usually, if care is taken in 
measuring end differences particularly in the measurement of odd- 
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length bays, it is only necessary to carry out a check taping with sufficient 
accuracy to detect gross errors of a foot or more. Consequently, where 
the traverse is set out beforehand, and the setting out taping is done with 
sufficient accuracy, the setting out taping will serve as a check taping. 

The United States Coast and Geodetic Survey makes a check measure- 
ment of each traverse section by means of a 300-ft. steel tape used on the 
flat under a tension of 5 kilogrammes, the object of this measurement 
being to detect gross errors only. The allowable discrepancies between 
the measurements with the invar and the steel tape, after all corrections 
for temperature, slope, standardisation, etc., have been made to both 
measures, are as follows : — - 

For sections exceeding 500 metres in length, 1 part in 5,000. 

For sections under 500 metres in length, 1 part in 2,500. 

If these limits are exceeded, a second measurement is made with the 
steel tape, and, if the second measurement agrees with the one made 
previously with that tape, the line must be re-measured with the invar 
tape. 

In addition to these routine precautions against gross error, the chief 
of the party or other senior surveyor measures a section of traverse, 
1 to 2 km. long between traverse stations, at the beginning of the work 
and at intervals of forty to fifty miles along it during the progress of the 
survey. This measurement is made with, an invar tape to first-order 
standards of accuracy, and the discrepancy between the two measures is 
not expected to exceed 10 mm. V K, where K is the distance in kilometres. 

Owing to the great risk of error in traverse work it is now the practice 
in some of the Colonies to duplicate all important measurements connected 
with first-order taping by separate observers, each observer recording 
his own observations in a book kept by himself. 

Standardisations of Field Tapes. It is hardly necessary to point out that 
during all stages of the survey of a precise traverse it Is most essential 
that the field tapes should be properly standardised, as errors of standardi- 
sation are cumulative in their effects. The field tapes must therefore be 
standardised at frequent intervals, and, for this purpose, the party 
should be provided with at least two invar tapes that have been properly 
standardised, and had their co-efficients of expansion determined, in a 
properly equipped standardising laboratory. These standard tapes 
must be used for no purpose other than for standardising the field tapes 
used for the actual taping of the lines. The necessity for keeping at 
least two tapes arises from the fact that one tape may suffer damage or 
undergo a slight change in length, which, in the absence of a second tape, 
might remain undetected until the tape was re-standardised at the labora- 
tory. Accordingly, all standardisations should be made against both 
standard tapes, and, if the results are inconsistent, the presumption is 
that the length of one standard tape has changed. In that event, earlier 
standardisations of the field tapes may indicate the standard tape with 
which the fault lies and it should be sent at once for re-standardisation. 
If conditions are such that the standard tapes cannot easily be re- 
standardised within a very short time, the party should be provided 
with a third standard invar tape which can at once be brought into use 
in the event of one of the others having to be sent for re-standardisation. 
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The standardisations in the testing laboratory, and those in the field, 
should be carried out as far as possible under conditions similar to those 
under which the tapes will be used in the field. This means that all the 
apparatus used in the standardisations, including weights, cords, swivels, 
hooks, etc., should be those which will actually be used in the field, and 
this apparatus should be sent with the standard tape when it is sent to 
the laboratory. 

Tapes to be used on the flat should be standardised on the flat ; those 
to be used in catenary should be standardised in catenary with supports 
at the points where supports will be used in the field. 

When field tapes are to be used in catenary with one end anchored 
and the weight applied at the other, the tension should be applied in 
exactly the same way during the field standardisations. In this case, 
however, it is well to have straining tripods and weights at both ends of 
the standard tape when it is being used to determine the true length of 
the base against which the field tape will be compared, and to have it 
standardised at the laboratory with weights applied at both ends. 

The field tapes should be compared against the standard tapes at very 
frequent intervals, say every two or three days. A field standardisation 
does not take long to complete, and invar tapes are easy to damage or 
deform. Consequently, frequent standardisations may easily avoid 
having to repeat work which would otherwise be of doubtful value. 

Corrections to be Applied to Measured Lengths. The corrections to be 
applied to measured lengths are exactly the same as those applied to 
base measurement and have already been described in the earlier part 
of this chapter in pages 155 to 163. They are as follows : — 

1. Correction for standardisation or absolute length. 

2. Correction for temperature. 

3. Correction for change of tension if the tensions vary. 

4. Correction for sag, including sag on a slope. 

5. Correction for index error of spring balance if a spring balance is 
used instead of weights. 

6. Correction for change of gravity. Only to be applied to correct the 
lengths of the standard tapes if these have been standardised in a place 
where the value of gravity is different from its value at the place where 
the traverse is measured. 

7. Correction for slope. 

8. Correction during standardisations for inclination of end readings. 

9. Correction for horizontal alignment. 

10. Correction for height above sea level. 

Of the above, (4) does not apply to surface taping unless the tape has 
been standardised in catenary, in which case the sag correction must be 
applied to the length in catenary to give the equivalent length on the flat. 

In addition to the above corrections, there is another which is only 
applicable when the traverse is computed in terms of some special co- 
ordinate system, such as the Transverse Mercator system. This is what 
is called “scale correction,” and, for traverses not running due north 
and south and computed on the Transverse Mercator system, it varies 
slightly in value for each leg. It is described for the Transverse Mercator 
system on pages 340 to 348. 
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SECOND-ORDER TRAVERSES 

Second-order traverses are used to break down the work between the 
first-order traverses or between secondary or primary trigonometrical 
points which are not very far apart. Second-order , or secondary , traverses 
are therefore usually much shorter than first-order ones. 

The accuracy specified by the United States Coast and Geodetic Survey 
for a second-order traverse is a position check not exceeding 1 : 10,000 
of the length of the circuit when closure is made on a point of first or 
second-order triangulation or traverse. This is the limiting error allowed, 
but the instructions for survey have been drawn up with a view to ensuring 
that the error of each line after adjustment will not exceed the above 
limit and the average error of all the lines will be about 1 : 30,000. The 
latter figure is probably the average to be expected from the use of the 
methods now to be described. 

The satisfactory closure of a traverse ending on itself as a closed figure 
is not a satisfactory test of accuracy, since compensating and systematic 
errors will not show up in the error of closure. Thus, a serious error in 
standardisation, constant throughout the whole traverse, merely alters 
the apparent size or area of the closed figure and does not appear in the 
closing error, which may still remain very small. 

In second-order traverses, long lines for the main angular legs are not 
so important as they are on first-order work, although long legs are 
desirable when they can be obtained fairly easily. Accordingly, less use 
is made of deviations and loops. Fewer angular observations are taken 
at each station and these observations are generally made by day to some 
sort of non-luminous signal. A greater number of angular stations between 
azimuth stations is allowed, and distances may be measured with either 
steel or invar tapes. 

Methods Used in the United States. The following is a brief summary 
of the instructions for the survey of second-order traverses in the United 
States : — 

L Distances between main scheme stations should not exceed 3 miles 
and an average distance between permanently marked main angular 
stations not exceeding one mile is desirable. 

2. Second-order azimuths should not bo further apart than 15 to 25 
angular stations, the latter limit only being reached when observing 
conditions are favourable. The allowable discrepancy between the 
observed and computed azimuth at the end of a section is 2"*0 times the 
number of main angular stations in the section. 

3. The error of a main deflection angle should seldom exceed three 
seconds of arc, whether the observations are made with a repeating or a 
direction theodolite. With a micrometer theodolite with 8 to 10 in. 
diameter circle, four to six positions of the circle, with a face-right and 
face-left observation at each setting, are considered sufficient ; with a 
smaller circle of 5 to 7 in., six to eight positions. The limit of rejection 
for the larger instrument is five seconds from the mean ; for the smaller 
instrument it is six seconds from the mean. In the case of the subsidiary 
angles, i.e . those on loops or deviations, two positions of the circle are used 
when the instrument is a small micrometer direction theodolite and the 
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total length of the loop does not exceed a mile. For longer loops, the 
accuracy of the angular measurements should approach that of the main 
angular stations. 

4. The main linear measurements are made with invar tapes, 50 metres 
long, used under a tension of 15 kg. (about 33 lb.), which is applied 
by a spring balance attached between the forward end of the tape and 
the front stretcher. The stretchers are of the same type as those already 
described for use on first-order traverses. Measurements are made on 
the flat whenever possible, but, if conditions are such as to make surface 
taping inadvisable, the tapes may be used in catenary to stakes or light 
marking or measuring tripods. If the tape is used in catenary, it is 
supported in the middle, the support being lined in horizontally and 
vertically between the end marks. 

5. Temperatures are observed at every set up of the tape on a special 
cased thermometer, the latter being attached by adhesive tape to the 
rear end of the tape about 1 metre forward of the rear mark, 

6. Most of the second-order traverses of the United States Coast and 
Geodetic Survey are near the sea and at low elevation. Consequently, the 
correction for sea level is very small and no attempt is made to apply it. 
In other cases, it is estimated that it is not necessary to know the true level 
of the line closer than to about 300 metres, since an error in elevation of this 
amount would only affect the result by about 1 part in 20,000, and the mean 
elevation of a line can usually be estimated more closely than 300 metres. 

7. Observations for slope are only taken when it is estimated that the 
slopes encountered are such that the introduction of slope correction 
would not affect the measured length by more than 1 part in 20,000. 
Otherwise, slopes are observed by means of a wye-level. 

8. A single check taping, to detect gross error only, is observed with a 
steel tape 300 ft. long, used on the flat under a tension of about 5 kg. 
only, and with such a light tension tape stretchers are not necessary. 
Observations for temperature and slope are nob made during the course 
of this taping and consequently corrections on account of these factors 
are not introduced. 

9. The invar tapes used for the main taping are compared with a 
standard invar tape at intervals not exceeding 20 to 25 miles of traverse. 

Further particulars of the United States Coast and Geodetic Survey 
methods will be found in the Manual of Second and Third Order Triangula- 
tion and Traverse, U.S.C. and G.S. Special Publication No. 145. 

Other Methods of Surveying Second-order or Secondary Traverses, 
Experience has shown that, by using the following methods, an average 
accuracy of somewhere about 1 : 30,000 may be expected in tropical con- 
ditions on traverses up to about 100 miles in length. Many of the traverses 
on which this average standard of accuracy has been obtained have been 
surveyed over rough country, involving lines cut through the bush, 

1. Distances between main angular stations seldom exceed IJ miles 
in length and are often less than i mile. As long lines as possible are, of 
course, desirable. 

2. The distances between azimuth stations should not exceed 30 legs 
except in exceptional circumstances, and, where possible, should not be 
more than 10 miles apart. The allowable discrepancy between computed 
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and observed bearings at the second azimuth station should not exceed 
where nis the number of angular stations including one azimuth leg. 

3. Angular observations are made with a 5-in. or 6-in. micrometer 
theodolite or with a small double reading instrument of the Tavistock, 
Wild, Zeiss, Watts-Zeiss or Oasella types. On main angular lines at least 
four readings, each on a different zero and with a change of face between 
each zero, should be taken, the maximum discrepancy between a single 
reading and the mean of all readings not being allowed to exceed 6". 
On short deviations, two observations on two zeroes, with change of face 
and swing on each zero, will be sufficient, the allowable discrepancy 
between the two observations being 10". 

The above rules hold for instruments carefully tested at regular short 
intervals for collimation error and the error adjusted when necessary. 
The observations may be made in daylight, the signals being either 
targets of the kind used for the three tripod system of observing, or, for 
the shorter lines, a plumb bob string suspended from a tripod and carrying 
a small piece of paper to enable the string to be picked up in the telescope. 
For longer lines, an ordinary ranging pole, very carefully plumbed and 
centered over the ground mark, may be used when targets for the three- 
tripod system of observing are not available. 

4. The main linear measurements may be made with a 300-ft, steel 
tape, | in. wide, used in catenary under a tension of 15 to 20 lb., with a 
lined-in support at the 150-ft. mark. Readings at one end are made to, 
or the end mark of the tape is held against, a mark on a nail in a stout 
wooden peg about 3 ft. high, or else to the mark on an ordinary measuring 
tripod. At the other end, the readings are taken to a mark at the centre 
of the trunnion axis of the theodolite in the manner described in Vol. I, 
pages 155-157, tension being applied at the theodolite end of the tape 
bv means of a spring balance attached to a long straining pole, a similar 
pole being used at the other end. 

The readings to the theodolite axis are taken to the nearest hundredth 
of a foot by means of a steel scale graduated to tenths and hundredths. 

5. Temperatures are observed immediately after the reading of the 
tape has been taken. These readings are taken at every set up of the 
tape on a single eased thermometer suspended near the tape in a hori- 
zontal position. 

6. Slopes and heights for slope correction, and for the reduction of 
the length of the line to its length at sea level; are obtained by means of 
vertical angles observed on the theodolite in the usual way. 

7. Before work on actual measurement commences, the lines are set 
out and pegs put in on line at every 300-ft. length. This setting out 
chainage, which is measured with a 300-ft. tape stretched along the ground 
under a tension of 15 lb., is used as a check on the main chainage against 
gross error. 

8. The field tapes are standardised at intervals of 20 to 25 miles against 
a properly standardised field standard tape. 

ESTIMATION OF ALLOWABLE ERROR IN TRAVERSING 

In chapters II and IV of Vol. I of this book we have used some of the 
results of the theory of least squares when discussing the probable errors 
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of ordinary taping and ordinary traversing, and, although the description 
of the main principles of the theory is reserved for the next chapter, it 
will be convenient if we use here some of the results already used in the 
previous volume to discuss one or two problems that are of importance 
in their application to precise traversing. These problems have their 
practical application from the point of view of deciding on the methods 
to be adopted, the care to be taken in different operations, and the limits 
of error to be allowed in order to obtain a given standard of accuracy. 
If, however, the reader is not familiar with the theory of least squares, he 
may, if he so desires or if he finds it more convenient to do so, postpone his 
reading of the following pages until he has read the chapter that follows. 

The problems involved are best illustrated by a numerical example 
based on the discussion already contained in Vol. I, as the same principles 
apply to errors arising from measurements with an invar tape as to those 
which arise from measurements with a steel tape, and the errors which 
arise in precise traversing are similar in nature, though different in 
magnitude, to those which occur in ordinary traversing. 

Suppose that we have a “ straight ” traverse, 480,000 ft. long, divided 
into ten equal sections, each section bounded by azimuth stations, with 
16 legs of an average length of 3,000 ft. in each section, and it is desired to 
determine the probable error necessary in the angular observations to 
give a probable linear closing error in the total length of traverse of 1 part 
in 100,000. The linear measurements are to be made with a 300-ft. 
invar tape, of section 0T25 in. by 0*015 in., used in catenary under a 
tension of 20 lb. in two equal spans of 150 ft. each. Weight of tape = 
14 oz. per 100 ft., co-efficient of expansion = 0*000 002 per 1° E., and 
E = Young’s Modulus of Elasticity = 22,000,000 lbs. per square inch. 

The first step is to estimate the probable error in displacement required 
at the end of a single section. Let r s be this probable error. It is almost 
certain that there will be a constant linear error of unknown sign running 
throughout the whole of the ten sections which may be due to errors 
in the standardisation of the field standard tapes and possibly also to 
uncertainty as regards the height of the datum used in running the levels 
for the computation of sea level correction.* Let this constant error 
be estimated to be about ± 1 : 300,000. The probable error due to this 
cause in a length of 480,000 ft. is ±1*6 ft., and the total probable error 
for the whole traverse is to be of the order 1 : 100, 0D0 or ± 4* 8 ft. Hence, 
assuming that the errors of the ten equal traverse sections are equal in 
value but of varying sign, and using the square root rule for the combina- 
tion of errors of unknown and varying sign : — 

(4* 8) 2 - [(1*6) 2 + 10 r/] 

/. 10?*/ = 20*48 

r, = ± 1*431 ft., 

which, in a section of 48,000 ft., works out at 1 : 35,000 approximately. 

We have next to investigate the probable error of the taping, and, to 
do this, we proceed according to the scheme outlined in Yol. I, pages 169- 
174. Here, in the absence of any other data or formula, we must estimate, 

* The error in. a length l due to an error dH in height above sea level is 
equal to 
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as best we can, the probable errors of the different factors that can intro- 
duce error into the taping, dividing the resulting errors into three classes : 

1. Errors that are always of the same sign for all tapes and lines. 

2. Errors that are of the same sign for one tape or line but that vary 

in sign with different tapes and lines. 

3. Errors that are of variable signs for different bays of the same line. 
Using the same notation as in Vol. I but noting that, since the only 

error that can arise in vertical alignment in a tape suspended in catenary 
in two equal spans is an error in the height of the single intermediate 

2(3h\2 

support, so that the error due to vertical deformation becomes — , 


where Sh is the error of vertical alignment at the intermediate support and 
l is the total length of the tape, we form a table as follows — 


Errors due to 

Errors always of same 
sign though of variable 
amounts 

Errors of same sign for 
whole line but of different 
signs for different lines. 

i Errors variab e in sign for 
j each bay of the line. 

Faulty alignment at 
end of tape. 

Ul “ 21 

d » 1 m., Z=300 ft. 
% - 0*000011. 

- 

- 

Error in horizontal 
alignment of inter- 
mediate support. 

2D 2 

D = 1 in., / =300 ft. 
u, = 0*000046. 


- 

Error in vertical align- 
ment at intermediate 
support. 

„ 2f5ft)* 

u a = — ^ — 

Sh = lin.,/=300 ft. 
«a = 0*000046. 

- 

— 

Errors in measurement 
of slope. 

- 

i’i = / sin 0.50,. sin 1". 

= dfc 10", 0 = 1% 

/ = 300 ft. 

Vl = ± 0*000254. 

«*>i «* / sin O.SB , sin l 6 . 

50, « ± 10 ", 0 = 1°. 

/ = 300 ft. 
ojj = ± 0*000254. 

Error in measurement 
of temperature. 

■ ■ 

! 

- 

= l x c X 

S2\ = db 1° F., / = 300 ft. 
c « 0*000002 per 1° F. 
v, = ± 0*000600. 

u> a = Z x c X ST.. 

ST, ~ ±0*5° F.,Z — 300 ft. 
c = 0*000002 per 1° F. 
u>, = ± 0*000300. 

Error in stretch due to j 
error in pull. 


. Jxtf, 

* A X E 

SF t = ± i lb. 1 » 300 ft. 

A « 0*125 X 0*015 

square inches. 
E = 22,000,000 lb. per 
square inch. 
v, ■* db 0*000909. 

/ x 5 >i 

AXE 

5F, - ± aVlb./ = 300 ft. 

A = 0*125 x 0*015 

■ .square Inches, 
E « 22,000,000 lb. per 
, square inch. 
«,«± 0*000455. 

Error in sag correction 
due to errors in pull. 


wf* 

W ~ 16 x 100 lb * Perft * 
l = 300 ft., n » 2 

SF t = ± i lb. 

F — 20 lbs. 
t? 4 = ± 0*000672. 

wH* 

^IZn*#* 5 ** 

W ~ 16 x 100 lb * perft * 

/ « 300 ft., n =2. 

SF, - ± A, lb. 

F - 20 lbs. 

± 0*000336. 

Error in standardisa- 
tion combined with ; 
error in height above 
sea level. 

- 

t? 4 =* j/. 

A, = ll: 300,000. 

1 = 300 ft. 

»4 “ ± 0*001000. 

- 

Error due to faulty end 
readings and settings 

- 

- 

W, - ± 0*002000. 
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The sum of the terms in the second column is 0*0001 ft., which, in a 
length of 300 ft. works out at 1 : 3,000,000. This is a very small quantity 
and this term can therefore be neglected. Hence, we proceed to form 
the sum of the squares of the probable errors in the last two columns. 



. ; t? 

i 1,2 

- 

<o 2 

1 

0-000 254 

64,516 X 10- 12 

0-000 254 

64,516 X 10- M 

2 

0-000 600 

360,000 X 10- 12 

0-000 300 

90,000 X lO-i 2 

3 

0-000 909 

826,281 X 10~ 12 

0-000 455 

207,026 x 10~ 12 

^ 4 

0-000 672 

451,584 X 10-i 2 

0-000 336 

112,896 X 10-1* 

5 

0-001 000 

1,000,000 X lO-i 2 

0-002 000 

4,000,000 X 10~ ls 

1 


2?; 2 

- 2,702,381 X 10“ 12 

2$a> 2 

« 4,474,437 X 10- i2 


Thus, for this particular tape and under the conditions allowed for 
above, the probable error at the end of N bays or tape lengths will be 
given by : — 

P.E. = ± [0*000 0027 N 2 ± 0-000 0045 N]* 

Hence, for a line 3,000 ft. long with 10 bays, N = 10, and : 

P.E. = E l « ± [0-000 2700 ± 0-000 0450]* 

=■ ± [0-000 3150]* 

= ±0-018 ft. 

= ± 1 : 167,000 approximately. 

Having determined as above the probable displacement at the end 
of a single line due to linear errors only, we see that the total probable 
displacement for the whole section of 16 legs will be in the same direction 
as the direction of the traverse and will be equal to ± 0*018 X *\/l6 = 
±0*072 ft. 

We now require the probable displacements due to the angular errors, 
which, since the traverse is a “ straight ” one, will be at right angles to 
the direction of the traverse. First of all, there will be a displacement 
due to the error in the azimuth at the initial station. Let the probable 
error of this azimuth be r s = ± l"-0.* Then the probable displacement 
B z at the end of the section due to this error will be ± 1*0 X L x sin 1", 
where L is the length of the section. L = 48,000, so that B z = ±0*233 ft* 

Assuming that the difference between the bearing at the end azimuth 
station as computed through the traverse section and that computed 
directly from the observed azimuth is distributed in the usual manner 
equally among the angles of the section, the probable displacement at 
the end of the section due to the angular errors only is given (VoL I, 
page 238) by : — 

T * ± 1) (71 ± 2)~]* 

K = r a Lsml >J 

* The probable error of the azimuth should include allowance for the error likely 
to occur through neglect of the Laplace correction if this is unknown, or has not been 
'applied. vJJ V': -. ■; v. W 
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where n is the number of legs in the section, in this case 16, and r a is the 
probable error of an angle.* 

t l7 x 18l* 

iTxleJ 

The total probable linear displacement due to the combined linear, 
azimuth and angular errors will therefore be : — 

± |V<)72) 2 + (0-233) 2 + r„ z X (48,000) 2 X sin 2 1" X 

and on page 219 we found that we wanted this probable error not to 
exceed ± 1*431 ft. This gives the equation : — 

17 x IS 

r 2 x (48,000) 2 X sin 2 1" = (1-431) 2 - (0-072) 2 - (0-233) 2 . 

= 1*9884 
A r 2 = 23*034 
A r n = ± 4"* 81. 

It follows, therefore, that, in order to secure the required degree of 
accuracy, the probable error of the angular observations should not be 
allowed to exceed ± 4"* 81. Owing, however, to there being so many 
unknown factors which we have had to estimate, it would be advisable 
to reduce this figure to, say, 3"* 5, or to 4" at the most. 

In order to determine the number of observations on different zeroes 
necessary to secure a probable error of a given amount, it is necessary to 
know the probable error of a single observation. For any particular 
instrument this is best found from the actual misclosures of the bearings 
at the end of different sections. Thus (Vol. I, page 232) let : — 

e 1 = closing error at the end of a section containing n i angular stations. 
e 2 = closing error at the end of a section containing n 2 angular stations. 


e p = closing error at the end of a section containing n p angular stations. 
N = total number of sections or of closing errors available. 
r a = probable error of an observed angle. 



This formula f does not include any allowance for the probable errors 
of the observed azimuths and a better result is obtained if these are in- 

* Formulas for R a for traverses of different shapes other than “ straight’ 5 are given 
in Vol. I, page 238. * 

t Compare this expression with the equivalent formula, known as Ferrero’s, 
which is sometimes used in triangulation to determine the probable error of the 
observed angles from the closing errors of the different triangles. Ferrero’s formula 
is : — 

r„ - ± 0-6145^^ 

where 2 A 2 is the sum of the squares of the closing errors of the N triangles. (See 
page 263.) 


17 x 181* 
12 x 16_ 
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eluded, particularly if n is small. If the probable error of an observed 
azimuth is assumed to be q times the probable error of an observed angle 
the formula becomes : — J 


r a = ± 0-6745 


— fjL— 4 - - i fjL , "1* 

ft i + n 2 + + % 2 + ’ ’ ' n p + 2g 2 

, “ F" ~~ 


The value of r a thus obtained will be the probable error of the mean of 
say, m zeroes on the instrument^ Hence (page 247) the probable error 
of a single zero will be r s = r a j \/ m and the number of zeroes necessary to 


obtain a probable error of r will be given by n 



With a new instrument, which has not been used before, or one for 
which no values for the closing errors at the end of the different traverse 
sections are available, the above method cannot be used, but the probable 
error of a single observation can be found by taking a large number of 
observations of a single angle. Let 27c 2 be the sum of the squares of the 
residuals, i.e. the sum of the squares of the differences between each 
single observation and the mean of all the observations, and m the number 
of observations. Then : — 


r s = 0-6745*/ - ~ 2V '‘ 

V (m — 1) 

■ , ■ ! f 2 

and, as before, n = This method, however, will generally give a lower 

value for r„ than the first one, and this lower value will not be so reliable 
as the other since the conditions of the test do not reproduce in the same 
way all the varying conditions that are met with in the field. Conse- 
quently, if the second method is used, it is well to adopt a value of n 
somewhat greater than that found from the observations. 

It will be noted that we have worked out a value for r„ which is based 
on the assumption that the angles are adjusted by distributing equally 
between them the angular misclosure found at the terminal azimuth 
station. Angles, however, are not always adjusted in this way. For 
example* the United States Coast and Geodetic Survey obtain corrections 
to all bearings and lengths by means of a least square adjustment which 
takes into account the misclosure in position as well as the misclosure in 
bearing. However, as Yates has shown, the result of adjusting the angles 
by an equal and rather arbitrary distribution of the closing error in 
bearing is to reduce the probable linear displacement by about a half 
(Yol. I, page 239) and it is doubtful if a least square adjustment would 
reduce this further to any appreciable extent. Consequently, it may be 
assumed that the formula we have used above will still give a result 
which will be reliable enough for estimating purposes, even when the angles 
have been adjusted by least squares. If, however, it is desired to obtain 
the required degree of accuracy by the use of angles and bearings that 
have not been adjusted at all for misclosure, the formula to be used for 
the probable displacement at the end of a “ straight ” traverse, due to 
the angular errors only, will be : — 
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r„L sin 




(» + 1) (2 n + I) ' 

§71 


which, when n is fairly large, reduces to : — 

B„ = r„ L sin 

Had the first of these last two formulae been used in the example we 
would have found r a = ± 2"* 54. 

There are several points that strike one about this investigation. The 
first is the large contribution which the angular errors make to the probable 
linear displacement when compared with that made by the linear errors. 
The standard of linear accuracy that has been assumed is by no means 
difficult to realise with well-standardised invar tapes when these are 
properly and carefully used. Hence, it follows that great care has to be 
taken to maintain a proper standard of accuracy in the angular measure- 
ments, and, considering how relatively easy it is to attain a high standard 
of linear accuracy, this standard should be maintained at as high a level 
as is conveniently possible. 

A second point is that the ratio of the closing error of a traverse to the 
total length is not an entirely satisfactory method of defining the accuracy 
of a traverse, because the probable linear displacement at the end is not 
proportional to the length, and, in fact, provided standardisation and other 
cumulative errors are reduced to a minimum, the ratio should be much 
smaller for a long traverse than for a short one. It must, however, be 
said that, although sufficient reliable data from the field which would 
justify any definite law of closure being formulated do not yet exist, 
such data as are available tend to indicate that fractional errors of 
misclosure are now more directly dependent on the length of the traverse 
than the figures taken above would suggest. Hence, it is possible that 
errors of a cumulative nature are greater than those that we have 
allowed for. 

It should also be noted that the errors here investigated are probable 
errors only and that the chances of the real error being greater than the 
probable error are equal to those of its being less. Consequently, if it is 
desired to make even reasonably certain (but not absolutely, which is 
impossible) that a given error should not be exceeded, the value to be 
adopted for the permissible probable error should be at most § to \ of 
the given value. 

EXAMPLES 

1. The elevation of an instrument at A is 210*3 ft. Find the minimum height 
of signal required at B, 28*3 miles distant, where the elevation of the ground is 
296*0 ft. The intervening ground may be assumed to have a uniform elevation of 
160 ft., and the line of sight must nowhere be less than 6 ft. above the surface. 
Take h — -5738D*. 

2. The elevation of an instrument at A is 142 ft. Find the minimum elevation 
required for a signal at B, 54 miles distant, if the line crosses an arm of the sea. The 
coefficient of refraction is to be taken as 0*08 and the mean radius of the earth as 
3,960 miles. 

3. The altitudes of two proposed stations A and B, 80 miles apart, are respectively 
2,066 ft. and 3,487 ft. The altitudes of two points G and I) on the profile between 
them are respectively 1,803 ft. and 2,216 ft., the distances being AC = 30 miles and 
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AD = 55 miles. Determine whether A and B are intervisible for h = 0*07 and 
R = 3,960 miles. 

4. Describe, in detail, the. field operations necessary for measuring, a long base- 
line with extreme accuracy by means of a steel tape or wire. Enumerate the correc- 
tions that must be made. 

A line, 2 miles long, is measured with a tape of length 300 ft., which is standard 
under no pull at 60° F. The tape in section is •£ inch wide and inch thick. If one 
half of the line is measured at a temperature of 70° F., and the other half at 80° F,, 
and the tape is stretched with a pull of 50 lbs., find the correction on the total length. 
Coefficient of expansion = 0*0000065 ; weight of 1 cubic inch of steel === 0*28 lbs. ; 
E = 29,000,000 lbs. per square inch. {Univ. of Bond., 1908.) 

5. A base line is simultaneously measured with a steel wire and a brass wire. 
The length given by the steel component is 31,342*622 ft., and that by the brass 
component is 31,339*144 ft., both referred to the absolute lengths of the wires at 
32° F. The coefficients of expansion of the steel and the brass components are 
respectively 0*0000063 and *0000100 per 1° F. 

Find the length of the base corrected for temperature. 

6. The horizontal distance between two points on a roadway which is on a slope 
is required very accurately. 

The error of the standard tape at a known temperature and the coefficient of 
expansion of the standard tape and of the tape used to measure the line and the 
weight of the measuring tape are known. 

Having measured the line at a known temperature, explain carefully how you 
obtain the correct horizontal distance between the ends of the line. 

A line is measured on a uniform slope with a 100 ft. steel tape pulled with a force 
of 10 lb., and is found to be 1,725 ft. long. The temperature at the time of measure- 
ment is 34° F. The tape is correct at 62° F., when the pull on the tape is 10 lb. The 
difference of level of the two ends of the line is 30 ft. Determine the horizontal 
distance between the two ends of the line. Coefficient of expansion of the tape is 
0*000006 per degree F. (Univ. of Bond., 1915.) 

7. The corrected measured length of the Semliki base in Uganda is 16,534*05438 m. 
Its mean height above sea level is 645*4 m., and the radius of curvature of the earth 
computed for the latitude and azimuth of the base is 6,358,982 m. 

Calculate the length of the base reduced to sea level. 

8. Compute the value of the correction due to change of gravity in the case of 
the Lossiemouth base line, the length of which is 23,526 ft. The 100-ft. tapes were . 
standardised at Southampton, in latitude 50° 54', at an elevation of 76 ft., the tension 
being applied by 20 lb. weights. The same weights were used in the field measure- 
ment in latitude 57° 42' and at an elevation of 23 ft. The tapes stretch *00208 ft, 
per lb. tension per tape length. Take the radius of the earth as 21 x 10® ft. 

9. The circle of a theodolite is graduated to 5' spaces, and 5 turns of the micro- 
meter screw are required to carry the hairs from one graduation to the next. The 
forward and back readings to be applied to the approximate reading of 97° 5' are 
3' 39 /, *4 and 3 / 41 // *2 respectively. What is the correct reading ? 

10. The horizontal axis of a theodolite has an inclination of 5**4. For a single 
observation in which the left hand pivot is the higher, compute the correction for 
dislevelment applicable to an angle the left hand station of which has an angle of 
elevation of 9° 35' and the right hand station a depression of 4° 21'. 

11. Compute the value of the correction to angle AOB for phase of cylindrical 
signals. The observed directions are OA * 39° 17' 34**2, OB = 86° 52' 07**4, and 
sun =* 43° 25'. The diameter of the signal at A subtends 5* at the instrument, and 
that at B subtends 3*, and the pointings are made upon the bright line, 

12. Directions are observed from a satellite station, 204 ft. from station C, with 
the following results ; A, zeio ; B, 71° 54' 32**25 ; C, 296° 12'. The approximate 
lengths of AC and BC are respectively 54,072 ft. and 71,283 ft. Compute the angle 
subtended at station C, 


CHAPTER IV 


SURVEY ADJUSTMENT 

The following two chapters deal with the computing work which follows 
the derivation of the final field results of extended triangulation. The 
method of obtaining the final data from the field book figures by the 
application of corrections has already been indicated in the preceding 
chapter. Those results are subjected to a process of correction to eliminate 
apparent inconsistencies, and finally the triangle sides and the geodetic 
co-ordinates of the stations are calculated. 

THEORY OF ERRORS 

Even with the most refined methods of angular or linear measurement, 
errors, however small, are unavoidable. These are evidenced by dis- 
crepancies between the results of repeated measurements of the same 
quantity and by non-fulfilment of geometrical relationships which should 
obtain between different quantities. Such inconsistencies must be 
eliminated by subjecting the field results to a process of adjustment 
designed to yield the most probable value of each measured quantity 
based upon the observed values and the conditions binding them together. 

Classification of Errors. From whatever cause arising, errors can be 
classed as : (/*) Mistakes ; (6) Constant errors ; (c) Systematic errors , 
(d) Accidental errors. 

Mistakes arise from carelessness or inattention on the part of the 
observer. While their occurrence is always possible, mistakes of serious 
magnitude should never influence the final result, since the system of 
checking required in every surveying operation should expose them. 

Constant errors are those which have the same effect, and the same sign, 
for all observations. Systematic errors are those in which the algebraic 
sign and the magnitude bear a fixed relation to one of the quantities that 
are being measured. Roth constant and systematic errors tend, therefore, 
to be cumulative in their effects. In some cases, though not in all, their 
effects are understood and can be eliminated, some by the adoption of a 
particular routine in measurement, and others by "the application of 
computed corrections. Such errors do not become apparent because of 
discrepancies between the results of repeated measurements of the same 
quantity. Owing to their cumulative nature, it is very important to 
eliminate their effects by the methods sufficiently emphasised throughout 
the text. 

Systematic errors need not always have the same sign throughout 
the whole of the work but may have one sign for certain parts of it 
and the opposite sign for other parts, so that, taken over a very large 
number of measurements, they may tend, as regards their ultimate effect, 
to behave as accidental errors. An example of this occurs in precise 
levelling where systematic error may occur throughout the whole of one 
line, or throughout part of it, but, when taken over a whole series of 
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lines, or over one long line, the different systematic errors tend to vary 
both in sign and in magnitude, and so to behave as accidental errors. 
Much the same sort of thing happens in taping and in traversing. 

Accidental errors include all unavoidable and unknown errors which 
are entirely beyond the control of the observer, their chief characteristic 
being that they vary in sign, positive and negative errors tending to 
occur with equal frequency. Every observation is subject to numerous 
accidental errors, and, as these happen by mere chance, their algebraic 
sum, representing the accidental error of the observation, can be treated 
by the laws of probability alone. 

Examples of Different Glasses of Error . In the case of base measurement, mistakes 
might conceivably occur in reading the tape, counting tape lengths, or booking. 
Taping with a tape that is too long or too short, or with one for which there is an 
error in the standardisation, is a good example of a constant error. Systematic 
errors in taping can arise from differences in temperature during measurement and 
these can be computed and allowed for when the temperatures and coefficient of 
expansion are known. Accidental errors arise from, among other causes, imperfection 
of eyesight influencing the operations of standardising and using the tape, imperfec- 
tions in thermometers and spring balances, and the effects of small and momentary 
changes of temperature and tension. 

In angle measurement, blunders, however unlikely, might occur by sighting the 
wrong signal, by repeating an erroneous micrometer or vernier reading, or by using 
the wrong tangent screw. Constant and systematic errors are due to imperfect 
adjustment of the instrument and defects in the non-adjustable parts. Constant 
errors may arise in the measurement of vertical angles through index error in the 
vertical circle. The errors of graduation of a circle tend to be systematic and to 
obey a definite law of periodicity but their effects can be largely eliminated in the 
measurement of horizontal angles, though not of vertical ones, by using different 
zeroes. Accidental errors are due to such causes as limited refinement of reading, 
imperfect estimation of readings and signal bisections, the effects of irregular atmo- 
spheric refraction, imperfection of the observer’s sight and touch in the levelling and 
manipulating of the instrument, etc. 

Definitions. A Direct Measurement is one made directly on the quantity 
being determined, e.g . the measurement of a base, the single measurement 
of an angle, etc. 

An Indirect Measurement is one in which the observed value is deduced 
from the measurement of some related quantities, e.g. the sides of a 
triangulation, the measurement of an angle by repetition (a multiple of 
the angle being measured). 

A Conditioned Quantity as opposed to an independent quantity, is one 
whose value must bear a rigid relationship to some other quantity or 
quantities. 

The Most Probable Value of a quantity is that more likely than any 
other to be its true value, and is the best result which can be attained. 

A True Error is the difference between the true and observed values 
of a quantity. Since the true value of a quantity cannot be ascertained, 
the true error is never known. In the case, however, of the summation 
of the angles of triangles or polygons or of angles to close the horizon, 
the true error of their sum is known. 

A j Residual Error or Residual is the difference between an observed 
value and the most probable value of the quantity. 

The Weight of an observation is a measure of its relative trustworthiness 
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In the course of a series of observations, the personal, instrumental, or 
atmospheric conditions may vary so that a uniform degree of reliability 
in the results would not be expected. The results are then said to be of 
unequal weight. Numerical values assigned as the weights of a series of 
observations are simply ratios indicating the relative precision of the 
observations. Weights are assigned by estimation, or in terms of the 
number of separate observations of equal reliability from which the result 
being weighted is derived, or by calculation from the probable error. 

The Laws of Accidental Error. After all known errors have been 
corrected out, the results of observations contain accidental errors only, 
and these are treated in accordance with the laws of probability. It must 
be understood that these laws are quite inapplicable to constant and 
systematic errors, which are not considered further. 

Experience shows that for a prolonged series of observations of the 
same quantity or quantities, under apparently constant conditions, 
accidental errors obey the following laws : 

(1) Small errors are more frequent than large ones. 

(2) Positive and negative errors are equally frequent. 

(3) Very large errors do not occur. 

The graphical representation of these laws is shown in Fig. 94, in 
which abscissae represent magnitudes of errors and ordinates their 

respective frequencies or probabilities of 
occurrence. The third law as stated does 
not lend itself to graphical interpretation 
with the others, but, if it is expressed in 
the form that very large errors occur with 
very small frequency, it is represented 
mathematically by making the x axis an 
asymptote to the curve. 

Fig. 94 , Equation of the Probability Curve. It 

may be taken that the most probable 
value of a quantity subjected to a series of direct and equally 
reliable observations is the arithmetic mean of the several measurements, 
since there is no reason why one determination should influence the 
result more than another. This principle being accepted, the general 
equation of the probability curve is found to be 


where y is the probability of occurrence of an error x 3 h is a constant, 
c depends upon the precision of the observations, and e is the base of 
the Napierian logarithms. 

General Principle of Least Squares. When a quantity is being deduced 
from a series of observations, then to every value which may be adopted 
for the result there will correspond a series of errors or differences between 
the adopted value and the several observed results. The most probable 
series of errors is necessarily that derived from the adoption of the most 
probable value of the quantity. It is found from the probability equation 
that the most probable values of a series of errors arising from observations 
of equal weight are those for which the sum of the squares is a minimum. 
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In this manner is derived the fundamental law of least squares, which 
states that, for observations of equal weight, the most probable value 
of an observed quantity is that which makes the sum of the squares of 
the residual errors a minimum. It may likewise be deduced that, for 
observations of unequal weight, the most probable value of the observed 
quantity is that which makes the sum of the weighted squares of the 
residuals a minimum. 

Most Probable Values of Directly Observed Independent Quantities. It 
has been stated that the most probable value of a quantity subjected 
to a series of direct observations of equal weight is given by the arithmetic 
mean of the observed results. This is in accordance with the law of least 
squares. Similarly, when the observations are of unequal weight the 
most probable value is the weighted arithmetic mean, obtained by 
multiplying each result by its w r eight and dividing the sum of the products 
by the sum of the weights. 

Example . — Find the moat probable value of an angle of which measurements 
under different conditions are 56° 12' 3**2, weight 2, and 56° 12' 8**0, weight 1, 

.6 // o > *> 

56 12 3*2 X 2 = 112 24 6*4 

56 12 8*0 X 1 = 56 12 8*0 


3 ) 168 36 14 4 

Most probable value = 56 12 4*8 

Most Probable Values of Indirectly Observed Independent Quantities. In 

the general case of indirectly observed quantities the most probable 
values are determined by the solution of “ normal equations ” compiled 
from “ observation equations 99 expressing the observed results. These 
normal equations are formed for each quantity of which the most probable 
value is required, and the latter are obtained by simultaneous solution. 

To form the normal equation for any quantity, each observation 
equation is multiplied by the algebraic coefficient of the quantity in that 
observation equation, and the products are added. When the observa- 
tions are of unequal weight, the normal equation for any quantity is 
formed by multiplying each observation equation by the weight of that 
observation as well as by the algebraic coefficient of the quantity in that 
observation equation, and the products are added. 

Example. Find the most probable values of the angles a, b, and c at one station 
from the following observations : — 

a — 40 13 28*7, weight 1, 

6 = 34 46 15*4, 1, 

a + 6 = 74 59 43*0, 2, 

a + b + c « 132 31 07*2, 1, 

6 -f c~ 92 17 42*2, 3. 

For the sake of convenience arrange the equations in columns thus : — 


a 



S3 

40 

13 

28-7, 

weight 1, 



b 

S3S- 

34 

46 

15*4, 


a 

+ 

b 


74 

59 

43*0, 


a: 

+ . 

b 

+ c ~ 

132 

31 

07*2, 

h 



b 

“h c = 

92 

17 

42*2, 

3. 
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To form the normal equation in a, multiply each equation by the algebraic coefficient 
of a and by the weight and add tho results together, giving : — 

« » » 

a = 40 13 28-7, 

2a + 26 = 149 59 260, 

a -p (y o 132 31 0* *2, 


4a -f* 36 ~f“ c :ss 3 22 44 01*9 

By the same process, 

o *8 

3a + 76 + 4c — 594 09 55-2 = normal equation in 6. 
a + 46 -f 4c a= 409 24 13-8 — normal equation in c. 

On solving these equations, the most probable values are found to be 

« / » 

a a 40 13 27-25, 

h » 34 46 15-63, 
c « 57 31 26-00. 

It should be noted that, when the normal equations are written down 
in order and arranged in columns, the coefficients in the first equation 
are reproduced in the first column, those of the second equation in the 
second column, and so on. For this reason, the three normal equations 
in the example would usually be written in the purely conventional 
form : — 

4a + 36 + c = 322° 44' 01"-9, 

76 + 4c = 594 09 55*2, 

4c = 409 24 13 *8. 

All normal equations, owing to this peculiar symmetry, can be written 
in this abbreviated manner, and it will be found that, by doing so, there 
results a saving in copying and writing and that the actual solution is 
considerably simplified and shortened. 

The labour of solution is greatly diminished by assuming a set of 
approximate values for the unknown quantities and then determining by 
normal equations the corrections necessary to give the most probable 
values. The corrections so found must then be added algebraically to 
the respective assumed values to yield the most probable values of the 
unknowns. This method is almost invariably employed in ordinary 
computing work. 

Example. For the previous case let it be assumed that the approximate values of 
a, h and c are respectively 40° 31' 28' r -7, 34° 46' 15**4 and 57° 31' 26*-8, taken from 
observation equations 1, 2 and 5, and let r l9 r 2 and r 3 represent the unknown residual 
errors made in the assumption, so that the most probable values of a, b and c are 
40° 31' 28*-7 + r lf 34° 46' 15**4 + r 2 and 57° 31' 26*-8 -f r , respectively. 

The observation equations are to be reduced in terms of r lf r 2 and r s to express 
discrepancies between the various observed results and those given by the assumed 
values, the latter being subtracted from the former. The reduced observation 
equations then become 

= 0, weight 1, 

r a = 0, 1, 

r % + r a = - 1*1, 2, 

fi + T t 4* fg = — 3*7, 1, 

r t + r* = 0, 3, 

Tt will be seen later that it is more convenient to transfer the absolute terms on 
the right-hand side of the equations to the left-hand sides, the signs, of course. 
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being changed at the same time and the whole of each equation put equal to zero. 
When this has been done, and the equations arranged in columns, we have : ~~ 

r t = 0, weight .1, 5=1, 

^ - 0, 1, 1, 

+ r t + 11 = 0, 2, 3-1, 

r x 4 r 2 + r 3 + 3-7 = 0, 1, 6-7, 

r s "t* r a ^ 0> 3, 2. 

Here we have added an extra column at the right, the use of which will be explained 
later. Proceeding as before, the normal equations are found to be : — 

4r x + 3r 2 -f r 3 + 5*9 = 0, 5 = -f 13-9 

3r x -j- 4* 4r s 4* 5*9 = 0 4* 19*9 

r x 4- 4r a + 4r 8 + 3*7 =0, 4* 12*7. 

These last three equations exhibit the same characteristic form of symmetry 
already noticed in the previous example. Hence, they can be written in the con- 
vention ah form ■ ■ 

4 r t 4- 3r 2 4- r a + 5-9 =0, b = *f 13*9 
7r 2 + 4r 3 4 . 5*9 = 0 4 19*9 

4r s 4 . 3*7 = 0 4* 12*7, 

where it is understood that the first term in the second equation, and the first two 
terms in the third equation, have been omitted but their coefficients are identical 
with the numbers appearing above the coefficients of r 2 and r 3 in the extreme left- 
hand terms of the second and third equations. 

The solution of these three normal equations gives r % = . — 1"*45, r a = 4- 0"*23, 
r % = — 0"*80. By applying these corrections to the assumed values, we have, as 
before, the most probable values a = 40° 13' 27 // *25, 6 = 34° 46' 15"’63, and 
c= 57° 31/ 26"*00. 

There is an extremely useful check on the formation of the normal 
equations which should always be employed. To the right of each 
observation equation in the above example we have written the sum 
of the absolute term and the coefficients of the r’s which occur in that 
equation. Multiply each of these quantities by the corresponding coeffi- 
cient of r 1 and by the weight and add the results. The figure obtained is 
1 + 0 + 6-2 + 6-7 + 0 = 13-9, which is equal to the sum of the absolute 
term and the coefficients of the r’s in the first normal equation. This is 
the check on the formation of that equation. Similarly, multiply each s 
by the coefficient of r 2 in the second observation equation and by the 
weight and add the results. This gives + 19*9, which is the sum of the 
coefficients of the r’s and of the absolute in the second normal equation. 
This checks the formation of that equation. Similarly, for the third 
normal equation, 1+4+44-3-7 = + 12-7. 

It will be seen later that the summations which appear to the right 
of the normal equations not only check the formation of these equations 
but also provide most useful checks at almost every stage of the solution. 

General Formulae for Observational Normal Equations. Let the n 
observation equations be : — 

a 1 r 1 + b 1 r 2 + c x r z + i x r 4 +...'.+ V™. + h = wt « w 1% 

a 2 r x + b 2 r 2 + c 2 r z + d 2 r 4 + . . . + k 2 r m + Z 2 = 0, w 2i 

+ V2 + Ws + + * * • + h r m + h = 


Vi + V 2 + c n r 3 + d n r A + . . - + k n r m + l n = 0, 
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where the r ? s are the corrections to be found, the Vs are the absolute terms 
transferred to the left-hand side of the equations, the w * s are the weights 
of the different observations and the a’s, V s, c’s . . . Vs are numerical 
coefficients. Then the normal equations which have to be solved to give 
r u r 2 , r s , . . . r m are 


[wa 2 ]r x + [wab]r 2 4* [w]r 3 + 
[wba]r x + [wb 2 ]r 2 + [wbc]r z + 
[wca]r x + [ wcb]r 2 + [^c 2 ]r 3 + 


. . + [wak]r m + [wed] = 0, 
. . 4- [wbh]r m 4- [wbl] = 0, 
. . 4- [wck]r m 4- [wd] = 0, 


[tvka]r 1 4* [wkb]r 2 + [wkc]r 3 4~ 


4- [wk 2 ]r m + [wkl] = 0, 


where f 


] denotes summation,* so that : — 

[ms 2 ] == w x a x 2 4" w 2 a 2 2 + + • 

[wab] = w 1 a 1 b 1 4- w 2 a 2 b 2 + w 3 a z b 3 4- . 

[wac] = + w 2 a 2 c 2 4- w z a z c z + . 


• +w„«.„ 2 , 

■ + W r, a n C ni 


[w6 2 ] = w?A 2 + wpp + w.pj- + . 
[wba\ — w 1 b 1 a 1 -f- m 2 6,« 2 -f- w 3 & 3 a 3 + • 


+ m>A 8 > 

+ wA.«»» 


and so on. 

Since [wba] = [w6] ; [wca] = [sme] ; [web] = [whe], etc., the terms 
lying to the left of those containing [wb 2 ] ; [wc 2 ] ; . . . [w;7s 2 ] in the 
second, third, etc., equations are usually not written down, so that the 
normal equations are expressed in the abbreviated, but purely conven- 
tional, form : — 


[wa 2 ]r x 4- [wab]r 2 4- [wac]r z 4* • • • 4* [wak]r m + [wal] = 0, 

[wb 2 ]r 2 4- [wbc]r z 4- ... 4- [wbk]r m 4- N4 = 0, 

[wc 2 ]r z 4- ... 4- [wck]r m + [wd] = 0, 


[wk 2 ]r nl + [wkl] = 0. 

When written in this abbreviated form, the second, third, fourth, etc., 
equations are, of course, not complete, as it must be understood that 
there are omitted terms in r l5 r 2 , r 3 , ... whose coefficients are 
identical with those that, appear immediately above the term at the 
extreme left of each equation. 

We also note that if 

s } = a x 4~ b x 4“ c x 4" d x 4- . . . 4~ k x 4- l Xi 

^ + ^2 4* c 2 + ^2 + • • * + k 2 + l 2 . 


S n — a n + K + C n + 4 “ • . > 4 * K 4 " kf 

Then 

w x a x s x = w x d x 2 4~ w x a x b x 4- w x a x c x 4- ... 4- w x ajc x + w x a x l x , 
w%ct 2 $ % = w 2 a 2 2 4" ^ 2 ^ 2^ 2 “f* w 2 d 2 c 2 4“ • * * 4" w 2 a 2 k 2 4~ w 2 ct> 2 l 2 , 


: W n a >i 2 + 4 - + 


4 * + W n a nhr 


* The symbol 5 (Greek capital sigma) is often used in mathematical work to 
denote summations of this kind, but, in books on least squares applied to surveying,, 
the symbol [ ], as used here, is more generally employed. 



SURVEY ADJUSTMENT 233 

Hence, 

b vas l == [wa 2 ] + [wab] + [«iwc].+ . . . + [wak] + [wal\ 
Similarly, 

[w&$] = [ivha] + [wb 2 ] + [wbc] + . . . + [wbk] + [wbl], 


[whs\ = \wha\ + [wkb] + [wkc\ + . . . + [wk 2 ] + [wkl], 

These relations give the summation tests for the formation of the 
normal equations. 

Unless care is taken to carry out the arithmetical work methodically 
and to apply the summation test for each equation as it is formed, it is 
very easy to make a mistake when forming the normal equations. A good 
plan is to proceed as follows : — 

First form a table giving the weights, coefficients, absolute term and 
the sum of the coefficients and absolute term for each observation equa- 
tion. Thus : — 


w 

r i 

r* 


r « 


T nx 

l 

S 

u\ 



Cl 

d i 


*1 

h 


w 2 




«*. 



h 


tv* 

«3 


>3 

d s 


*3 

ts 


w n 


' s ' 


' L ' 


kn 

’ L * 



Next form a table giving the products of these weights and coefficients, 
column by column, up to the products of the Z’s and s’s by the w’s and 
k% and take the sum in each column as in the table on page 234. 

In this table, the sums of the individual columns give the coefficients 
in the normal equations, and each normal equation as it is formed is 
checked by seeing if the sums of the different coefficients add up to the 
sum in the columns containing the s’s. 

Thus, with the example already given : — 


Observation Equations . 


W 

ri 

?% 

no ■■■■. j 

l 

\ 

$ 

1 

i 

0 

0 

0 

1 

1 

0 

1 

0 

0 

1 

2 

1 

1 

0 

+ 1-1 

+ 3*1 

1 

1 

1 

1 

+ 3-7 

+ 6*7 

3 

0 

! 

1 

1 

0 

2 
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Formation of Normal Equations. 


[wa*] 

[wab] 

[woe] 

[wal] 

[was] 

[wh*] 

[wbc] 

[wbl] 

[wbs] j 

[wc*] 

[«*?/] 

[wcs] 

l 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

\:0 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

2 

2 

0 

-f 2*2 

+ 6*2 

2 

0 

+ 22: 

+ 6*2 

0 

0 

0 

1 

1 

1 

4* 3*7 

+ 6*7 

1 

1 

-f 3*7 

+ 6*7 

1 

+ 3*7 

+ 6*7 

0 

0 

0 

0 

. 0 

3 

3 

0 

6 

3 

0 

6 

4 

3 

1 

+ 5*9 

+ 13*9 

7 

4 ' 

+ 5*9 

+ 19*9 

4 

+ 3*7 

+ 12*7 


In addition to the ordinary checks given on page 233, there are two 
additional ones which can be formed by adding three columns (not shown 
above) headed [wl z ], [ wls ], and [ws 2 ] to the table for the formation of the 
normal equations. Then [wls] = sum of the absolute terms hi the normal 
equations plus [wl 2 ], and [ws 2 ] = [was] + [wbs] + [wcs] + [wds] + . . . 
+ [wls]. These additional terms are set out in the last two rows of the 
following tabulation of the coefficients, absolute terms and sum or check 
terms in the normal equations, the first three rows being the normal 
equations themselves. The whole of the checks are therefore : — 

4 +3 +1 + 5*9 = + 13*9 

3 + 7 + 4 +5*9= + 19*9 

1 +4 +4 + 3*7 = + 12*7 

5*9+ 5*9+ 3*7+ 16*11 = +31*61 
13*9 + 19*9 + 12*7 + 31*61 = + 78*11. 


Normal Equations. 



r* 

r t 

1 

S ' 

4 

3 

1 

+ 5*9 

+ 13-9 


7 

4 

+ 6-9 

+ 19-9 



4 

+ 3-7 

+ 12*7 




+ 16*11 

+ 31-61 


+ 78*11 


Solution of Normal Equations. The labour of solution of normal 
equations, which may be very heavy if the number of equations is large, 
will be greatly reduced, and the chances of error lessened, if a sound and 
systematic method is followed throughout. Very fortunately, simple 
checks are available which can be used to check the work in all its stages 
and to locate an error when one is made. The method can best be followed 
by studying a simple example, and, although the one now to be given 
consists of only three equations and three unknowns, a close examination 
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of it should enable the reader to solve any number of equations. The 
actual working is first set out and then follows an explanation of it line 
by line. Another example, with four equations and four unknowns, is 
given on page 246. 

Take the three normal equations which we have just formed. The full 
solution is in two parts, and the first part, often called the “ forward 
solution,” is set out as follows : — 


Line 

ft 

r* 

r a 

l 

s 

I 

4 

3 

1 

5-9 

13*9 

2 

*~ 1 

- 0*75 

- 0*25 

~ 1*475 

- 3-475 

3 


7 

4 

5*9 

19*9 

4 


- 2-25 

- 0-75 

- 4*425 

V 

© 

1 

5 


-f 4*75 

+ 3*25 

+ 1*475 

-b 9*475 

6 


- 1 

- 0-6842 

- 0*3105 

- 1*9947 

'7 



4 

3*7 

12*7 

S 



- 0*25 

- 1*475 

- 3*475 

9 



- 2*2237 

- 1*0092 

- 6-482!) 

10 



+ 1*5263 

4- 1*2158 

+ 2*7421 

11 



- 1 

1 

- 0*7966 

- 1*7960 


Here : 

Line I = The first normal equation. 

Line 2 = Line 1 divided by 4, the coefficient of r v with signs reversed. 
Line 3 = The second normal equation. 

Line 4 = Line 2 multiplied by 3, the coefficient of r 2 in line 1 . 

Line 5 = Algebraic sum of lines 3 and 4. 

Line 6 = Line 5 divided by + 4*75, the coefficient of r 2 in that line, 
with signs reversed. 

Line 7 = The third normal equation. 

Line 8 = Line 2 multiplied by 1, the coefficient of r 3 in line 1. 

Line 9 = Line 6 multiplied by + 3*25, the coefficient of r 3 in line 5. 

Line 10 = Algebraic sum of lines 7, 8 and 9. 

Line 11 = Line 10 divided by + 1*5263, the coefficient of r 3 in that line, 
with signs reversed. 

This completes the first, and by far the larger, part of the solution and 
leads to the value for r 3 , which is the figure, — 0-7966, in the last line of 
the l column. 

The checks so far are : — 

(1) The sum of the figures in the “ r ” and “ l ” columns of lines 5 
and 10 add up to the figure in the “ s ” column of the same lines. 

(2) The sum of the figures in the “ r ” and “ l ” columns of lines 2, 6 
and 11 add up to the figure in the “ s ” column in the same lines. 

If these checks are not fulfilled, there is an error somewhere, and, if 
this error is not to be found in the additions, it is most likely in one of 
the lines 4, 8 or 9 which can be examined line by line as follows : — 

Line 4 is the product pf the entries in line 2 multiplied by 3, the co- 
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efficient of r 2 in line 1. But, in line 4 the product 3 X — 1 lias not been 
written down under r v Hence, taking this term into account, the sum 
of the entries in the “ r ” and “ l ” columns of line 4 is — 3 — 2-25 — 0-75 
— 4* 425 = — 10*425, which is the entry in the “ s 55 column of that line. 
Again, take line 9, which comes from lines 5 and 6. The omitted term in 
this line is + 3-25 X •— 1 = — 3*25. Then we have — 3*25 — 2-2237 — 
1*0092 = — 6*4829, which agrees with the figure in the “ s 99 column. 

The process, perhaps, will be more clearly understood if each equation 
and the different steps are written out in full as follows : — 

Lin© (1A) -f 4r 1 -f 3-OOOOr* + l-0000r a + 5-9000 = 0. 

„ (2A) - - 0-7500 r 2 - 0-2500 r 3 - .1-4750= 0. 

„ (3A) + 3 r x + 7-0000r 2 -f 4*0000r 3 + 5-9000 = 0. 

(4A) — 3 r, - 2-2500r a - 0-7500r 3 - 4-4250 = 0. 

„ (5A) 0 + 4-7500r 2 + 3*2500r 3 -f 1-4750 = 0. 

„ (6A) 0 - l*0000r 2 - 0-6842r s - 0*3105 = 0. 

„ (7A) + r x + 4-OOOOr* -f 4-OOOOr 3 + 3-7000 = 0. 

„ (8A) - — 0-7500r 2 - 0*2500r 8 - 1-4750 = 0. 

„ (9A) 0 - 3*2500r a - 2*2237r s - 1-0092 = 0. 

„ (10A) 0 0 "+ l*5263r s + 1*2158 = 0. 

„ (11A) 0 0 - I-OOOOr, - 0-7966 = 0. 

It will be seen that the 3rd and 4th lines lead to the elimination of 

r v and the 6th line to an equation in r 2 and r 3 with minus one as the 
coefficient of r 2 . The 7th, 8th and 9th lines lead to the elimination of 
r 2 , and the 11th to an equation in r 3 with minus one as the coefficient 
of r 3 . The equations represented by the 2nd, 6th and 11th lines are 
called the “ derived normal equations.’ 5 

So far, we have obtained the value for r 3 but we also want the values 
for r 2 and r v The arrangement of this part of the work is as follows : — 


**8 

Check 


Check 

r% 

Check 

- 0-7966 

- 1*7966 

- 0-3105 
+ 0-5450 
+ 0-2345 

- 1*9947 
+ 1- 2292 
~ 0-7655 

- 1-4750 
+ 0*1992 

- 0-1759 

- 1-4517 

- 3*4750 
-f 0-4492 
+ 0*5741 

— 2*4517 


giving r 1 — — 1"*45 ; r 2 = + 0"-23 ; r 3 = — 0"*80 and the corrected 
values a = 40° 31' 27"*25 ; b = 34° 46' 15"*63 ; 57° 31' 26"*00. 

In this it will be noticed that — 1 added to each of the summations in 
the r l9 r 2 and r s columns is equal to the summation in each of the respec- 
tive check columns. 

In this part of the solution, which is often called the “ back solution,” 
we merely substitute the value of r 3 , found in equation (11 A) above, in 
the derived normal equation (6A) to get r 2 , and then the values of r 3 and 
r 2 in the derived normal equation (2 A) to get r v Thus, in the third and 
fourth columns of the back solution, the quantities — 0*3105 and — - 1*9947 
in the first line are the “ l 55 and “ s 55 terms in line 6 of the first part of 
the solution. The quantities + 0*5450 and + 1*2292 are the values of 
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r 3 and its check multiplied by — 0*6842, the coefficient of r 3 in line 6. 
Similarly, in the last two columns of the back solution, — 1*4750 and 

— 3*4750 come from the “ Z ” and cc s ” terms in line 2 of the first part 
of the solution. +0*1992 and + 0*4492 are equal to —0*7966 and 

— 1*7966, the values of r 3 and its check, each multiplied by — 0*25, the 
coefficient of r 3 in line 2, and —0*1759 and + 0*5741 are + 0*2345 and 

— 0*7655, each multiplied by —0*75, the coefficient of r 2 in line 2. 

Normal equations are most conveniently solved by using a computing 

machine, but logarithms may also be employed. If logarithms are used 
it will be noticed that many of them occur more than once. Hence, the 
logarithmic work should be preserved as it proceeds. The best plan is 
to work on a definite organised scheme, and such schemes for logarithmic 
solutions are given in most text-books on least squares. A convenient 
scheme for use with a machine, as devised by Daubrasse, is described by 
E. H. Thompson in the Empire Survey Review, Vol. Ill, No. 20, April, 
1936. 

The final check, both on the formation of the reduced observation 
equations and on the formation and solution of the normal equations, is 
to apply the corrections to the assumed approximate values of the un- 
knowns and then substitute the corrected values in the original observa- 
tion equations. The latter will not be entirely satisfied but will leave 
small residuals. The check then is to take the squares of these residuals 
and multiply each square by the weight of the corresponding observation 
equation. The sum of the quantities so obtained should then be equal 
to the sum of the quantities formed by multiplying the square of each 
absolute term in the observation equations by the weight of that equation 
plus the sum of the products of each correction and the absolute term 
in the corresponding normal equation. Symbolically, this may be expressed 
as : — 

[ot 2 ] = r^wal] + r 2 [wbl] + . . . + r M [wkl] + [wl 2 ]. 

where [wv 2 ] is the sum of the weighted squares of the residuals found by 
substitution of the corrected quantities in the original observation 
equations, r l3 r 2 , . . . r m are the corrections and [wal], [wbl], . . . [w&Z] 
are the absolute terms in the normal equations. 

in the example : — 

Sum of weighted squares of tho absolute terms of the observation 
equations =lxO+lxO + 2x (M) 2 + 1 X (3*7) 2 + 3x0 = + 16*110 

Sum of the products of each correction and the absolute terms in the 
corresponding normal equation = — 1*45 X 5-9 + 0-23 X 5*9 - 0*80 
X 3*7 = - 10*158 

+ 5*952 

Sum of weighted squares of the residuals — 1 X (1*45) 2 4- 1 x (0*23) 2 + 

2 x (0*12)2 + 1 x (1-68) 2 + 3 X (0*57) 2 « + 5*941 

The small difference of 0*011 is due to dropped decimal places and 
hence the work may be assumed to be correct. 

Most Probable Values of Conditioned Quantities. When the quantities 
of a set must fulfil rigorous geometrical relationships, the most probable 
value of any one quantity is influenced by the results of observation of 
the others. The problem is to ascribe a most probable set of values to the 
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unknown quantities and not those which, if no conditions had to be met, 
would appear fi'om the observation equations to be the most probable 
for each. 

With conditioned quantities, therefore, there are, in addition to the 
observation equations, one or more equations of condition, which are 
always fewer in number than the unknowns, and which exhibit the 
conditions to be fulfilled. Thus, if a, 6, c, and d are angles closing the 
horizon at a station, the equation of condition to be satisfied is (a+&+c+d) 
= 360°. If this is written as d = 360° — (a -f* b + c), it is only necessary 
to find by the previous methods the most probable values of the indepen- 
dents b, and c, and then evaluate the dependent d. Generally, if 
there are n unknowns connected by m independent conditional equations, 
the number of independent quantities is (n — m), the remaining un- 
knowns being expressible in terms of these independent quantities and 
obtainable from them. 

This method of dealing with conditioned quantities is suitable for many 
of the simple cases which may be encountered by the civil engineer, and 
is illustrated by the following examples. 

Example 1. The observations closing the horizon at a station are : — 

o= 72° 30' 42"*2, weight 1, 
b — 61 07 20 *4, 2, 

c = 75 45 12 *8, 3, 

d = 42 23 38 -0, 2, 

e = 108 13 08 0, 1, 

a -f- 6 = 133 38 04-7, 1, 

c 4- g? = 118 08 48-0. 3, 

€4-a= 180 43 53*0, 1, 

Conditional equation : a4&4c + ^ + e= 360°. 

Find the most probable values. 

The number of independent quantities is 4. Lot e be the dependent quantity, and 
let the most probable values of a , b, c and d be : — 

a = 72° 30' 42" *2 4 - iq ; b = 61° 07' 20"*4 -f r 2 ; 

c = 75° 45' 12"-8 4- r 3 ; d = 42° 23' 38"*0 -f r 4 . 

Then the correct value of e is 360° — (a -f 6 4- c 4- d -f r x 4- r 2 4- r 3 4 ?*) 

108° 13' 06"*6 — (r x -f r 2 + r 3 + r A ). and the reduced observation equations, 

written in tabular form, become : — 


tv 

r, 

r* 

r* 

n 

1 

s 

1 

1 

0 

0 

0 

0 

1 

2 

0 

1 

0 

0 

0 

1 

3 

0 

0 

1 

0 

0 

1 

2 

0 

0 

0 

1 

0 

1 

1 

1 

1 

1 

1 

4- 2*3 

4- 6-3 

1 

1 

1 

0 

0 

- 2*1 

i - 0*1 

3 

0 

0 

1 

1 

+ 1*9 

4- 3*9 

1 

0 

1 

1 

1 1 

4- 4*2 

■ 4-7*2 


giving the normal equations 


2 

5 


l 

4 * 0*2 
4- 4*4 
4 - 12-2 
+ 12*2 


8 

4- 7*2 
4- 15*4 
4- 28*2 
4- 27*2 
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Solution of fcheso equations gives : — 

r x = + 0"*89, r 2 ~ ~ 0"*45, r 3 = - 0"*79, r 4 = - MS. 

Hence, the corrected values are : — 

a» 72° 30' 43"*09; 5 = 61° 07' 19"*95 ; 
c = 75 45 12 -01 ; d = 42 23 36 *S2 ; 
e = 108 13 08 *13. 

In this example the final check is : — 

[i wP *] = + 38*17 

r^wal] -f r^wbl] -f r z [wcl] -f r&wdl] ™ — 25*836 

Sum = -f 12*334 

[i wv 2 ] = + 12*385 

Tho small difference of 0*051 is due to dropped decimal places, as may be verified 

by working to three or four, instead of two, decimal places. 

Example 2. The angle observations of two triangles ABC and BCD, having a 
common side, gave the following results of unifor m weight, 

o / ft 

BAG = a — 48 01 17*0, 

ABC * 6j = 56 34 02*4, 

CBD = 6* = 67 12 00*8, 

ABD = b = 123 46 05*6, 

ACB = c x — 75 24 42*1, 

BCD » c 2 = 42 50 07*0, 

ACD=: c » 118 14 46*2, 

BDC = d = 69 57 50*1. 

The conditional equations are : — 

4. 5 a s= 6, 

Ci + c a = c, 

a -f* -f- Ci — 180°, 

d + b 2 4- c a = 180°. 

The number of independent quantities is 4. Let these be b lf b 2 , c lf and c 2 . 

Using reduced observation equations with assumed values for the independents 
as given in the 2nd, 3rd, 5th, and 6th observation equations, and letting r lt r 2 , r 3 , 
and r 4 represent the corrections for b v b 2 , c lf and c 2 respectively, wo have" on 
eliminating the dependents, the reduced observation equations, 

r x -f r 3 -f 1*5 = 0. 

'i = 0. 

r 2 = 0 . 

r 1 *f r 2 — 2-4 « 0. 

r 3 = 0. 

r 4 0. 
r z + r A + 2*9 « 0. 
r, -fr 4 - 2*1 « 0. 
yielding the normal equations : — 

3r i + r 2 -f r 3 — 0*9 = 0. 

3r 2 -f* r 4 — 4*5 = 0. 

3r 3 -f r 4 + 4*4 = 0. 

3r 4 -f 0*8 = 0. 

solution of which gives r t ~ 0**29, r 2 = -f- U-49, r 3 = — 1"*47, r 4 — — 0**27. 

On application of these, tho most probable values are : — 


a = 

48 

01 

16* 

68, 


56 

34 

02* 

69, 

5 2 = 

67 

12 

02* 

■29, 

Cl = 

75 

24 

40- 

•63, 

c 2 = 

42 

50 

06 

73, 

d - 

69 

57 

50- 

•98. 
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, Correlatives. When there are several conditions to be 

fulfilled, the most probable values are usually obtained by the use of 
undetermined multipliers, called “correlatives.” 

Taking the common case in which the observations are direct and 
equal m number to the unknowns, let there be n observed quantities of 
which the most probable values are x v x„ etc., and the observed values 
are o ls o 2 , etc. 

The n observation equations are : 


x i == + r v weight w ls 

^2 = ^2 + weight w 2i etc (X) 

Let the m conditional equations be 

&i x i + a 2^2 + • • . a A = <11, 

h l x l + h 2 x 2 + . . . b n x n sas q 2 , etc. ..... (2) 

Substituting (1) in (2) we have 

a i r i + a s r 2 + • • * == q x — [ao] = — u v 

b i r i + k 2 r 2 + • • * \r H = q 2 — [bo] = — u 2y etc. ... (3) 

For the most probable values of the residuals, 

w i r i l + w 2 r 2 + - ■ . » w n r n 2 = a minimum, 
or Mpyir, + iv 2 r,/lr 2 + . . . w n r n dr n = 0 (4) 

But, differentiating (3), 

a 1 dr 1 + a 2 dr 2 + . . . a,Jr n = 0. 

^i^ r i + b 2 dr 2 + * • * b n dr n = 0, etc (5) 

Forming the m equations (5) into a single equivalent equation, we have • 

&i( a i^ r i + a 2^ r 2 + * ■ • a »^») + k 2 (b x dr x + h 2 dr 2 + . , . b M ir M )+ • • • 

= 0, . ' . (Q) 


— ♦ .• • . . . . . . (oj 

where k l9 lc 2i . . . Jc m are independent constants or correlatives. 

Equating (6) and (4), since the values of dr lr dr 2> etc*, are simultaneous, 
we obtain, on rearranging the terms, 

(&i a i + + • • • &w m x — w i r i) dr x + (lc x a 2 + & 2 b 2 + . . . Jc m m 2 

- io 2 r 2 ) dr 2 +...*= 0, ........ (7) 


in which the coefficients of the differentials must each be zero so that 
&i a i + + . • . t i m 1 == iv x r l9 

^i a 2 + * 2 ^>a + • * • k>J & 2 = w 2 r 2} etc (8) 


Substituting these values of r X) r 2 , etc. in (3) we obtain 
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Equations (9) are solved simultaneously for k v Jc 2 , . . . k m ; and r v 
r 2 , . . . r n are then obtained from (8), whence x v x 2) . . . x n from (1). 

As in the case of the normal equations derived from observation 

rbal fabl r cal ]“ac~J 
equations, we observe that, as I ! w b I w J = ^j J 

J = j^~J, etc., equations (9) can be written in the conventional 
and abbreviated form 



_ faml 

■ • +*"'[_¥ J + «i = ° 


, rbm-l 

• + Y{7 J + m 2 = 0 


fcml 

’ C ’ m ! ~W J + ^3 = . 0 

^■[^] + = ° 


It will also be observed that, in the normal equations formed from 
observation equations, each absolute term in the observation equations 
is multiplied by the weight of observation and by the coefficient of one 
of the unknowns, and the results are added together to give the 
absolute term in the normal equations. In the above equations, which 
are called the “ correlative normal equations,” the absolute terms are 
not the result of similar summations, but are simply the absolute terms 
in the conditional equations themselves. Another difference between 
observational and correlative normal equations is that, when forming 
the observational normal equations, the coefficients that are to be 
multiplied together occur in the same equation ; in forming the 
correlative normal equations, the coefficients that are to be multiplied 
together occur in the different conditional equations. Hence, in the 
table used for forming the observational normal equations, the coefficients 
in each observation equation are written in horizontal lines, but, as will 
be seen later, those of conditional equations are most conveniently 
tabulated in vertical columns. 

Note also that in forming observational normal equations the squares 
and products of coefficients are multiplied by the weights themselves ; in 
forming conditional normal equations these squares and products are 
multiplied by the reciprocals of the weights. 

Corresponding to the summation checks in the formation of ordinary 
observational normal equations, there are similar checks in the case of 
the formation of the correlative normal equations, but in the latter case 
the absolute terms are not included in the check. 
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a i + W -f e 1 + djt + . . . + ni| 

sum of coefficients of r x in the conditional equations, 

a 2 + b 2 -f c 2 + d 2 + . . . -f m 2 

a 3 + h 3 + c 3 + d 3 + . . . -f nig, etc. 


Then 


sum of coefficients in the first correlative normal equation 


Similarly, 


sum of coefficients in second correlative normal equation, 


In addition, we have 


The method of forming the correlative normal equations and of checking 
them as they are formed will be seen from the following example in which 
all the weights are unity. 

Example* Find the most probable values of the angles of Ex* 2 , page 210 , by the 
method of correlatives. 

Let r t , r 2 , . . . r s be the corrections to the angles a, * . . d in the order given. 

Here the weights are all unity and the conditional equations (3) are 
*4 ~ r t - r 3 + 2*4 = 0. 


f j q. q. q j .5 =3 . 

f j q q. — - 2 *1 ™ 

the coefficients in which may be tabulated as follows 
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The coefficients in the correlative normal equations are then found by 
tabulating 


r 


ab 

w 

ae 

w 

ad 

w 

as 

w 

b* 

w 

be 

w 

bd 

w 

'bs 

w 

£f 

w 

c£ 

w 

CS' 

w 

£ 

w 

ds 

to 

£f 

w 

r 

'1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

4- 1 

0 

4- l 

0 

0 

4- l 

T i 


4 1 

0 

- 1 

0 

0 

0 

0 

0 

0 

4- 1 

0 

0 

0 

0 

0 

'/‘o 

T S 

4- 1 

0 

0 

- 1, 

0 

0 

0 

0 

0 

0 

0 

0 

4- 1 

0 

0 

T. 

r* 

4 1 

0 

0 ; 

0 

4 1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

4- 1 

r, l 

*5 i 

0 

0 

0 

0 

0 

4 1 

- 1 

0 

0 

4- 1 

! 0 

0 

0 

0 

; 0 

r 0 

*0 

0 

0 

0 

0 

0 

4- 1 

0 

- 1 

0 

0 

0 

0 

4- 1 

0 

0 

r G 

^*7 

1 0 

1 0 

0 

! o 

0 

4- 1 

0 

0 

4* 1 

0 

0 

0 

0 

0 

4* 1 

r 7 

**8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

4- 1 

4- 1 

•f 1 

r. 

n 

4 3 

0 

- 1 

- 1 

4 1 

4- 3 

- 1 

~~ 1 

4- I 

4- 3 

0 

4- 1 

4- 3 

4- 1 

4~ 4 

r j 




= _l_l + 0 + 3== + l=[|' 



The correlative normal equations, when written in conventional form, 
are therefore : — 

3 /«j + 0 — * 3 - k t + 2 " *4 = 0 
3* 2 *2 ~~ *^ — 2*9 0 

3* 3 + 0 + 1*5 = 0 
3 * t - 2*1 = 0 

solution of which gives : — 

*! = - 0*013 
*.= + 1*153 
* 3 = - 0*320 
* * 4 = + 0*880 

In obtaining r u r 2 . . . r g , the coefficients in equations (8) are those 
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given in the table on page 243 which was used in forming the correlative 
normal equations,, Then 

r'i ^ + h — - 0"*32 

f jj ==■ h x + = -f* 0 *29 

= — k x ~|- = 4“ 1 *49 

U = + h x = - 0 *61 

-j- ^3= — 1 *47 

?«=*—■ ii + *4== - 0 *27 
r 7 = -j- = + 1 *15 

fg = -f- = ~f“ 0 *88 

On applying these corrections to the observed values, we have the most 
probable values. 

a « 48° OF 17**0 - 0**32 == 48° OF 16**68, etc., as before. 

When these values are substituted in the conditional equations, the latter 
should be satisfied to within one or two units in the last decimal place. 
This is the final check.* 

Solution o! Correlative Normal Equations. The solution of the corre- 
lative normal equations is carried out in exactly the same manner as in 
the case of normal equations derived from observation equations. The 
coefficients of the correlatives and the absolute term in each normal 
equation are added together to give a sum term and this sum term is 
used as a check in exactly the same manner as before. The solution of 
the four correlative normal equations found in the last example is given 
on page 246. 

Precision of the Most Probable Value. When the most probable value 
of a quantity has been obtained, it is desirable to have some index of 
the precision of the result. Thereby the relative accuracy of different 
series of observations may be ascertained, and, for purposes of adjustment, 
weights based on the value of the index may he ascribed to each. The 
number of individual measures of the quantity and their consistency afford 
data for estimating the probable precision of the result. Three criteria 
are employed, viz. probable error, mean square error, and mean error. 

The Probable Error (p.e.) is of such magnitude that the probability of 
the true error being larger is equal to the probability of the true error 
being smaller than the probable error. In other words, in a large series 
of observations the probability is that there are as many errors numerically 
greater than the probable error as there are smaller. 

The Mean Square Error (m.s.e.) equals the square root of the arithmetic 
mean of the squares of the individual true errors. 

The Mean Error (m.e.) is the arithmetic mean of the individual true 
errors without regard to sign. 

As the determination of the values of these errors is based on the theory 
of probabilities, it must again be emphasised that the employment of su:*h 
standards presupposes the entire elimination of all but accidental errors. 

When the number of observations is large, these errors have the 
relationship 

p.e. = 0*6745 m.s.e. = *8453 m.e., 
so that it is comparatively unimportant which is adopted. 

* Another example of an adjustment by conditional equations, but with weights 
other than unity, is given on page 380. ■ ' 


SOLUTION OF NORMAL EQUATIONS FOUND ON PAGE 244 
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Probable Error, Probable error is the criterion generally employed in 
British and American practice, arid the formnlce for its evaluation in 
the simplest cases are quoted below. As the use of the word 44 probable ” 
is confusing, the reader is cautioned at the outset against attaching any 
significance to the term other than that contained in the definition. The 
probable error is not the most probable error, as this is shown by the 
probability curve to be always zero. Many authorities prefer to use the 
mean square error as a measure of precision. 

In giving the result of a measurement from which constant errors 
are eliminated, the value of the probable error is written with a positive 
and negative sign after the most probable value. Thus, the standardised 
length of a tape obtained from repeated comparisons might be stated 
as 100*00042 ± 0*00005 ft., indicating that the true length is as likely 
to lie within the limits 100*00037 and 100*00047 ft. as to have any value 
outside them. 

Formulae for Probable Error. 

Let n = the number of measures contributing to the most probable value, 

[r 2 ] = the sum of the squares of the residual errors, 
w = the weight of a measure, 

[w] = the sum of the weights of the measures. 

[w 2 ] = the sum of the weighted squares in the residuals. 

For Direct Observations of Equal Weight on a Single Quantity. 

p.e. of a single measure = 0*6745 V { [r 2 ]/(?& — 1)}. 
p.e. of the arithmetic mean = 0-6745'\/{[r 2 ]jn(n — 1) }. 

For Direct Observations of Unequal Weight on a Single Quantity . 

p.e. of a single measure of unit weight = 0*6745\/ ( [wr 2 ]j(n — • 1) } 

p.e. of the weighted mean = 0*6745 y 7 { [wr 2 ]j(n — l)[w] }* 

These formulae are strictly applicable only when n is indefinitely 
great, but are commonly used for cases when n is small. In such cases 
the result does not truly represent the probable error, but nevertheless 
serves to indicate the relative precision of similar sets of observations. 

Example 1. Eight measures of an angle are as tabulated. Compute the p.e. of 
the arithmetic mean, the observations being of uniform woight. 


Measure. 


r 2 

/ ;v v :" : 

* 


67 34 14-2 ' 

— 164 

2*69 

18*9 

+ 3*06 

9 36 

13*2 

- 2*64 

6*07 

17*S 

+ 1*96 

3*84 

16*9 

4- 1*06 

1*12 

15*5 

- 0*34 

0*12 

14*0 

- 1*84 

3*39 

16*2 

4- 0-36 

0*13 

8} 126*7 

15*84 

- 0*02 

[> a ]= 27*62 
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p.e. of arithmetic mean = 0*674^ | 27-62/(8 X 7) | 

± 0"*47. 

p.e. of a single measure » 0*674*^/ { 27-62/7 
- ± 1**34. 

Example 2. If the last four measures above are given a weight three times that 
of the first four, compute the p.e. of the weighted mean. 


Measure 

w 

wm 


r 2 

tor 2 

34 14*2 

1 

14*2 

1*54 

2*37 

2*37 

18*9 

I 

18*9 

3*16 

9*99 

9*99 

13*2 

1 

13*2 

2*54 

6*45 

6 45 

17*8 

1 

17*8 

2*06 

4*24 

4*24 

16*9 

3 

50*7 

1*16 

1*35 

4*05 

15*5 

3 

46*5 

0*24 

0*06 

0*18 

14*0 

3 

42*0 

1*74 

3-03 

9*09 

16*2 

3 

48*6 

0*46 

0*21 

0*63 

[«]- 

16 

) 251*9 

15*74 


[tur 2 ] ~ 

37*00 


p.e. of weighted mean » 0-674^/ { 37*00/(7 X 16) j 

« ± o-sr. 


For Commuted Quantities . 

Let R = the result computed from the most probable values, 
m, n 9 etc., of one or more independent quantities = 
f(7n,n, etc.), 

e lf e 2 , etc. = the probable errors of m, n 3 etc. 


then p.e. of B = yj + . . 


In the common case where / (m, etc.) is linear, it follows that, 

if JS = the sum or difference of a constant and an observed 
quantity m, having a p.e. of e l9 

p.e. of 22 = e*. 

If jfr = the sum or difference of a number of observed quantities, 
n, etc., 

p.e. of R = %/ + e 2 2 + . . . 


This result has been used in the previous chapter in connection with the 
propagation of error in base line measurement and precise traversing and 
also in Chapters II and IV of Vol. I in connection with the propagation of 
error in linear measurements and in traversing. 


Example 3. If the most probable value of an angle is 48° 12' 32**24 ± 0*-28, 
that of its explemenfc is 311° 47' 27*-76 ± 0**28. 


* Since the most probable value to be obtained from a number of independent 

measures of a single directly observed quantity is the weighted mean of all the 
observed values, a “residual error” is the difference between an individual measure 
and the weighted mean of all tho measures. 
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Example 4. The most probable value of an angle AOC is 84° 40' 21*-20 ± 0**90, 
and that of its part AOB is 36° 14' 08**52 ± 1**30. Find the orobable error of the 
value of BOO as obtained by subtraction. 

p.e. of BOO = V(-90) + (1-30) 2 = ± V-58. 

Example 5. Find the probable error of the area of a rectangle the sides of which 
are in feet, 210*55 ± 0*01 and 372*40 ± 0*02, 

R = inn. 

dR dR 

-r— =* n, and ■=- = m. 
am dn 


p.e. of R = 


// dM\* ( djtcy 

V r*dmj + V® ) = V(*i «) 2 + (a, »)*, 

V ( OA x 372-40)* + (.02 x 210-55) 2 = ± 5-62 sq. ft. 


Application of Probable Error to Weighting. If the results of two or 
more series of observations of a quantity are available, and the probable 
error of each is known, the most probable value may be obtained from 
the individual results by giving to each a weight based on its probable 
error. It may be shown that weight is inversely proportional to the 
square of the probable error, and, in the absence of other data, the indi- 
vidual results are so weighted. 


Example. Telegraphic longitude differences between two stations gave the 
following results : — 

h. m. s. s. 

0 4 10*48 ± 0*60, 

9*50 ± 0*30, 

8*56 ± 0*75, 

11*06 ± 0*50, 

9*12 ± 0*42, 

10*06 ± 0*72. 

Calculate the most probable value and its probable error. 

The weights are proportional to JL, _L _L _L 
or to 28, 111, 18, 40, 57, 19, 

whence 


m 

w 

wm 


■ r 2 

wr 2 : 

10*48 

28 

293*4 

■ 0*75 

0*563 

15*70 

9*50 

111 

1,054*5 

0*23 

0*053 

5*88 

8*56 

18 

154*1 

1*17 

1*369 

24*64 

11*06 

40 

442*4 

1*33 

1*769 

70*76 

9*12 

57 

519*8 

0*61 

0*372 

21*20 

10*06 

19 

191 1 

0*33 

0*109 

* 2*07 


273 

) 2,655*3 


[wr 2 ] — 

140*31 


9*73 

p.e. of weighted mean « *674 A/-. i .£ ? .. £L — i 0*22 s., 

* - V 273 X 5 

and difference of longitude — Oh. 4 m. 9*73 s. ± 0*22 s. 

Probable Error of Indirectly Observed Independent Quantities. When 
an indirectly observed quantity is derived from observation equations let 
q be the number of observations, n the number of independent unknowns 
and let [wv 2 ] = + v? 2 v 2 2 + w z v z + * * • where v v v 2) v z , etc., are 
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the residuals found by substituting the corrections in each original 
(unweighted) observation equation and w v w 2 , w 3 , etc., are, as before, 
the weights of the different observations. Then the average probable 
error of an unadjusted observation of weight unity is given by : — 


p.e. = ± 0-6745 J 
r V q — n 


and the average probable error of an adjusted observation of unit weight 
is given by : — 


p.e. 


± 0 - 6746 ^- 2 ^ 


M)[w\ 


Probable Error of Conditioned Quantities. When the quantities to be 
determined are related by, and the corrections are obtained from, equa- 
tions of condition, the residuals are the corrections themselves. Let n c 
be the number of condition equations and q the number of observed 
quantities. The probable error of an unadjusted observation of unit 
weight is then given by : — 





and the probable error of an adjusted observation of unit weight is 
given by : — 

p.e. = ± 0-6745 / (g ~ n c )[wv^ 

V n£w] 

in which, as before, {wv~} = wqsq 2 + ^2 V 2 2 + * • * and [w] = w 1 + w 2 + 

^3 + • • • 

In all the above cases, the probable error, r w , of an observation of 
weight w is obtained from 

K = 

where r 1 is the probable error of an observation of unit weight. 

Rejection of Doubtful Observations. In a series of observations it not 
infrequently happens that one or more measures differ considerably 
more than the others from the mean. This may be caused by a mistake 
or by some external influence which does not affect the other observations, 
and, if so, the discrepant measures should not be used in computing the 
final result. Since, however, each observation is subject to an indefinitely 
large number of very small accidental errors, it is in accordance with the 
laws of probability that these should occasionally combine to form a 
large accidental error, and this circumstance would not justify the rejection 
of the measure affected. It is therefore a matter of considerable difficulty 
to decide whether an observation at variance with the others should be 
discarded or retained. 

In the field an observer should not cancel an observation merely 
because it differs rather widely from the others, unless the discrepancy 
is so great that a mistake is obvious. When he is of opinion that an 
observation will not prove as trustworthy as usual, he should record the 
full circumstances affecting its accuracy. Such notes form a valuable 
to guide the computer, who may either use his own judgment as to 
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whether any observations should be rejected or be guided by a rule based 
on mathematical principles. Many such criteria have been proposed. 
That recommended by Wright and Hayford 514 is as follows : 

Reject each observation for which the residual exceeds five times 
the probable error of a single observation as derived from all the 
measures. Examine each observation for which the residual exceeds 
3 J times the probable error of a single observation, and reject it if 
any of the conditions under which the observation was made were 
such as to produce any lack of confidence. 

Pierce’s criterion has been largely used for the same purpose. The 
rule and the table of constants required in its application will be found 
in The Royal Geographical Society’s Hints to Travellers , Chauvenet’s 
Astronomy, Wilson’s Topographic Surveying , etc. 

ADJUSTMENT OE TRIANGULATION 

Theoretically, all the angles of a triangulation system should be treated 
together by least squares to yield their simultaneous most probable 
values. The labour of such a solution is so very great that even in primary 
work it is usual to divide the system into sections, which are separately 
adjusted. More generally, it is sufficient to adjust the angles of each 
triangle or simple system of triangles under the heads, (1) station adjust- 
ment, (2) figure adjustment. 

Station Adjustment is directed to finding the most probable values of 
the angles at a station without reference to the results of observations 
at other stations. The only geometrical conditions which may have to 
be fulfilled occur when the horizon is closed, so that the angles must 
sum to 360°, and when angles are measured in combination, so that 
certain observed results should equal the sums of others. 

Figure Adjustment involves the adjustment of the angles of each 
triangle or simple system of triangles so that the figures may be geometri- 
cally consistent. The conditions to be satisfied are (1) that the angles 
of each triangle or polygon should sum correctly, and (2) that the length 
of any side as computed from any other should, in a system of interlaced 
triangles, be independent of the route chosen. 

Station Adjustment. Any case may be solved by application of the 
method of least squares and the numerical examples given on pages 229 and 
239 are examples of station adjustments. For much ordinary work, how- 
ever, it is unnecessary to have recourse to a least square adjustment . When 
the horizon is closed by measuring each angle independently, the error of 
closure is distributed to the angles by applying equal corrections, if the 
weights of the observations are equal, and in amounts inversely propor- 
tional to the weights if these are unequal. In the case where two or 
more angles and their sum form the station observations, a discrepancy 
between the observed value of the total angle and the sum of the observed 
values of the parts is distributed to all the measurements in amounts 
inversely proportional to their respective weights, and with the opposite 
sign for the correction of the total angle to that of the parts. 

* Adjustment of Observations, 2nd edition; 'p.' 90. 
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Example 1. Adjust the following angles closing the horizon at a station. 

O t 0 

a — 124 05 58-6, weight 2, 

6 = 88 43 16-3, 1, 

c = 70 52 31*2, 3, 

d = 76 18 16-7, 1. 


360 00 02-8 

The excess of 2"-8 falls to be distributed in the ratio J : 1 : j- : 1, or 3 : 6 : 2 : 6, 
so that the negative corrections are : 

j- 7 x 2"-8 = 0"-5, ~ X 2"-8 = r-0, ix 2"-8 = 0"-3, and ~ X 2"-S = 1».0, 
giving the adjusted values, 

o r a 

a = 124 05 58-1, 

6 = 88 43 15-3, 

c = 70 52 30-0, 

d = 76 18 15-7, 


360 00 00-0. 

Example 2. Adjust the angles a and b observations of which give 

o / » 

a= 54 28 17-4, weight 1, 

6 = 63 51 41-3, 2, 

0 + 6= 118 19 55-1, 2. 

The discrepancy of 3"-6 must be distributed in the ratio I : 4 : A, or 2 : 1 .- 1 giving 
corrections of T /- S> — 0*-9, and + 0 ff *9, and yielding the adjusted values, 

o = 54 28 15-6, 

6 = 63 51 40-4, 

a + 6 = 118 19 560. 

Figure Adjustment Spherical Excess. In geodetic triangulation the 
triangles or polygons may, for all practical purposes, be taken as 
spherical, and the sum of the angles exceeds that of the corresponding 
plane figure by an amount termed the spherical excess. On a true sphere 
spherical excess is given by : — 

_ A 

6 r a sin 1"’ 

where € = spherical excess in seconds of arc, 

A = area of figure, 
r = radius of sphere. 

For the terrestrial spheroid the excess for a given area varies with the 
latitude, decreasing from the equator to the poles, and for large figures 
the spheroidal excess is given more precisely by 

__ A(1 — - e 2 sin 2 ^) 2 
a 2 (l — e 2 ) sin V 
= A 
BN sin 1"* 

where <j> = mean of the latitudes of the bounding stations, 
a = the earth’s equatorial semi-axis, 
e = the earth’s eccentricity (page 279), 


SURVEY ADJUSTMENT 


253 


E = the radius of curvature of a meridian section, at latitude <f>. 

N = the length of the normal, or the radius of curvature of the arc 
cut out on the surface by a normal section, perpendicular to 
the meridian, at latitude <f> (page 279). 

If b and c are the two sides of a triangle, and A is the included angle 
A = \bc . sin A, and 

, be sin A . 

€ 


BN sin 1" 

Most geodetic tables give values for the logarithms of 
7/ for different latitudes, and hence the value for 


2 BN 


or for 


2 EN sin 1 


2 EN sin 1" 


can easily be obtained.* The value of the excess for triangles of moderate 
size is very small so that for BN we can use the square of the mean 
radius of the earth (3,963 miles). For many purposes, spherical excess 
may be taken with sufficient accuracy as 1" for every 76 square miles of 
area. For primary work, of course, and for large triangles, the spheroidal 
formula should be used. 

Adjustment of Single Triangle. The only requirement to be satisfied 
is the summation of the angles to (180° + e). To obtain the angles 
required in computing the sides (page 276), the observed value of each 
angle is first reduced by | e. The difference between the sum of the 
resulting angles and 180° is then distributed as equal corrections if the 
observations are of uniform weight, or in amounts inversely proportional 
to the weights if these are unequal. The values required for the computa- 
tion of azimuths are not reduced for spherical excess, and are similarly 
adjusted to sum to (180° + e). 

Adjustment of Quadrilateral. If observations have been taken along 
one diagonal only, the figure consists of two triangles having a common 
side, and, after reducing, if necessary, for spherical excess, the conditions 
to be met and methods of solution have 
been shown in Ex . 2, page 240 and Ex. 
page 243. 

In the geodetic quadrilateral, observations 
are made along both diagonals and the angles 
lettered in Fig. 95 are measured. The 
observed values are first reduced for spherical 
excess as required in computing the triangle 
sides (page 276). In the most refined work 
the excess is computed for each triangle 
formed by the intersection of the diagonals, 
and one-third is deducted from each of the 
two appropriate angles ; otherwise, all eight angles are reduced by one- 
eighth the excess for the whole figure. 

The angle requirements are that : (1) the sum of the observed angles 



* A table giving the logarithm of the factor 2igjy sin"T tf * s &* V6ia as Table II in 
Close and Winterbotham’s Text-book of Topographical Surveying* 
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should be 360° ; (2) the sum of the angles in any of the triangles formed 
should be 180° ; (3) the opposite angles at the intersection of the diagonals 
should be equal. These conditions are not independent, and are fulfilled 
if three independent angle equations are satisfied. Several sets of three 
equations are available. 

That used below is 

(i^b^c^d-^-e-^-f-^-g-^h — 360°, 
a + h — d — e = 0, 

b + c —f — g— 0. 

The requirement that the evaluation of one side from another should 
yield the same result through whatever triangles the .calculation is 
carried gives rise to one side equation of condition. If, for example, CD 
is calculated from AB through triangles ABD and ADC, the result is given 
by 

CD as AB, 

sin / sin h 

and if through triangles ABC and BCD, 

sin b sin d A ^ 
sm e sin g 

For consistency, therefore, 

sin a sin c sin e sin g __ ^ 
sin b sin d sin / sin h 9 

or, more conveniently, 

(log sin a -f log sin c + log sin e -f- log sin g) — (log sin b + log sin d + 


log sin/ + log sin h) = 0, 


which is the side equation. 



It can easily be seen from consideration of Fig. 96 that the angles may 
close satisfactorily but the sides may not. 


Thus, all the angle equations given above are satisfied, but the points 
E and A do not coincide. Other angles may be chosen, but they will still 
satisfy the angle conditions. Even the angles a } b, c and h in the figure 
BAEDA, which is not a triangle, add up to 180°, because, in the triangle 
BDC, d + e + / g = 180°. Also, for the angles opposite the inter- 
section of the diagonals, a + ^ = ^ + eand6 + c=: f + q. Hence, 
— 180°. 

Adjustment of Geodetic Quadrilateral. This is best performed by 
means of correlatives as illustrated below. 
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> Example . Adjust the following observed angles lettered as in Fig. 95. The observa- 
tions are of equal weight, and are already corrected for spherical excess. 

O'. * » o' / ft 

a — 30 27 07-2 e =* 44 01 23-2 

6 « 37 10 32-6 f = 30 56 45*3 

c = 48 26 09*0 g = 54 39 48*8 

50 21 54*6 /i = 63 56 14*5 

Denoting the corrections for a, 5 , ... h by r lf r 2 , . . . r 8 , the angle conditiona 
equations are.: 

r x r a + r 3 + r 4 -f r 5 + r Q -f r 7 + r s = + 4-8, 

**i + r 8 - r 4 - r 5 = - 3*9, 

^2 + ~ r a — r 7 = — 7*5. 

The logarithmic form of the side equation in terms of the corrections becomes : 

dp\ — * d 2 r 2 + . . . — d 8 r 8 -f log sin o x — log sin o 2 + * • • — Jog sin o 8 = 0, 
giving d l r 1 — d 2 r 2 + . . . - d $ r & » w 4 , 

where cq, o 2? etc., are the observed values of the angles as given above, d lf d 2 , etc. 
are the tabular differences for 1" for the log sines of o l9 o 2 , etc., and w 4 is, as before, 
the amount by which the observed values fail to satisfy the side equation.* 

In this case, taking the unit as the 6th place of logarithms, 


Angle 

+ log sin. 

d . 

Angle. 

— log sin. 

d 

a 

9*7048506 

3*58 

h 

9-7812249 

2*78 

c 

9*8740253 

1*87 

d 

9*8865616 

1*74 

e 

9*8419526 

2*18 

} 

9*7111563 

3*51 

9 

9*9115677 

1*49 

h 

9*9534283 

1*03 


9*3323962 9*3323711 

711 


u % = — 25*1 , and the side equation is 

3*58^ - 2 *78/* 2 + 1*877*3 - M.4r 4 + 2*18r 6 - 3*51r 6 + l-49r, - l*03r 8 = - 25*1 

Write down the coefficients of the conditional equations in vertical columns and 
form the sums of the horizontal lines, thus: — 


r 

a 

b 

c 

d 

S' 

r i 

+ 1 

4- 1 


4- 3*58 

4- 5*58 

r 2 

+ 1 


4- 1 

- 2*78 

- 0*78 

r z 

4* 1 


4- 1 

4* 1*87 

-p 3-87 


4* I 

- 1 


- 1*74 

- 1-74 

r 5 

4* 1 

- 1 


4* 2*18 

+ 2-18 

r Q 

4- 1 


- 1 

- 3*51 

- 3-51 

T 1 

4- 1 


- 1 

! 4* 1*49 

+ 1-49 

r\ 

4* 1 

+ 1 


- 1*03 

- 0-97 


The coefficients of the correlative normal equations are then formed in the usual 
tabular form as on page 256. 

* This equation follows by taking the side equation found on page 254 and 
writing log sin a = log sin o 1 + r t d lt log sin 5= log sin o 2 -f r 2 d 2f etc. The 
cT s are easily written down from the values of the common differences given in 
most tables of logarithmic sines. Thus, in Shortrede's Logarithmic Tables the 
common differences are given at the bottom of the minute columns in units of the 
7 th place. 
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Hr 4 4 
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4 4 4 4 4 4 4 4 

Cl 

4 

4 

& 
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pH 
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4 

•C 

o 

00 t" rH Ci 

tr* 00 tO . . rH 

Cl PH ' 00 >H 
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! 4 


to t> oo t> 

40 O CO rH 

4 I 4 1 


4 1 4 i 4 I 4 
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Hence the normal equations are : — 

8lc t + 0-06&4 - 4*8 =ss 0 

4 + 2-m 4 -f 3*9=0 

4k z + MI& 4 + 7*5=0 
47*42fc 4 -f 25*1 = 0 

whence, 

h x = -f 0*6034, 

&,= — 0*7342, 

& 8 = - 1*7483, 
sss. — 0*4565. 

so that 


r x = fcj -f + 3-5Sjfe 4 = - 1*76, 
r t = % - 2*787^ = -f 0*12, 

r s = h x + fc 3 + I*87/ff4 « - 2*00, 

r 4 = - & g - 1*741*4 * 4- 2*13, 

r 5 = h x — *i + 2*18& 4 » + 0*34, 

r 6 = - /c 3 - 3-51&4 « + 3*95, 

r 7 = /c i - &, 4-1*49^4 = 4* 1*67, 

r 8 = -f k % - 1*03/04 = + 0*34. 

Application of these to the observed values gives the adjusted values 


a== 30 

27 

05-44 

O 

8 = 44 

- 

01 

23*54 

b = 37 

10 

32-72 

/= 30 

56 

49*25 

c = 48 

26 

07-00 

g= 54 

39 

50*47 

<£= 50 

21 

56-73 

&= 63 

56 

14*84 


Adjustment of more Complicated Figures, When more complicated 
figures are involved, it is very important that the number of equations 
chosen to fulfil the geometrical conditions should be no more and no 
less than those that are essential for the purpose. If too few conditions 
are taken, the essential conditions will naturally not be fulfilled and 
this will not be found out until the final solution of the triangles. If 
too many conditions are inserted, and the number of conditional equa- 
tions is too large, the result will be an unnecessary waste of labour. This 
will show itself during the solution of the normal equations by the co- 
efficients above and to the right of one diagonal term becoming equal to 
zero. 

In choosing the conditions, and judging the number necessary, proceed 
as follows. Draw the figure triangle by triangle, using a single new 
triangle to fix a new point, and continue until all points are fixed. Each 
triangle so drawn gives one angle equation, or equation to satisfy the 
closure of the triangle, or, if all triangles are not fully observed., the 
number of angular equations will be equal to the number of triangles 
that are fully observed. Next draw all other rays sighted in one or in 
both directions. These lines may be drawn in dotted, but lines sighted 
in a single direction should be differentiated from those sighted in both 
directions. The extra equations introduced by these lines will be (1) a 
side equation for each line and (2) an angle equation for every line 
observed in both directions. To these add a condition equation for every 
internal station where the sum of all the observed angles must equal 360°, 
or, if the figure is only an addition to an old figure, for each set of angles 
which must have a fixed sum. ; 

K 


P. & G. S. 
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Tims, in Fig, 97 the points C, D, E and F are fixed in turn from the line 
AB by the triangles ABC, BCD, DCE and EOF, and, provided the triangles 
are fully observed, i.e., that all three angles in 
each are measured, each triangle introduces an 
; angle equation. The dotted lines AD, BF and FA 

1 \ N are extra lines. Each introduces a side equation, 

I \ \ D and, for each line observed in both directions, 

/ jw an extra angle equation — say for the closures 

/ / / °*' tiie triangles ABD, ABF and ACF. In addition, 

I / the angles at 0 must add up to 360°, and this 

4:.— _A/ introduces an additional angle equation. Hence, 

A 8 there are 3 side equations and 4 + 3 + 1 = 8 

IG * ‘ angle equations, or 11 conditional equations in all. 

If the side FA had only been sighted in one direction, the angle CFA 
not having been observed, there would be one less angle equation. 

The number of condition equations required may also be checked 
from the following rule : — 

The number of conditions is equal to the number of observed quantities 
for which corrections are required, minus twice the number of new points to 
be fixed . 

Thus, in the above example, the number of observed angles for which 
corrections are needed is 19, and there are 4 new D 

points to be fixed. Hence, the number of con- 
ditional equations is 19 — 8 = 11. If the angle 
CFA was not observed, the number of conditional yXs \ 

equations is 18—8=10. /s \ 

As another example, take the case of a secondary / 12 \ 

point E fixed from an existing and finally adjusted \ 

quadrilateral ABCD, Fig. 98. The observed % — 

angles are numbered 1 to 12. The number of 

corrections is 12 and the number of new points IG ‘ * 

is 1, The number of conditional equations is therefore 12 — 2 = 10, and 

these arise as follows : — 


Triangle BEC to fix E 
Lines AE and ED 
Sums of angles 1 and 2 
9, 10, 11 and 12 . 

Total . 


If the method of directions (page 260) is used, the above rules require 
slight modification. In this case, the condition for the closure of the hori- 
zon or for the fixed sums of certain angles is not required. There is, 
however, an additional unknown, namely the correction to the assumed 
direction of the north line at each new point, and the number of condition 
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equations is now the number of new observed directions minus three times 
the number of new points. 

Formation of Side Equations* The following simple rule is useful for 
forming the side equations. Choose a suitable point as a pole and write 
down the sides radiating from that pole in order of azimuth. Write the 
second line under the first, the third under the second, etc., until the 
first line comes under the last. Replace these sides by the sines of the 
angles opposite them and put the resulting expression equal to unity. 

When using this rule, it is not necessary that the point chosen as a 
pole should be an actual station. Any point where two lines cross will 
serve as a pole ; for instance, the point of intersection of the diagonals 
of a quadrilateral. 

As an example, take the case of the side equation for the line DA in 
Fig. 97. If D is chosen as pole to fix the line AD, the lines are : — 

DR DA DC 
DA * DC * DR 5 


and the side equation is : — 
sin DAR 


sin ACD sin DRC 


1 . 


sin ABD * sin DAC * sin DCR 
Similarly, for the lines FB and FA with poles at B and C 
BA BC BF 


RC * RF * BA 


and 


giving 


and 


CA 

CR 


CB 

CD 


CD 

CE 


CE 

CF 


= 1 , 

CF 
CA : 


1 , 


sin ACB sin CFB sin FAB 
sin CAB * sin BCF * sin AFB 


1 , 


sin CBA sin CDB sin CED sin CFE sin OAF 
sin CAB * sin CBD ’ sin CDE * sin CEF ' sin CFA 




Choice o! Conditional Equations* Angle and side equations may be 
chosen in several alternative ways but nearly always there are some 
that are better than others. The triangles to be chosen for the angle 
equations are preferably those which have one or more sides on the 
exterior of the figure, and triangles with small angles are to be avoided 
wherever possible. In addition, it is well to avoid a triangle which has a 
side in common with one that has small angles. On the other hand, 
when choosing the pole for forming a side equation, choose that in which 
the more acute angles enter into the equation. This is because the 
differences in the log sines are greatest for small angles, and, in the 
condition equations, these differences occur as coefficients of the un- 
knowns. Each small angle, however, should not be used for forming 
more than one equation. 

It is often advisable to divide a side equation throughout, including 
the absolute term, by 10 so as to reduce the order of magnitude of the 
coefficients. This is because it is desirable to have the diagonal terms 
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of the normal equations of about the same order of magnitude, so that as 
many as possible may lie between 1 and 10 . If a side equation is divided 
throughout by 10 , the effect is to divide the diagonal term in the original 
corresponding normal equation by 100 since this term comes from the 
squares of the coefficients that produce it, although all the other terms in 
that normal equation will be divided by 10 only. This fact may be used to 
reduce the order of magnitude of the coefficients in a normal equation if, 
after this equation has been formed, it is found that the magnitude of the 
coefficient of the diagonal term is too great. When dividing the ordinary 
terms by 10 , however, it must not be forgotten that the coefficients lying 
above the diagonal term must be divided by 10, as well as those which 
lie to the right of it, the diagonal term itself, of course, being divided by 
100. In addition, if the corrections are found from the coefficients of 
the conditional equations as originally written, the corresponding corre- 
lative must also be divided by 10 when working out these corrections. 
All this, of course, should not be done if the coefficients of the correspond- 
ing conditional equation are divided by 10 before the formation of the 
normal equations is begun. 

It is also advisable to make the absolute terms in either conditional or 
observational equations of the same order of magnitude as the coefficients 
in the equations themselves. This can be done by altering the unit in 
which the absolute term is expressed, e.g. using a hundredth of a foot 
instead of a foot as the unit of length. In the adjustment of triangula- 
tion, however, this point does not arise as the absolute terms are already 
of the right order of magnitude. 

Adjustment by Method of Directions. In all the rules for adjustment 
already given the corrections have been applied to the measured angles, 
but even an observed angle is not a directly observed quantity. In 
measuring it, two separate pointings of the telescope, combined with two 
separate sets of readings of the circle, are necessary. The value obtained 
for the angle is, in fact, derived as the difference between the measurements 
of two directions. Hence, it would appear to be more logical if the errors 
in the observations were considered to be in the observed directions rather 
than in the derived angles, and for the corrections to be applied to the 
directions rather than to the angles. The method of correcting the 
directions instead of the angles is fairly extensively used in first-class work 
since, in general, it tends to eliminate more completely the accidental 
errors, such as phase of signals, eccentricity of signal and instrument, 
horizontal refraction, etc., that are inherent in the different pointings. 
The method is also particularly applicable to the adjustment of com- 
plicated figures, especially when certain angles and sides have to be held 
fixed as the result of a previous adjustment. So far as ordinary work, 
such as is likely to be required by the engineer, is concerned, however, 
the method of angles is the easier one to understand and to use, and yields 
perfectly satisfactory results. The method of directions is explained in 
most text-books on the theory of least squares. It was used by Clarke 
for the adjustment of the Principal Triangulation of Great Britain. 

Approximate Adjustment of Geodetic Quadrilateral. For observations 
of equal weight, an approximate adjustment, sufficient for minor work, 
may be performed as follows. 
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(1) Satisfy the first angle equation (page 254) by distributing the 
error of summation of the observed values as equal corrections to all 
the angles. 

(2) Satisfy the second angle equation by distributing one-fourth of the 
discrepancy to each angle therein. 

(3) Satisfy the third angle equation in the same way. 

(4) Adjust the values so obtained to suit the side equation by the 
following method. 

Let a , b, etc. = values obtained after the angle conditions are met, 
r u r 2 > etc. = corrections to a , 6, etc., required to satisfy the side 
equation, 

d l9 d 2i etc. = tabular differences for I” for log sin a , log sin b, etc. 

As in the rigorous adjustment, the side equation may be expressed as 

d 1 r 1 — d 2 r 2 + . . . — d 8 r Q = w 4 . 

This equation is now independent of the angle equations, and the most 
probable set of values for r l9 r 2 , etc. is that in which r x> r 2 , etc. are numeri- 
cally proportional to d x , d 2> etc., or 


r J 

d* 


r_2 

dn 


d< > 


etc. 


*1 1^2 W'3 

Dividing the side equation, term by term, by these ratios, we have 


d x 2 + d£ + . . . + d 8 2 = 




w<jd 2 


etc., 


or r, 


/ U ' qd x 

WP 


etc 
[cZ 2 ]’ e 


Since these corrections have been determined without reference to the 
requirements of the angle equations, their application is likely to disturb 
the former adjustments. If the discrepancies thus caused are greater 
than is desirable, the results obtained may be treated as observed values, 
and the complete adjustment is repeated by the same process. 


Example . Apply the approximate method to the adjustment of the last case. 

(1) The observed angles sum to 4" -8 short of 360°, 

4**8 

correction to each = -} — - = -f 0**6. 

o 

(2) a + h exceeds d + e by 3**9, 

3**9 

correction to each — — — = 0**98, — for a and h. 4- for d and e. 

4 

(3) b - j- c exceeds / 4* g by 7**5, 

7^.5 

correction to each = — - = 1**88, — for b and c, + for / and g. 

The values obtained on application of these corrections are as tabulated. 

(4) The algebraic sum of the log sines of the angles as adjusted is 21-0 in units 
of the 8th decimal place of logarithms, 

« 4 = — 21 * 0 , 


and « 


21*0 X 3*58 


= — 1**59, etc., as tabulated and applied on page 262. 


47*42 
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The final adjusted values in the table do not satisfy the angle equations : a 
second adjustment gives results very nearly the same as those previously obtained 
by the rigorous method. 

This method of approximate adjustment can be extended to other 
simple figures besides the quadrilateral, and, for several of those that 
occur fairly commonly in practical work, McCaw has worked out empirical 
rules for the corrections to be applied to the angles to satisfy the angle 
conditional equations. Other simple methods and rules, also due to him, 
which are based on the method of successive approximations, are given 
in the War Office publication The Approximate Rigorous Adjustment of 
Simple Figures. 

Ferrero’s Formula for the Probable Error of an Observed Angle in 
Triangulation. Let there be N triangles and let A x , A 2 , A 3 , . . . A„ be 
the individual closing errors. Then, if the observations of the angles are 
assumed to be of equal weight, the probable error of closure of a single 
triangle will be given by : — 

p.e. = ± V V + r 0 2 + r 0 2 = ± 

in which r 0 is the probable error of a single angle. But, treating the various 
closing errors as residuals, the 
will be : — 

p.e, = 

where [A 2 ] = 

Hence, 

V3^o 2 = 

and therefore : — 


r 0 = 


probable error of closure of a triangle 
± 0 - 6745 ^ 

Aj 2 + A/ + A s 3 + . . . + A,, 2 . 
± 0 - 6745 ^/^, 

± 0-6745,/ ®S; 


This formula is generally known as Ferrero’s formula. It is only to be 
used for calculating approximate probable errors from unadjusted 
results, as it only takes into account the angular equations and ignores 
the side equations. 

Probable Error of an Adjusted Angle in Triangulation. When the 
angles of a figure have been adjusted by least squares the probable error 
of an adjusted angle may be found by using the formula for the probable 
error of conditioned quantities given on page 250. Let S be the total 
number of new stations in the figure and n the number of angles to which 
corrections have been applied. Then (page 258) the number of conditions, 
n ci is given by n c = n — 2S . Assuming that all the angles are of equal 
weight and putting q = n in the formula of page 250, 



, j 2[Sv 2 ] 

= ± 0-6745^/ 


in which [t> 2 ] is the sum of the squares of the corrections to the angles. 
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Propagation of Linear Error in Triangulation. If the angles of a triangle 
ABC are adjusted for closure it can be shown that the probable error in 
the length of the side a is given by : — 

r n 2 = ^r ( , -f~ | ah a 2 sin 2 1" (cot 2 A + cot 2 B -j- cot A . cot B) 

in which r,, is the probable error in the length of the side b and r a is the 
probable error of an adjusted angle. It is easy to extend this formula to 
the case of a chain of single triangles when it will be found that the probable 
error in the computed length of the side g is given by : — 

,.f)V fpVsin 2 l'£(cot 2 A + cot 2 B + cot A . cot B) 

where r a is the probable error of an adjusted angle and the square brackets 
[ ] in the second term denote summation over the distance angles used 
in computing the length of the side g from the base b. This formula 
means looking out the co-tangents of the angles, as these quantities have 
not been found in any previous computation. If the effect of the probable 
error of the base line is neglected, or is assumed to be zero, it is more 
convenient to use the formula : — 

r? - K W + d£ + d.A] 

in which r e is the probable error in the logarithm of the length g, d sl and d u 
are the differences for one second in the logarithms of the sines of the 
distance angles that were used in the formation of the side or length 
equations, and, as before, the square bracket denotes summation. This 
formula is derived from the other by remembering that cot A = 
d(log sin ,4) 

~ dA * 

Adjustment of a Chain of Triangulation between Fixed Bases and 
Azimuths. When a cheek base and a check azimuth are observed at the 
end of a chain of triangulation, it is necessary to adjust the latter so that 
the length of the second base and the check azimuth, as computed through 
the triangulation from the initial base and azimuth, agree with their 
measured values. If the chafn is adjusted as a whole, this can easily be 
done by adding two additional conditional equations, one for closure 
between bases and the other for closure between azimuths. To adjust 
a long complicated chain in one single solution would usually mean a 
very great amount of labour and it is therefore a common practice to 
divide the chain into a series of single figures, some or all of which may be 
relatively complicated, and to adjust each figure independently for the 
ordinary geometrical conditions of closure of the sides and angles. After 
this has been done, a chain of well-shaped single triangles to connect 
the two bases and the two azimuth stations is chosen, and, with the 
adjusted values for the angles as obtained from the figural solutions, the 
second azimuth and the length of the second base are computed from 
the initial azimuth and base. These computed values will not agree 
with the measured values. The chain of single triangles is now adjusted 
as a whole, the conditional equations including one for the closure of 
each triangle, one for the closure in azimuth and a length equation for 
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the closure of the bases. As the triangles have all been adjusted for 
closure during the adjustment of the different figures, the absolute terms 
in the ordinary angle conditional equations will be zero and the only 
equations in which absolute terms apart from zero will occur will be the 
azimuth and length equations. 

The adjustment between bases will naturally disturb the figural adjust- 
ments, and each figure will therefore have to be re-adjusted to hold 
fixed the new values for the angles in those triangles that occur in the 
chain of single triangles used in the adjustment just described. 

ADJUSTMENT OF PRECISE TRAVERSES 

Traverses may be computed either on a system, or modified system, 
of rectangular co-ordinates or else directly in terms of latitude and longi- 
tude on the spheroid, the latter being the method used by the United 
States Coast and Geodetic Survey. Whichever method is used, the prin- 
ciples applicable to the adjustment will be the same for each, although 
slight variations in the formulae will naturally be necessary. 

The most common problem in the adjustment of a traverse is that in 
which the traverse begins and ends on trigonometrical points whose 
positions are considered to be without error and which therefore have 
to be held fixed in the adjustment. There are then three main conditions ' 
to be fulfilled. First, there is the condition for the closure in X , or in 
latitude if geographical co-ordinates are used, and secondly there is the 
similar condition for the closure in T, or in longitude. Finally, there is 
the condition for the closure of the bearings or azimuths at the azimuth 
stations. The system of adjustment may then involve corrections 
applied directly to the co-ordinates or else to the observed lengths and 
angles. In all systems of adjusting traverses one of the main difficulties 
is in estimating and assigning the relative weights of the linear and 
angular measures. 

When networks of traverses are involved, the problem becomes more 
complicated, because one or both of the terminal points of an individual 
traverse is no longer fixed and the positions of the junction points of 
different traverses have to be found. The conditions then include closure 
in X and T, or in latitude and longitude, for the different closed circuits 
which comprise the network, and for the closure of the angles or bearings 
on directly observed values. Here again, the main difficulty is one of 
assigning suitable weights to the angular and linear measures or to each 
single traverse as a whole. 

Adjustment by Means of Corrections Applied Directly to the Co- 
ordinates. The most common of the methods of applying corrections 
directly to the co-ordinates is the conventional Bowditch rule which is 
described in Vol. I, page 272. This rule, although it can be derived directly 
from least squares, is based on various assumptions that are not altogether 
sound even when applied to ordinary traverses, and much less so when 
applied to precise traverses. These assumptions imply that bearings, 
and not angles, are the directly observed quantities, and they involve a 
system of weighting which is hardly consistent with the actual conditions 
of measurement. 
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For further details of the Bowditch rule reference may be made to 
Vol. I. Proofs of the formulae involved, and of various modifications of 
them, are given in different text-books, such as Crandall’s Text-book of 
Geodesy and Least Squares or Jameson’s Advanced Surveying . The rule 
is also very fully discussed in a series of articles which have appeared in 
recent issues of the Empire Survey Review .* 

Adjustment by Means of Corrections Applied to the Measured Angles 
and Lengths. In Vol. I, page 236, it was proved that the displacement 
in the X co-ordinate of a traverse, due to disturbances 8l v Sl 2) Sl 3 . . . 8l n 
in the lengths, and 86 v 89 2 , 86 z ... 80* in the angles, is given by 

^ r8L , 8l 2 , az 3 t 81, A 

Z)X = Y~ X l + + J~ x 3 + • • « + J~ X n ~~~ 


^ r 8L , 8l 2 , az 3 , U n A 

bX = j~ Xl + j ~ x 3 + • • « + t x * \ ~~~ 

[s 6 | 1 (2/ 1 + y 2 + y z + • • • + 2 /») + + y 3 + • • - + y„) 

+ Mttez + ■ • . + y.) + ... + Mjs~\ 

where l v l 2y l s . . . l n are the lengths of the legs ; x v x 2 , x z . . . x n are 
the latitudes and y^y^y^ . . . y n their departures. 

The similar expression in Y is : — 

rSL , 8L , 8L , , 8l n A 

= LV' + k"‘ + t' , j ‘ + + tfs'-j 

+ £s0i(#i + ^ 2 + ^3+ • • * + % H ) + 80 2 (^2 + ar-g + . . . + x u ) 

+ S0 3 (a: 3 + ...+£*)+...+ 

If (X l5 7 3 ).; (X 2 ,7 2 ); (X 3 , 7 3 ) ; . . . (X H+1 ,7 H + ;i ) are the co- 
ordinates of the different traverse stations, (X l9 Y x ) and (X w+1 ,7 lt+J ) 
being the co-ordinates of the terminal points of the traverse, these 
expressions may be written : — 

ax = | ~jhi! + + . . . + s fx,ij 

— j^a^rn+i — r a ) + s^ 2 (f b+1 — r 2 ) + 80 3 (r„ +1 — r 3 ) 

+ . . . + s0 u (Y n+1 - r„)], 
r8/, , sl , 8L s n 

L^ 1 + '^ 2 + V /s+ * • • + t>j 

J^S0 1 (X B+ i — Xj) -f 80 2 (X„ +1 — Xg) + S0 8 (X B+ i — X 3 ) 

+ . . . +80„(X„ +1 -X»)]. 

♦ Empire Survey Review, Vol. IV, Nos. 29 and 30 ; Vol. V, Nos. 31, 32 and 38. 


SURVEY ADJUSTMENT 


267 


If, instead of considering them as errors, as we did when deriving these 
expressions, we consider 8 l l9 81 2) 8l s . . . 8l u ; 86 19 86 2 , 86 3 . . . 86„ as 
corrections to be applied to the observed lengths and angles, we can 
regard the above formula as conditional equations in which 8X and 8Y 
are the closing errors (fixed minus computed values) in X and Y at the 
terminal point of the traverse, which is supposed to be fixed. The linear 
and angular observations, however, will hardly be of the same weight 
as regards the probable errors in linear displacement produced at the end 
of a line of given length. Let the probable error of an angular observation 
be the same for all angles and independent of the length of the legs, an. 
assumption which is justifiable when legs are long, and let the probable 
error of the measurement of l v expressed as a fraction of l l9 be 'sj p ± times 
the probable error of an observed angle. Then, taking the weights of 

the angles as unity, the weight of the measurement l x will be — , that of 

i Pl 

l 2 will be — , and so on. When the 80 ’ s are expressed in seconds of arc, the 

conditional equations become : — 


f 8L . SL , SL , , SL I rr ' 

j + £>27^2 + ^37^3 + ...+£» fx H - I 8 6 1 Q 1 


+ 86 2 Qz + Q% + * • • + 86 }l OkJ ~ 8X — 0 


F 8L , 8L , SL , SL 1 r ^ 

lib + • • • + VnfyA + I 86 x p ± 

+ 86 2 P 2 -p 86 z P z J r . . . + S# U P H J — SJ r = 0 

where P t = (X n +i — X,) sin l"; P 2 = (X n+ i — X 2 ) sin I" ; P z = 
(Z»+i - X 9 ) sin 1" ; . . . P B - (X n+1 - Z n ) sin 1 *]Q 1 = (Y n+1 - 7 X ) 

sin 1"; Q 2 = (7 W+1 - Y n ) sin 1"; <? 3 = (Y n+ 1 - 7 3 ) sin 1' ; 

G.-fF.+x- 7J sin V. 

Let the traverse be split up into, say, g sections, each section beginning 
and ending at an azimuth station, so that for each section there is an 
equation for the closure of the bearings. Then we have g angular condi- 
tional equations of the form : — 


89 x + S0 2 + 80 3 + ... + 86 a ~~ &*! = 0 

8$ a _f. 1 + 86 a + 2 8d b — 8a 2 = 0 


89 _j_x -j~ 80/4-2 "h . . . + 86 n — Soc, ; — * 0 

where 8a x , Sa 2 . . . Sa f/ are the closing errors (fixed minus computed) of 
the bearings at the ends of the different sections. These equations, 
together with the two equations for misclosure in position, will give 
(g + 2) conditional equations and (g + 2) normal equations, the solution 
of which will yield (g + 2) correlatives, and, from the latter, the individual 
corrections 8l 1} 8l 2f 8l z . . . 8l n ; 86 x> 86 2 , S0 3 . . . 86 n can easily be 
obtained. From the corrected angles, the corrected bearings can be 
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computed and corrections to the latitudes and departures can then 
be obtained from : — 

Bx = M cos ft — 18ft . sin 1" sin jS = jBl — y8ft sin 1" 


By = Bl sin jS + lSfi . sin 1" cos £= | SZ + xBp sin 1". 

where j8 is the bearing of the line and S/3 the correction to the bearing. 

The normal equations from which the correlatives k v k 2) k$ . . . Jc g + 2 
are found are of the form : — 


JVJ tv +2 — SX 


l 


+ . . . + 


H, 


87 =0 


-b 0 + + 0 — 0 

«iAi + 0+ +0 — Sa 2 = 0 


W A+ 2 - 5a s = 0 


in which |~P 2 J , J7/ J J , jpj , Jp-J, jpj, pfj are summations 
over the whole traverse, [■■] [■•] ••M are the sums of the Q’s in 

sections a, b . . . g ; L ] H; ■ ■ ■ H, are similar summations 


for the P’s and n i(i n h ... n g are the number of angular stations, 
including one azimuth station, in the different sections. Instead of using 
these formulae, however, it is better to form the normal equations in 
the usual way, taking full advantage of all the usual summation tests. 

The above is the general statement of the problem for a long traverse 
in which there are more sections than one, or more than two control or 
fixed azimuths, this being the case that occurs very frequently in actual 
practice. The formulae have been derived directly from the fundamental 
formulae for ordinary plane rectangular co-ordinates, but, in practice, 
they will still hold for any other system of rectangular co-ordinates — 
Transverse Mercator, Lambert, Cassini, etc. — because the first terms in 
all of these are of the form x = l . cos /?, y = l . sin /?, and these are much 
greater in magnitude than any of the succeeding terms. Jolly, in the 
Empire Survey Review , VoL. IV, No. 28, has discussed the special case 
of a comparatively short traverse, with control or fixed azimuths at the 
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end stations only, and he assumes that the factor p is the same for ail 
legs, which is equivalent to assuming that the probable error in the 
measurement of a length is proportional to the length of the line. In this 
case the normal equations become : — ■ 


{[«■]+ *[?_ 


\h + \P 


-HK-M 
!HH5h+[d 


j?o - ax = o 


BY 
- 3a : 


0 

0 . 


He then uses a modification of the formula to make the third correlative 
disappear. Before the co-ordinates are computed, the closing error in 
bearing is distributed equally among the angles in the way that is usual 
in the adjustment of the angles in an ordinary traverse, so that the 
corrections obtained from the solution are to be applied to the angles 
after this preliminary adjustment has been made.* This gives zero as 
the absolute term in the third normal equation. The co-ordinates 
X v X 2i X z , . . . X n+ i ; Y l9 Y 29 Y s , . , . Y n+ i used in obtaining the 
P’s and Q’s are now referred to the “ centre of gravity ” of the traverse, 
that is to a point whose co-ordinates are i(X 1 + X n+1 ), \{Y t + Y n + 1 ). 
When this has been done, [P] and [Q] vanish and the third correlative 
becomes zero. Hence, the number of correlatives and normal equations 
is reduced from three to two and the work is correspondingly simplified 
and reduced. 

Adjustment of Angles and Lengths when the Traverse is Computed in 
Terms of Geographical Co-ordinates. When the traverse is computed 
directly in terms of geographical co-ordinates, the first terms in the 
relevant formulae are (page 295) : — 

d<j>" = B . I cos a 

dL" = A sec d > . I sin a 


in which A 


N* sinl' 


: 


1 


B sin 1' 


, and d<j>" and dL" are the differences 


in latitude and longitude between the ends of the line. Hence, the 
changes in d</> and dL, due to changes 3 1 and 3a in a, are : — 


Sfi = B , Bl cos a 




B 


BBoc . sin 1" , l sin a 
dL 


A Sasin 1" . , 

A sec <j> 


3 L =z A sec <j) Bl sin a + A sec <j> . 3a sin VI cos a 

37 A 

= j dL + -g sec <j> . d<j > . 3a . sin 1". 


* It is easy to show that this preliminary adjustment does not affect the values 
obtained for the finally adjusted angles. ’ 
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a being the azimuth of the line. Proceeding as in the case of rectangular 
co-ordinates, wo get the two conditional equations of position : — 

| ~fi_ ^ d<ji 1 + y- 2 d</> 2 + p s d<j> 3 + • • • + P„ y 

P ' 


1 1 

— _ — A (L n ±i — L t ) -f- B6 2 — 7 ” 
hzcfftj.Ai + sec (f> 2 A 2 


sin 1" Bo 


^ (L n+1 - L x ) + (L nH ~~L 2 ) + S6 2 


sin 1 " B 
3 sec 4> Z A 


(Ln+ 1 -L s ) + . . • + sl„ J (A .+1 


•A,) 


'] 


3 

S<£ = 0 


[*1^1 + + p 3 8 Ja<*L 3 + . • • + P„f‘ «*£„] + 

£s0 x sin l"sec A (<^ n +i — A) + S0 2 sin l"sec ’Psjf (A+x — ^ 2 ) + 
80 3 sinl "sec ^ 3 ^(^>„ + 3 — ^ s ) + . . . + S0„sin P'sec^,,.— -(^„+i — <£„)J 


— ar, = n 


and, as before, we have the angular conditional equations for closure on 
fixed azimuths : — 


S& x + £$ 2 *+■ S9 Z + 

S#a-fl + 8&a+ 2 + 

Bfo+i + 8^+2 + 

8tf/+i + + 


. . + - 8a, = 0 

. . + S6 h - 8a 2 = 0 
. . + 80 e - Sal « 0 


. . + 80, - Soc f/ « 0. 


If, as is usually done, the angular closing error in azimuth is distributed 
evenly among the angles before the preliminary computation of co- 
ordinates, the absolute terms in these angular conditional equations 
become zero and the corrections have to be applied to the preliminary 
corrected angles. 

In the above equations (d<j> v dL x ) ; {d<f> 2 , dL 2 ) ; (d^> Zy dL z ) ; . . . 
(d<j> n +i> dL n +i) are the differences in latitude and longitude between the 
terminal points of the respective legs and correspond to the latitudes and 
departures in plane rectangular co-ordinates. (<j> l3 L x ) ; (<£ 2 ,L 2 ) ; (<f> s ,L z ) 
. . . L n + 1 ) are the latitudes and longitudes of the different stations 
of the traverse as obtained from the unadjusted solution. The factors 
A v A 2> A 3 . . . A n ; B l3 B 2 , B s . . . B n vary slightly with latitude, 
but, as the numerical value of each term is small, they may be taken out 
for the mean latitude of each traverse section, or, if the" traverse runs 
more or less in an east and west direction, for the mean latitude of the 

whole traverse. In the latter case, the quantities — ~ and 

may be removed to outside the bracket, thus simplifying the formulae. 

When a traverse consists of one section only, the number of correlatives 
and of normal equations can be reduced from three to two in a manner 
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similar to that described for the case of the adjustment when rectangular 
co-ordinates are used. 

Instead of computing corrections to the actual measured lengths, the 
United States Coast and Geodetic Survey compute corrections to the log- 
arithms of the lengths and in this way eliminate the varying denominators in 

lin the expressions in the first bracket in each equation. Since (log J) — -y , 

t 




for 


’ M X 10 6 
are corrections in the sixth 


we can substitute =-= — , « 

M x HF M x I0 6? M x 10 6 
SI i SI o Slo SI r 
y> Y 9 l~ * “ • T 5 wilere 
place of the logarithms of the first, second, third ... nth legs and M is 
the modulus of the common logarithms. This substitution can, of course, 
also be made in the formula for rectangular co-ordinates. 

Having obtained the corrections to the lengths, and having computed 
the corrected azimuths from the adjusted angles, the correction to each 
difference in latitude and longitude can be computed from : — 


Sj> 


SI 


dj>" - Sa 


dL" B 


sec <f> * A 


■sin r 


K! A 

SL dL" + Sa . dj> n . sec </> . J . sin l* 


Weights to he Assigned in the Adjustment of Lengths and Angles. As 
already stated on page 265, the most difficult problem to decide in the 
adjustment of a traverse is the assignment of suitable relative weights 
to the linear and angular observations. The practice in the United States 
Coast and Geodetic Survey is to make a preliminary solution in which 
unit weight is given both to the angles and to the ratio of the probable 
error of the linear measurements to the length of the line. In this case, 
all the p’s in the formulae given above are replaced by unity, the assump- 
tion being that the probable error in the measurement of an angle is 
independent of the length of the line and that in the measurement of a 
line is proportional to the length of the line. If the preliminary solution 
shows that the corrections to the angles are disproportionate to the 
corrections to the lengths, one or more additional solutions may be tried 
in which a system of weighting, as suggested by the previous solution, is 
adopted, and the process may be repeated until the corrections to lengths 
and angles are not considered to be excessive or out of proportion. 

If the traverse is a fairly straight one, the direction of the closing error 
may suggest suitable weights. Here the component of the closing error 
in the direction of the traverse may be considered to be due mainly to 
the linear errors, but, in apportioning the total linear closing error among 
the different legs, it must not be forgotte n that t he expression for the 
probable error in taping is of the form 'sj al + bl z t in which a and b are 
constants, and hence the probable error is not strictly proportional either 
to the length of the line or to the square root of the length. If a steel 
tape is used for the linear measures, the probable error will tend to be 
proportional to the length rather than to the square root of the length ; 
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if an invar tape is used, and great care is taken to eliminate cumulative 
errors, the tendency will be for the probable error of the taping to follow 
a square root law. 

When the component of the closing error at right angles to the direction 
of the traverse is taken as a basis for estimating the probable error of an 
angle, the probable displacement at the end of the traverse, supposed 
straight , is not simply the length of the traverse multiplied by the probable 
error of an angle expressed in radians, If the legs of the traverse are 
reasonably equal in length, r a may be estimated from : — * 



*sin 2 r 


~ L , (»i + l)(2*i + jj 


, £ g ( n 2 + 1 )( 2%2 + 1 ) 
1 2 



or, in abbreviated approximate form : — 



r (f2 s in 2 1" 
6 


2 (2 n x + 


L 2 2 (2n 2 “f" 3) + 



where d is the component of the closing error at right angles to the line 
of the traverse, L x , L 2 . . . are the lengths of the different sections, and 
n x> n 2 . . . are the number of the legs in each section. This formula is 
only to be used when the angles and bearings receive no preliminary 
adjustment. If the closing error in bearing of each section has been 
evenly distributed throughout the angles before the closing error in 
position was computed, the formula becomes : — 


__ r,, 2 sin 2 1" f r 2 (n x + 1) (% + 2) , r 2 (n 2 + 1) (n 2 + 2) 

“ « I" ~ 



or, in abbreviated approximate form : — 



r 2 sin 2 1" 
12 


|^i 2 te + 3) + L 2 2 (n 2 + 3) -j~ . 



An alternative method, which can either be used as a rough check on 
the values obtained from the above reasoning or else as an independent 
method that can be used for traverses of any shape, is to compute the 
probable error of an angle from the closing errors of the bearings or 
azimuths at the ends of the different sections, using the formula given on 
page 222, viz. : — 



where e v e 2) e z . . . are the closing errors at the ends of the sections ; 
n v n 2 , n z . . . the number of angular stations in each section and N 
is the number of sections. The probable error of the linear measurements 
can then be estimated in the manner outlined on pages 218 to 221 by 
estimating the probable errors of the various factors contributing to the 
error in the measurement of a line. If the legs of the traverse are very 
unequal in length, a short table, giving the probable errors of measure- 
ment of lines of different lengths, can be computed and this table used to 
assign rough weights to different lengths of leg. 
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It will be seen from the above that any system of adjustment of a 
traverse by correcting the observed lengths and angles by least squares 
means a good deal of labour when legs are short and numerous, and it 
should thus only be undertaken when the utmost accuracy is desired 
and the accuracy of the field work justifies such a procedure. For most 
traverses that are likely to be required for engineering purposes, a simple 
adjustment by the Bowditch rule will be all that is necessary. 

Adjustment of a Network of Traverses. The adjustment of a network 
of precise traverses is a problem that will normally concern an official 
survey department rather than the ordinary engineer, but the problem 
may sometimes arise in city or similar surveys, in which case the traverses 
forming the network will usually be short ones. 

A complete adjustment of a network would involve equations to include 
corrections to every single angle and length, but this would be a most 
laborious process. The usual practice therefore is to form equations 
involving corrections to the assumed approximate co-ordinates of the 
different junction points of the network only, and then, holding the 
corrected co-ordinates fixed, to adjust the individual traverses. 

In determining the corrections to the co-ordinates of the junction points, 
the difficulty again is to assign proper weights to the individual traverses 
or traverse sections that form the network. For most purposes it may be 
assumed that the weight to be assigned to any traverse or traverse 
section will be inversely proportional to the length of the section, which 
is equivalent to the assumption that the probable error of displacement 
will be proportional to the square root of the length. Alternatively, 
probable displacements may be estimated by estimating separately the 
probable displacements due to the linear and angular errors, following the 
methods already described, and then combining the results by the 
formula - V h' v./ ; > 

= V R e " + y": : ; 

where R T is the total probable displacement and R e and R a the probable 
displacements due to the linear and angular errors. The weight to be 
assigned to any section will then be inversely as the square of the probable 
displacement. An example of an adjustment by such a method, and a 
very complete discussion of the whole problem of the probable errors of 
traversing and of weighting, is given by F. Yates in Vol. Ill of Records 
of the Gold Coast Survey Department. 

Having decided on the weights to be used, condition equations for 
closure between fixed points and for closure of closed circuits are formed. 
There will be two sets of such condition equations, one for closure in X, 
or in latitude if geographical co-ordinates are used, and the second for 
the closure in Y s or in longitude. These two sets of equations will be 
identical except in the absolute terms, and they will lead to two sets of 
normal equations which, of course, will also be identical except in the 
absolute terms. Solution of these equations will yield two sets of corre- 
latives, one for obtaining the corrections in X, and the other for obtaining 
the corrections in Y. Application of the corrections will give the adjusted 
co-ordinates of the different junction points of the network. 
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Note . In theory, the method outlined above, although sufficiently accurate for 
most purposes, only holds for the case where the probable error of position is the 
same in all directions. In a more rigorous treatment of the subject, Yates has 
remarked that, if the probable error in displacement is resolved in two directions at 
right angles to one another so as to give the “probable resolved displacements ” 
along those directions, the resulting components are generally not independent of 
each other but are more or less correlated. In these circumstances, he shows that, 
in order to resolve a probable error of position in any particular direction, say along 
the direction of the main axes of co-ordinates, it is not sufficient to know only the 
probable displacements in any two directions at right angles to one another. A 
complete and rigorous solution demands that the directions of certain rectangular 
axes, known as the “ axes of error,” or the “ principal axes,” along which the probable 
displacements are a maximum and a minimum, as well as the values of these probable 
displacements, should be known or determined. These axes can often be chosen 
from principles of symmetry, and those taken for B x and B y in the formulae given in 
Yol. I, page 238, are the principal axes. For further information on this point, and 
its application to the adjustment of traverse networks, see Yates’ paper mentioned 
above. 

EXAMPLES 

1 . Observations of three angles and their sum give : — 

® * & 

a = 40 32 12*4, weight 1, 

b » 49 07 50-6, 1, 

c » 60 22 36-3, 2, 

a + b + c = 150 02 38*0, 2. 

Adjust the angles. 

2. Adjust the following station observations closing the horizon : — 

o t & 

a = 65 18 30-2, weight 2, 

b = 78 37 12-3, 1, 

c - 72 48 02-5, 1, 

d = 59 00 49-2, 3, 

e = 84 15 22-7, 1. 

3. At a station O in a triangulation survey the following results were obtained : 


Angle 

Observed Value 

0 / * 

Weight 

AOB 

67 

14 

32-4 

M 

BOC 

75 

36 

21*5 

1*0 

COD 

50 

56 

02*0 

•7 

DOE 

83 

24 

17*1 

•8 

EOA 

73 

48 

45*0 

1*4 


The weights are proportional to the reciprocals of the squares of the probable 
errors. Adjust the angles. (B.T.C., 1915.) 

4. Adjust the following station observations : 

o / » 

a— 54 12 40-7, weight 2, 

b— 46 31 15-4, 2, 

a + b = 100 43 53-8, 1, 

o= 69 22 31-2, 1. 

6 + c = 115 53 49-0, 1. 

5. Find the most probable values of the angles a , b, and c from the following 

observations of equal weight : ' 

O f » 

o= 48 27 11-04, 

6 = 56 40 30-22, 

a + c = 105 07 40-65, 

b + c = 96 36 59-87, 

c = 39 56 28-24, 

a + 6 + c= 145 04 11-33. 

Find the probable error of an angle. 
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6. Neglecting spherical excess, adjust the angles of a triangle of which the observed 
values are : 

« * V 

« = 49 17 23*2, weight 3, 

b = 75 32 46*7, 1. 

c = 55 09 53*1, 3. 

7. Eight measures of an angle give, in the seconds, 10*33, 5-10, 7*23, 9*90, 6*17, 
10*07, 6*43, 9*97. Compute the probable error of the arithmetic mean and of a 
single measure. 

8. From the following results, obtained in the measurement of a base line six 
times by means of a standardised steel tape on the prepared surface of the ground, 
calculate the probable error of the mean : 

3050*53, 3050*26, 3050*48, 3050*19, 3050*22, 3050*36 feet. 

State the precautions which would have to be taken to ensure this degree of 
consistency in the results. (R.T.C., 1914.) 

9. A secondary angle is measured by A and B each eight times. A’s observations 
in the seconds are 2*4, 5*0, 3*6, 0*8, 7*5, 8*7, 3*2, 9*6 ; and B obtains 6*8, 3*0, 5*4, 
9*6, 2*8, 10*4, 7*6, 8*0. Compare the weights of their results, and compute the most 
pi*obable value. 

10. Latitude observations are taken at intervals in a long route traverse running 

approximately north and south. If the linear error of the traverse is of the order -i, 

400 

at what intervals should a check be made by a latitude observation if the probable 
error of the latter is ± 3" ? 

V of meridian arc may be taken as equivalent to 101 ft. 

11. An observer A measures an angle 32 times with a mean result of 54° 27' 41"*62, 
and B measures it 16 times with the result 54° 27' 40"*05. The sums of the squares 
of their residual errors are respectively 331*50 and 125*35 in seconds units. Find 
the most probable value of the angle. 

12. In measuring a base line two field tapes were used. No. 1 was suspended 
105 times and No. 2 86 times. The probable error in length of No. 1 tape when 
reduced to the field temperature was *00012 ft., and that of No. 2 was *00015 ft. 
Calculate the probable error in the length of the base due to uncertainty in the length 
of the tapes. 

13. Measurement of the angles of two triangles having a common side BC gives : 


A = 54 17 28*2, 

Bj * 65 02 36*0, 
C t = 60 39 57*2, 
B 2 = 46 12 03*8, 

Adjust the angles. 


C 2 = 71 25 14*1, 

B » 111 14 38*2, 

C = 132 05 13*4, 

D = 62 22 44*0. 


14. Adjust by the method of correlatives the following observed values of the 
angles of a geodetic quadrilateral (Fig. 95) : 


a = 54 30 02*7, 
6 = 42 23 34*2, 
c « 37 40 12*5, 

d « 39 36 46*6, 


60 19 22*8, 

/= 48 11 17*8, 

g = 31 52 31*5, 

h — 45 26 08*3. 


Calculate the probable error of an angle and from this, and given that the 
probable error of the length of the side AB is ± 0*39 ft. and that the length of AB 
is 123481*64 ft., find the probable error of the side CD. 

15. Make an approximate adjustment of the preceding case. 

16. Compute the unknown sides of the triangle ABC of which the side AC = 
41,345*30 m. and the observed values of the angles are t A « 51° 17' 11**4, B = 
58° 50' 20**6, C — 69° 52' 35"*9. Take the weight of the measure of C as twice that 
of the others. 

(For references on Survey Adjustment see references at end of next chapter.) 


CHAPTER V 

GEODETIC COMPUTATION 
CALCULATION OF TRIANGULATION 


Computation of Lengths of Sides of the Triangles. Legendre’s Theorem. 
Adjustment of the angles of the triangles is followed by the calculation 
of the lengths of the sides from the base outwards. The triangles, of 
course, are triangles on the sphere, or rather on the spheroid (page 279), 
and not on the plane. Hence, it might be thought that methods of plane 
trigonometry could not be used and that it would be necessary to solve 
the triangles as spherical triangles, with some modifications perhaps for 
the spheroid. However, any triangle, even the largest that is ever 
observed in geodetic surveying, is very small when compared with the 
total area of the earth, and the sides subtend very small angles at the 
earth’s centre. In such circumstances, Legendre has shown that the 
solution of the observed triangles can be effected on the sphere by the 
methods and formulae of ordinary plane trigonometry if the following 
rule, called “ Legendre’s Rule,” is used : — 

If one-third of the spherical excess of the triangle is deducted from each 
angle, the triangle can be solved , in terms of the linear lengths of the sides , 
by the ordinary rules of plane trigonometry. 

It may also be shown that the errors due to applying the rule to small 
triangles on the spheroidal earth are negligible. 

To prove this formula for the sphere replace the linear values of the sides by the 
angles which they subtend at the earth’s centre, and find the expression for cos .4 in 
berms of the sides of the spherical triangle. Thus : — 

a be 

cos cos - . cos — 

™ * r r r 


. b . c 
sin-, sin - 
r r 




b 2 

r 2r* ' 


6 4 

24r*~ 


•■)(-£+ * 


24 r* 


( b j_ \( c £ 4- \ 

\r 6 r* 1 * * 7 \f 6r 3 f * * ') 


■) 


which, after simplification and neglect of powers higher than the fourth, gives 
~6 2 -f o 2 — a 2 1 2« 2 6 2 p 2a Vp 26V — a 4 — 6 4 — en 

4r 2 6c J * 


cos A ■ 


2bc 6 

In the plane triangle with sides a , b and c, 
6 s p c 2 - a 2 


cos~4' = 
/.sin 2 A* s 

cos A s 


1 


2bc 

fb 2 P c 2 - a 2 \ 2 


2bc } 
2a 2 6 2 P 2aV p 26 2 c 2 


■ 6 4 


bn 


46 2 c 2 


cos A' ~ AA sin 2 A', 
or* 
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Let A = A' + x y where x is a small angle. Then 

cos (A' -f x) = cos A' — x sin A' -}- . > cos A 

eos A/ — x sin A ' = cos A' — — Bin 2 A* 

6r a 

. bo . 

. . x~ i — „ sm A 
° r- 

= Je, where € is the spherical excess of the triangle. 

Hence, A = A' -f h, 

A'=A-|e. 

As regards the errors due to neglecting the higher order terms, Jordan 
gives an example in which one side is about 65 miles in length and the 
spherical excess of the triangle is about 15" of arc. In this triangle, the 
greatest discrepancy between the approximate (i.e., computed as above) 
and the exact (i.e., including higher order terms not given above) values 
of a plane angle is 0" *000021.* Moreover, as regards the difference 
between the spheroidal and spherical angles, Clarke, in his Geodesy , 
takes the case of a triangle having a side of over 200 miles in length and 
with spherical excess of V 36"*426 and obtains the following spheroidal 
and spherical values f : — ■ 


Spheroidal 

A = 98° 44' 37"*0965 

B = 58 16 46 *5994 

G = 23 00 12 *7303 

c = 1 36 *4262 


Spherical 
98° 44' 37"*1S99 
58 16 46 *4737 
23 00 12 -7634 
1 36 *4270 


Biff. 

• Q"*0934 
0 .1257 
0 *0331 


These examples indicate that the theorem is sufficiently exact for all 
cases that can occur in practical work. 

Seven-figure logarithms are used in computing primary triangulation, 
and six-figure logarithms for minor systems. A computing machine can, 
of course, be used if a good table of natural sines is available. Eight-figure 
logarithms, however, are required if distances over about 60 to 70 miles 
are involved. 

Example. The adjusted angles of an observed triangle, whose spherical excess is 
4" *26, are as follows : — - 

A = 37° 05' 3 8" *06 
B = 37 42 17 -49 
C = 105 12 OS *71 

Sum — 180 00 04 *26 = 180° plus spherical excess. 

The logarithm of the side AC is 5*138 1130. Find the logarithms of the other two 
sides. ' ■ A ; ■■ ?■ V- % 

The adjusted angles after deducting one- third of the spherical excess from each 
■ are - A r'\ 

A = 37° 05' 36"*64 

B = 37 42 16 *07 

C = 105 12 07 *29 

Sum = 180 00 00 

* Handbuch der Vermesmngshan.de , Vol. Ill, Sixth (Enlarged) Edition, 1916, 
p, 265. 

f Geodesy (1880 Ed., p. 122). 
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Hence, adopting the scheme of solution given in Vol. I, page 257 : — 
log BC - 5-132 0557 

log sin A. = 9-780 4021 
log cosec B = 0-213 5406 
log AC = 5-138 1130 
log sin C r* 9-984 5305 

log AB =• 5*336 1841 

If the system consists of more than a chain of single triangles, and the 
individual figures have not been adjusted by least squares, each side can 
be computed from two or more triangles. In general, the conditional 
equations for closure of the sides will not be fulfilled so that different 
results for the same length will be obtained. In such a case it is usual 
to adopt the mean value for each side. 

Station Positions. The calculation of the triangle sides gives the 
position of each station relatively to those adjacent. These data are now 
applied to computing the co-ordinate positions of the points in order 
to facilitate their plotting for mapping purposes and to form a record of 
the results for geodetic and other purposes. 

In large surveys the station positions are expressed as geodetic or 
absolute positions in terms of the co-ordinates, latitude and longitude, 
as well as the azimuths of the lines joining them. The minimum data 
required, in addition to the relative positions, are the latitude and longi- 
tude of one station, the azimuth of one line from that station, and the 
dimensions of the earth. By proceeding from the known station, and 
computing from station to station by means of the formulae to be given, 
the required quantities are obtained for the whole system. 

If the survey forms the control for large-scale mapping, it is almost 
essential to have the positions expressed in terms of some system of 
linear co-ordinates. Innumerable forms of these may be devised but the 
most commonly used are “ rectangular spherical,” or “ Cassini-Soldner,” 
co-ordinates (page 303), and a modification of these known as the “ Trans- 
verse Mercator ” system (page 316). Rectangular spherical co-ordinates 
may be employed, to the exclusion of geographical co-ordinates, for isolated 
surveys extending to several thousand square miles. They have, however, 
certain disadvantages which those on the Transverse Mercator system do 
not have. This latter system has accordingly come much into favour 
during recent years and is at present in use in the United Kingdom, in 
South Africa, in many of the Crown Colonies, and in parts of the 
United States. It is more particularly suited to an area which has a 
considerable extent in latitude but a more limited extent in longitude. 
A third system, known as the “ conical orthomorphic ” or as c< Lambert’s 
second,” is also, used in France, the United States, Canada and other 
countries. 

Since the calculation of station positions involves a knowledge of the 
form and dimensions of the earth, the principal facts relating thereto will 
first be given. 

The Figure of the Earth. By the figure of the earth is meant the form 
of the equipotential surface corresponding to mean sea level. This is 
nearly, but not quite, a sphere, the principal departure from an exactly 
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spherical form occurring in a flattening at the poles. This circumstance 
was deduced by Newton, and announced in the Prmcipm in 1687. Veri- 
fication of Newton’s hypothesis by measurement was first achieved by 
the French Academy, who despatched two expeditions, one to Peru in 
1735, and the other to Lapland in 1736, to determine the length of a degree 
of latitude near the equator and the arctic circle respectively. The results 
showed that the northern degree was the greater. It was not, however, 
until the close of the eighteenth century that instruments and methods 
attained a degree of refinement sufficient for the needs of figure deter- 
mination. Since then much geodetic work has been accomplished in 
Europe, America, India, and Africa, and knowledge of the dimensions of 
the earth has steadily grown. 

The results of geodetic measurements show that the earth very closely 
approximates to an oblate spheroid, which is the solid generated by 
rotation of an ellipse about its minor axis. The actual figure deviates 
slightly and irregularly from a true spheroid, and this is recognised by 
giving it the name “ geoid.” Since, however, geodetic computations can 
be made with sufficient precision on the assumption of a spheroidal form, 
figure determinations are directed to ascertaining the dimensions of the 
spheroid which most nearly coincides with the actual figure. 

Properties of the Spheroid. Let the ellipse of Fig. 99 represent a 
meridian section of the earth, 
and let A be a station on the p 

meridian PQP'E. The major — 

axis, or equatorial diameter (2a) /x ~ ' ys. 

is represented by EQ, and the f V 

minor or polar axis (2b) by PP'. / \ \ 

The ratio is called the / \\ \ 

a / Y\ \ 

compression c. ABD is the normal I gyk q j q 

to the ellipse at A, and coincides B\T j 

with the direction of the plumb \ • ' D 

line at A, if the latter is free \ J 

from local deviation. The angle \ / 

<j> between the normal and the \ / 

equator is the geodetic latitude 
of A, and its geocentric latitude 

is represented by the angle if* P' 

between the radius vector CA Fig. 90. 

and the equator. The radius of 

curvature E of the ellipse at A lies along AD, the centre of curvature 
being situated between B and D. 

fa? — 6 2 

Let e = the eccentricity = * / — 5 


r == the radius of the parallel of latitude through A 
then for a meridian section, 
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R = 


N: 


a(I - e 2 ) 


(I 


■ <r sin- 


■ sin' 


*)* 


( 1 - 

(1 - e 2 )N ; 
iY cos c/> ; 

: tan -1 (1 — e 2 ) tan <£. 

All of the above formulae can easily be derived from the equation of the 
ellipse 

1 . 


n 

r 

* 


a 2 ^ 6 2 ‘ 


If any section of the spheroid, other than the meridian section, be 
made by a vertical plane passing through A, the radius of curvature R A at 
A for the given azimuth is given by Euler’s formula : 

* _ nr 

A N cos 2 A + R sin 2 A 9 

where R and N = the quantities formulated above, 

A = the azimuth of the vertical plane through A. 

In particular, if A = 90° or 270°, R A = N = the radius of curvature of 
the prime vertical section. The mean radius of curvature at A, or the 
mean of the radii for all azimuths, is 'sj NR, 

R and N are both functions of the latitude of the place and hence 
vary for different latitudes. They are quantities that enter very fre- 
quently into geodetic computations. Hence, most geodetic tables give 

values for them, generally in the forms log — 1 — /? log 


log 


I 


R sin 1"’ sin 1" 

In these tables, and in many text-books, R is often 


2RN sin 1"‘ 

denoted by the Greek p (rho) and N by the Greek v (nu). 

To show that the normal N is also the radius of curvature of the prime vertical 
section, consider Tig. 100, in which A is any point on the 
meridian AP and let AC be a portion of the curve traced 
out on the surface of the spheroid by a prime vertical 
section at A. The normals in this vertical section to the 
curve at the points A and C intersect one another at some 
point K between D and A. Through C draw the meridian 
section CBP and through A the parallel of latitude AB to 
cut CBP at B. Then the normals to the meridians at A 
and B intersect the minor (polar) axis at D. CK, although 
normal to the curve AC, is not normal to the surface of 
the spheroid at C, nor does CK intersect BD, the normal 
to the surface at B, as may seem to be the case in the 
figure. Let C move closer and closer to A. As it does so, 
C and B approach each other, and at the same time the 
intersection of the normals to the curve at A and C 
approaches the centre of curvature of the curve. The arc 
CB is very small compared with the arc AC, and, in the 
limit, C coincides with B, and the normal KC, which now becomes normal to the 
surface, coincides with BD. Hence, D becomes the centre of curvature of the curve, 
and AD is the radius of curvature of the prime vertical section at A. 



Fig. 100. 
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It is also easy to prove the formulae for the radius of curvature in any azimuth. 
In Fig. 101 (a) let D be any point of the surface of the spheroid and at X> draw the 
tangent plane. Let DT be the line where this plane intersects the plane of the 
paper. Take a point B on the normal at D infinitesimally close to D but just below 




(b) 


the surface of the spheroid, and through B draw a plane parallel to the tangent plane 
and intersecting the plane of the paper in the line ABC. This plane will cut the surface 
of the spheroid along an ellipse (the indicatrix) as shown in Fig. 101 (b). Now let 
the plane of the paper represent the plane through the meridian at D. Let O be the 
centime of curvature of the meridian at D, and, with O as centre, draw the circle of 
curvature ADCE through the point D. The plane drawn through B will intersect 
this circle in the points A and C. J oin DC and CE. Then, from the similar triangles 
DBG and CBE, 

DB __ BC 

BC ■ BE 

_ BC 2 BC 2 

r)B = BE ^ IS a PP roximateI y- 

Since D and B are very close together, and ADCE is the circle of curvature at D, 
the arc ADC of the circle will, in the limit, coincide with the arc of the meridional 
section at D, and BC will be the semi-axis minor, b, of the small ellipse WNES, 
Fig. 101 (b), traced out by the plane already drawn through ABC. Hence : — 

»- 

Similarly, if a prime vertical section is taken at D, and the circle of curvature 
drawn with radius N, this circle will intersect the plane through ABC in the points 
W and E, Fig. 101 (b), in which OE = a, the semi-axis major of the ellipse WNES, 
and we shall have as before : — 

a 2 

m Wm : ;M|i| 

Similarly, for a section in azimuth A, we would get 

c 2 

: a * a 

Hence, 

c 2 

6*2 : R a * 

But, from Fig. 101 (b), x — c . sin A and y — c . cos A, and, from the equation 
of an ellipse, 

/,; .■ n\ 

>-= 1 . 


DB s 


Ra a c 2 B a 
~R d M 2 = N- 


Z +E 

a 2 ‘ 6 2 
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Hence, 


c 2 sin 2 A : . " c 2 cos 2 A 

— + ~p ~~ * 

E A sin 2 A t i? A cos 2 A __ 1 

*’* * 


The mean R k is given by 


E sin 2 A + N cos 2 .4’ 

2jt 




2tt 


\E k dA 


2tt 

- Ifi 2 . 

27tJ b 2 


Ed A . 


2tt 


But 


Jc 2 d4 = 2 x (area of ellipse) =* 277«6 

0 






Distances along a Meridian. In many geodetic calculations it is necessary 
to know the linear distance between two latitudes as measured along 
the arc of a meridian. This distance may be found from the formula : — 

s = a(l — e 2 )[A(^ 2 — </> i) — iB (sin 2<f> 2 — sin 2(j> 1 ) 

+ JC(sin 4^ 2 — sin 4<^ x ) — -j^D . (sin 6</> 2 — sin 6^) -j- . . 
where <f) 2 — <j> 1 is in radians and 


A = 

. , 3 , 46 , 175 , 

1 + 4‘+64 e+ 258 e + '-' 

= 1-005 1093, 

B = 

S , , 15 , , 525 , , 

i e +il e +SB e + ' • ' 

= 0-005 1202, 

C- 

IS . , 105 - , 

64 e ‘+ 2® «•+•■■ 

= 0-000 0108, 

D — 

35 . , 

6T2 e + ' ' ■ 

= 0-000 0000, 


the numerical values being for the Clarke (1866) figure of the earth. 

The proof of this formula is as follows : — 
ds — Rd<f> 
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But 

sin 2 $ as 1(1- cos 2<£) 

sin 4 <£—-(! — cos 2^) 2 

« j ( 1 — 2 cos 2(f> + cos 2 2<£) 

= g (3 — 4 cos 2<£ -f cos 4<£) 
sin® — sin 2 $ sin 4 <j> 

■ ~ ^ (10 — 15 cos 2<fi -f 6 cos 4$ — cos 6<£) 

which gives 


Geodetic tables usually include a table of meridional dis tances. 
Table IV in the first edition of the War Office publication Survey Computa- 
tions gives these in feet for 10' intervals of latitude from 0° to 70°. These 
tables are for the Clarke 1858 figure of the earth (page 285), and give the 
meridional distances to the nearest decimal place of a foot, but, in the 
second edition of the book, this table has been omitted and ELM. Stationery 
Office now publishes one which gives these distances, at 10' intervals of 
latitude and to the second decimal place of a foot, for the Clarke 1880 
figure.* The Royal Geographical Society also publishes geodetic tables 
for the Clarke 1880 and Madrid 1924 figures, meridional distances in 
these, however, being in metres. f These tables are complete up to 90° in 
latitude. 

Figure Determination, The results of geodetic surveys are applied to 
determining the dimensions of the spheroid (1) by comparing the linear 
and angular values of arcs, (2) by discussing areas. The form, but not the 
dimensions, of the spheroid may also be deduced by studying the variation 
of gravity by means of pendulum observations. 

Determinations have usually been made from arcs. The length of 
meridian between two stations of a chain of triangles lying approximately 
north and south may be computed by projecting the appropriate inter- 
vening triangle sides on to the meridian. Astronomical observations will 
give the difference in latitude. Hence, the expression for the length of a 
meridional arc given on page 282 yields one equation in the two un- 
knowns, a and e. 

If the arc is a very short one, the linear distance divided by the angular 

* Geodetic Tables for the Clarice 1S80 Figure in Feet for Latitudes 0° to 70°. 

+ Neio Geodetic Tables for Clarke's Figure of 1880 with Transformation to Madrid 
1924 and other Figures . 


4 


a( 1 — e 2 ) 1 (A — B cos -f- C cos 4<£ — D cos G<f> + . . .)df> 


9i 

a( 1 — e 2 ) |~A$ — — R sin 2<j> + —sin 4=<j> — 5 sin 6<£ + . . . j 
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distance in circular measure will give the radius of curvature for the 
mean latitude of the stations, or : — 

5 _ v _ a ( l ~ * 2 ) « 

d<f> sin r " (1 — c 2 sin 2 <^ f ) 2 1 

where s = the linear distance between the stations, 
d<f> = their difference of latitude in seconds, 
tf> M as= their mean latitude. 

The dimensions of the spheroid are known if a and e are obtained. A 
second meridian arc, preferably in a considerably different latitude, must 
therefore be treated in the same way, and a and e are derived by simul- 
taneous solution. The method is extended to utilise chains of triangula- 
tion oblique to the meridian. 

In place of relying upon two arcs, several should be discussed by least 
squares to afford the most probable values of a and e. It is found that 
the results derived from different arcs are much more discrepant than 
can be accounted for by the small errors in the triangulation or the 
astronomical observations and, iurther, that the curvature of arcs of 
parallel is not constant. The disagreements are evidence that the actual 
figure is not exactly a spheroid, and indicate local deviations of the plumb 
line from the normal to the mathematical figure. These deviations are 
due to the irregular distribution of mass, not only at the surface of the 
earth but in the crust. 

As already pointed out on pages 39 to 41, the results of astronomical 
observations are dependent upon the direction of the plumb line and 
therefore of the horizon at the place. By regarding the errors of primary 
triangulation and of astronomical observation as negligible, the discre- 
pancies are utilised in discussing the form of the geoid and in determining 
the spheroid which most nearly resembles it over any portion of the earth. 

In utilising the data of a survey for this purpose, a tentative spheroid 
is adopted for reference. Starting from the position of one of the stations 
as obtained astronomically, the geodetic positions of the other stations 
on the adopted spheroid are computed. The astronomical positions of 
several of these stations will have been observed, and a list of differences 
between astronomical and geodetic positions, or station errors, as well 
as those between observed and computed azimuths can be drawn up. 
The effects which would be produced upon these differences by applying 
corrections to the elements of the assumed spheroid and to the assumed 
position of the initial station are computed, and the most probable 
values of the corrections are deduced by least squares. The spheroid 
which best fits the area under discussion and the positions of the stations 
on that spheroid have now been determined. The station errors remaining 
after adjustment are the local deflections of the plumb line. They serve 
for the determination of the geoid, the surface of which is everywhere 
normal to gravity, and measure the inclination of its surface to that of 
the spheroid. In modem geodetic survey allowances may be made for 
the influence of local topographical features on the deflection of the 
plumb line, and the investigation may be facilitated, and its scientific 
value increased, by pendulum or torsion balance observations. 
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Results of Figure Determinations. As geodetic surveys have been 
extended, the amount of data available for figure determination has 
increased, and the earlier figures are subject to revision. In consequence, 
the more recent determinations are probably the more reliable, but 
different national surveys use those figures which best conform to the 
part of the surface with which they are concerned. 

The results of some of the more important determinations of the 
spheroid are, in metres, 




a 

h 

c 

1. 

Everest, 1830 

6,377,304 

6,356,103 

1/300*8 

2. 

Bessel, 1841 

6,377,397 

6,356,079 

1/299*2 

3 ! 

Clarke, 1858 

6,378,293 

6,356,619 

1/294*3 

4. 

Clarke, 1866 

6,378,206 

6,356,584 

1/295*0 

5. 

Clarke, 1880 

6,378,249 

6,356,515 

1/293*5 

6. 

Helmert, 1906 

6,378,200 

6,356,818 

1/298*3 

7. 

Hayford, 1910 

6,378,388 

6,356,909 

1/297*0 


1 is still employed by the Survey of India. It was based only on an 
Indian arc and the French arc, and is known to be erroneous because 
of large irregularities of gravity in India. 2 has been extensively used in 
Europe. 4 has been employed in the United States Survey since about 
1880, and subsequently was adopted by Canada. 6 is based on European, 
Indian, and African surveys ; and 7 on work in the United States and on 
special investigations elsewhere. Their similarity shows that there is no 
great difference in the form of the eastern and western hemispheres. 

In 1924, the International Union of Geodesy and Geophysics, meeting 
at Madrid, recommended the Hayford 1910 figure for general use, and 
this figure is now sometimes called the Madrid 1924 figure. It is unlikely 
however, that any country which has already done a considerable amount 
of geodetic work will alter the figures for the dimensions of the earth 
which it is now using. 

Geodetic Tables. In order to carry out geodetic calculations expedi- 
tiously and conveniently it is necessary to have special tables based on 
the dimensions of the spheroid used in the country in which the survey 
is to be made. The fundamental quantities that are required are 

(1) A table of meridional distances. 

(2) A table giving values for R and N for different latitudes, or, in the 

form usually given, w ■} ■ ■ ■ T} „ =.? and — T „. 

J ° Rsm 1 N sm 1 2RN sm 1 

For the sake of convenience, the interval of tabulation should be so 
close that second-order differences will not normally be required. It is 
also desirable that the table should give the logarithms of functions of 
R and N as well as, or instead of, their natural values. 

Among the tables available the following may be mentioned : “ Auxi- 
liary Tables of the Survey of India ” (Everest Figure) ; Tables in Close 
and Winterbotham’s Text-book of Topographical Surveying (Clarke's 1858 
Figure) ; “ Geodetic Tables for the Clarke 1880 Figure in Feet for Lati- 
tudes 0° to 70° ” (H.M. Stationery Office) ; “ New Geodetic Tables for 
Clarke’s Figure of 1880 with Transformations to Madrid 1924 and Other 
Figures ” (Royal Geographical Society) ; “ * Formulae and Tables for the 
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Computation of Geodetic Positions ” (United States Coast and Geodetic 
Survey). 

In “Geodetic Tables for the Clarke 1880 Figure in Feet for Latitudes 


o° to 70 °’” log *> log Ml' log N > log rar- Iog 2is4n»’ f and 


meridional distances are tabulated together on the same folio for every 
10' of latitude. Second differences are negligible except in the list of 
meridional distances, where the maximum second difference is 1*8.2 ft. at 
latitude 45°. The tables published by the Royal Geographical Society 


give meridional distances in metres, log log — - 7/ and 

jx sin x J.V sin. x 


W — _— L — - also in metres, for both the Clarke 1880 and the Madrid 
& 2 BN sm 1 

1924 figures. The interval of tabulation is 10' of latitude, and the tables 
are complete from 0° to 90° in latitude. Meridional distances are given 

to the third decimal place of a metre, and the logarithms of ^ — and 

Jth Sill 1 


* to ten places and of to six places. The introduction 


N sin 1 


contains formulae for reduction from the Clarke 1880 to the Airy, Everest, 
Clarke 1858 and Bessel figures. 

Calculation of Geodetic Positions. From the known latitude and 
longitude of a station A and the azimuth and distance from A to B, the 
co-ordinates of B are obtained by computing the differences of latitude 
and longitude to be applied to those of A. 

The calculation of reverse azimuth is similarly made by computing 
the difference of azimuth to be applied to the azimuth from A to B to 
give that from B to A. This azimuth difference represents the con- 
vergence of the meridians or the angle between the meridian at A and that 
at B. Any two meridians are parallel at the equator, and, as they are 
traced towards the poles, the angle between them increases until at the 
poles it equals their difference of longitude. Because of convergence, the 
azimuth of any great circle arc other than the equator or a meridian varies 
throughout its length. 

In computing positions, each should be obtained from two others as a 
check on the calculation. The computed azimuths of two lines from a 
station should differ by the angle between the lines, and the azimuths of 
any other lines from the station are obtained by application of tbe included 
angles. These angles are the spherical angles and not those used in com- 
puting the sides. 

There are four methods in fairly common use for computing latitude 
and longitude and reverse azimuths from azimuth and distance. These 
are : — 

(1) Clarke’s formulae for long lines. 

(2) Clarke’s formulae for medium and short lines. 

(3) Puissant’s formulae and modifications of them. 

(4) The Mid-Latitude formulae. 

Of these, Clarke’s formulae for long lines are suitable for use with the 
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longest lines met with in geodetic surveying but they have the disadvan- 
tage that, for the particular conditions for which they are most suitable, 
they require the use of 8- to 1 0-figure logarithms. They are accurate for 
distances up to about 200 miles. The formulae for medium and short lines 
are suitable for lengths up to about 70 miles and they are extensively 
employed in British practice. 

Puissant's formulae are convenient to use and may be adopted for lines 
up to about 70 or 80 miles. They are used extensively in India and in 
the United States for all but the longest sides. 

The mid-latitude formulae are simpler in some respects than any of the 
others, and, unless great accuracy is needed, may be used for ordinary 
work in latitudes less than 60° for lines not exceeding about 20 to 25 miles 
in length. Their main disadvantage is that the formulae for the 
difference between the forward and reverse azimuths, the convergence, 
involves the tangent of a small angle , with resulting troublesome 
interpolation. 

The notation to be used is as follows : 

<f>, L~ known latitude and longitude of A, 

<£', L' = latitude and longitude of B, 

# - f - 

_</> + $' 4> + <j> c 

K § or ~T~' 

<j> (] = latitude of C, the foot of the perpendicular drawn from B to 
the meridian through A, 
k = 90° - <£, 
dL^L'~-~L, 

A = known azimuth from A to B, reckoned clockwise from north,* 
A* = azimuth from B to A, „ „ „ 

dA » A f — (A + 180°), ■' ■; 

8 = linear distance from A to B, 

E = radius of meridian section at A, 

„ at latitude $ My 

N = normal at A, 

N* *s= normal at B. 

N c = normal at C. 

Clarke’s Formulae for Long Lines. The formulas given by Colonel 
Clarke f are suitable for computing positions over the longest lines it is 
possible to observe and were used for the longer lines of the Ordnance 
Survey and other surveys. 

Let jS and /?' ± £ be the interior angles at A and B of the spherical 

* In previous editions of this book the convention adopted with regard to azi- 
muths in the formulse for the computation of latitudes and longitudes and reverse 
azimuths was to reckon them clockwise from south. This convention is that gener- 
ally given in text -books in connection with these formulas, and it is very commonly 
used in all classes of geodetic work. Most engineers and surveyors, however, are 
accustomed to reckoning azimuth clockwise from north, and, moreover, the practice 
of doing so is becoming more general, even for geodetic work, in the British Colonies 
and elsewhere. Consequently, it appears desirable to adopt this convention here. 

f Geodesy, 1880. 
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triangle PAB (Fig. 102), where P is the earth’s pole, and let 6 be the angle, 
in seconds of arc, subtended by s at D (Fig. 99) and given by 
p __ s e 2 $ 3 sin 2 V cos 2 cf> cos 2 0 

* ~~ ~N sin l" + 6(1 - e 2 ) 

Also let £ be a small correction computed from : — 

' __ e 2 0 2 sin V cos 2 $ sin 20 
i ~ 4(1 ~ e 2 ) ~ 


tan |(|8' ± £ - dL) = 
tan |(0' i £ + dL) = 

■ £ sm W =*=£-£) 

B M sin Vs in J(0' ± £ + ft 


slri M ” g ) pot ^ 
sin £(* + 6) z 2* 

cos jjh - 6) 0 

cos £(& +fl) 2’ 

■j , d 2 sin 2 1" „ 1/D/ 

1 +— To cos 


Since the mid-latitude is unknown, R M is obtained from a preliminary 
solution to determine an approximate mid-latitude. 

From the form of the expression which gives its 
\ numerical value, it is obvious that the angle £ is due 

\ Nv to the spheroidal form of the earth and that it 

\ Nv would vanish for a spherical earth. It is, in fact, the 

\ p \ angle at B between the line of sight from A to B and 

\ ^at from B to A, which, in the spheroid, do not 

S coincide. The line of sight from A to B is the curve 
A traced out on the surface of the spheroid by a plane 

Fig. 102. which passes through B and contains the normal 

to the surface at A. This plane does not contain 
the normal to the surface at B. Similarly, the line of sight from B to A 



(a) (b) <c) (d) 


Northern Hemisphere 



Southern Hemisphere 
Fig. 103. 




Sign of Sign of 


0° and 90° 

p 

90° and 180° 

p 

ISO 0 and 270° 

360° -J8 

270° and 300° 

360°-jS 


is the curve traced out on the surface of the spheroid by a plane which 
passes through A and contains the normal to the surface at B. This 
plane does not contain the normal to the surface at A. In Fig. 103 the 
line of sight from A to B is shown by the full line and that from B to A 
by the dotted line, and the angle at B between the two curves is the small 
angle £. 

The relationship between the two curves and the angles and £ for 
each of the four quadrants in the northern and southern hemispheres 
will be understood by reference to Fig. 103 (a) to (h). In each diagram 
the line of sight from A to B is shown by the full line and that from B to 
A by the dotted line. In each case P shows the direction of the pole and 
the angle ± £ at B to be used in solving the triangle is the angle 
between BP and the full line BA. 

Reckoning azimuths in both hemispheres clockwise through east from 
north, we can form the following table for deriving the azimuths and for 
determining the signs to be given to £ and to d<f> when applying the above 
formulae : — 


Thus, the signs of £ are identical with those of d<j>. 

In all cases, dL is the difference in longitude as indicated by the angle 
subtended by the line AB at the pole P, and its sign is always to be taken 
as positive when using the formulae for the solution of the spherical 
triangle PAB. It is easy to see in which way to apply it to the longitude 
of A to give the longitude of B. The latitude <j > , whether north or south, 
is to be taken as positive, so that a positive d(j> increases the numerical 
value of <j>. 

The small angle £ is a maximum when A is 45°, 135°, 225° and 315°. 
Its value for a line in latitude 0°, whose azimuth is 45° and length is 
100 miles, is only 0"-2243, and, for the same azimuth, it varies approxi- 
mately as the square of the length of the line and as the square of the 
cosine of the latitude. ‘ ■ 

The proof of the formula? giving the spheroidal terms is rather difficult 
and will not be given here. It will be found in books such as Clarke’s 
or Hosmer’s Geodesy . For the sphere, the formulae are derived at once 
from the rules of ordinary spherical trigonometry. 

Clarke’s Formulae for Medium and Short Lines. These formulae were 
used for the computation of the shorter sides of the Ordnance Survey 
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Triangulation, and are well known to, and 
extensively used by, British surveyors all 
over the world. They ignore the small angle 
X between the lines of sight from the two 
ends of the line, which is taken into account 
in the formulae for long lines, as this angle is 
inappreciable in the cases to which the formulae 
are intended to apply. 

In Eig. 104, P is the earth’s pole, CB is 
the curve traced out by a prime vertical section 
which passes through B and is perpendicular 
to the meridian AP at C. PD is equal 
to PB, rj is the distance CD,* and € is the 
spherical excess of the right-angled spherical 
triangle ACB. Clarke’s formulas for medium 
and short lines then become 

a 2 sin A cos A m 

£ V> 'at ...r.i Tit J 



2R X . N jV sin 1" 

7] = e tan A tan <j> 0 

d<j> = ± S C0S ^ ^ ^ 


AL = ±' 


( 2 ) 

2?^ sin 1" -1 - ■ ( 3 ) 

s sin (A ± , ,, . i x ... 

: N 0 sfaF - 8CC(Hy (4) 

dA = A' - (180° + A) = ± dL sin (f + f^) ± € . . (5) 

in which R M is the B for \{<f> + 

In order to use these equations it is necessary to compute preliminary 
values for cj> a and <j> M . These can be obtained from : — 

s cos A 

= * + rai"’ 

<t>M = W + <£c')* 

When azimuths in both hemispheres are reckoned clockwise from 
north and dL is taken positive eastwards and negative westwards, we have, 
after taking into account the signs of the trigonometrical functions 
involved, the following sign conventions : — 



A 

Term 

OMJO 0 

90°~180° 

180°-27G° 

27G®~360® 

First term in d<f) . 

+ 

- 

- 

+ 

€ 

- 

+ 

- 


dL 

+ i 

+ 

- 

- 

First term in dA . 

+ 

4 - 

- 

- 


* MoCaw has shown that rj is also the spherical excess of a triangle supplementary 
to the triangle ACB and formed between vertices which are the poles of the ares 
AP and BP and of a great circle through B perpendicular to BC (see page 293). 
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In the southern hemisphere, the same conventions will hold if southern 
latitudes are given a negative sign, except that, as tan and sin (<f> f + §97) 
will then be negative, the signs of 7} and of the first term in dA must be 
reversed. 

It will be noted that the sign of tj does not change with A . This follows 
from the fact that the signs of e and tan A are always the same. 

To prove the formulae, describe an auxiliary sphere of radius N c tangential to the 
spheroid at C (JBig. 104). As the triangle ACB is very small, the points A, D and B 
on the spheroid will be practically coincident with the equivalent points on the 
sphere, and the linear measures of the arcs AB, AD and DB will be approximately 
equal on the two surfaces. Let P' be the point where the minor axis of the spheroid 
meets the surface of the sphere. In the figure, the full lines PA and PB are the 
meridians through AandB on the spheroid and the pecked lines P'A and P'B the 
meridians on the sphere. 

Using Legendre’s theorem to solve the spherical triangle ACB as a plane triangle ; — 

Plane angle at A = A — J*. 

„ „ „ C = 90° - ie. 

» .. v B = m ° -(A- \e) - (90° - it) - 90° - (A - | € ). 

where t is the spherical excess of the triangle. 

AC s 

• • sin{ 90° - {A - |«) } = sin ( 90 ° ~ &*)' 

■ ac — i — ~ $a) 

COS J € 


But is a very small angle so that we can write cos «= 1. Hence, 
AC = s cos (A — §*). 

Similarly, 

BC — $ s in (.4 — |e). 


We now use a theorem * in spherical trigonometry which states that, if PCB is a 
spherical triangle, right angled at C, in which the angles P and 90° — B are very 
small, then : — 

7 ] = c — b a ~ cot b — cot 6(1 + 3 cot 2 b) + ... 

P = p cosec (b + §17} approximately. 


~ — B = P cos (b + iy) approximately. 


Applying these formula' to the right-angled spherical triangle P'CB, and neglecting 
the second term in the expression for c — b, we have : — 

P' « dL 

b » 90° - 90° — <f>' - 7), 

jj == tf ( , sin ( A ~ 4 «)- 
’ ^2 

CD (radians) — -A~ sin 2 (A. — je) tan <£ a , 

^iV (f 


■ ■■■■■ \V' y,A .■■■:■ -i ■ 5 2 -\.A 

CD (seconds) = s i a ~ p sin2 A tan 

in which, as CD and « are small quantities, we have written sin 2 A for sin 2 (A ■— $e). 

Although the linear measures of AC and CD on the spheroid will be practically 
identical with their linear values on the sphere of radius Nc, their angular values 


* Bor a proof of this theorem see Appendix III, page 476. 
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will be slightly different on the. two surfaces since the angular values are to be taken 
as angles on the meridian of the spheroid. Hence, on the meridian through A : — 

AC (seconds) = -=r — — T „ cos (A — fe), 

Jtl \r Sin JL 


CD (seconds) = 


, sin 2 A tan tj> G 


.s 2 sin 2 A , , 

ZH m Nq sin I" aii 


' „ sin A cos A. . 

But, as CD is small, we may take N 0 = A M , and, as* = 5-77—77 — : — t, /S we have 

J.JX jj/ sin 1 

CD (seconds) = c tan A tan <j> c approximately, 

/. p - <j> = dj> = AD = AC - DC . 

= • cos (A -§€)-« tan A tan <f> 0 . 

In addition : — 

dL (seconds) - eosec (90° - </>' - r, + |,) 

s sin (.4 — it) . t v 

= -i775nrF- sec ^ + 

and 

A' = 360° - P'BA 

= 360° - ABC ~ P'BC 

= 360 o -~[l80° + e -.4-90°} - { 80° -dl cos (00°-^' — 9 + } 

= 180° + A + dL sin (<£' + fij) - e. 
dA — A’ — (180° + -4) 

— dL sin U f > ' + §77) — e. 

The mathematically inclined reader may be interested in the following 
alternative and very elegant proof of Clarke’s formulae for medium and 
short lines which is due to Captain G. T. MeCaw. 

In Fig. 105, A' is the pole of the circle of which AP forms an arc, B' is the pole of 
the arc BP and P' is the pole of the arc AB. Then the triangle P'A'B' is a triangle 

on the sphere supplemental to PAB, and PAB is 
supplemental to P'A'B', so that P is the pole of 
A'B', A of A'P' and B of B'P'. The poles of the 
X&37 circles PA and PB must lie on the equator and 

/r/o / d is easily seen that A'B' is equal to CH, which is 

/Apstf equal to dL. Side A'P' is the angle between the 

j ~ '"** \ poles of the circles AP and AB and must therefore 

/ - \ ec l ual to the angle PAB, or A. Similarly, 

7 \ "X -^>4 B'P' = 180° - ABP = 180° - (360° - A')= A ' 

11 eN j iAA — 180° where A' is the azimuth of A from B. 

wX J_gquato^\ °r4> Further, the side AP is the angle between the 

\ 1-1 '^/yf / planes containing A'B' and A'P', and hence 

\ V an £d e HA'P' a 00° — <j>. In a similar manner it 

\ i can shown that angle A'B'P' is 90 — <j>'. 

p Through B draw the great circle BC perpen- 

dieular to AP at C. Then CB produced will pass 

Fir 105 through A', the pole of AP. B is the pole of B'P' 

’ • and therefore, if BA' is produced to cut B'P' at 

E, the angle A'EB' is a right angle. Also, 
CA' = 90° and EB = 90°. Consequently, CB = A'E. 

Through B draw the parallel of latitude BI> and through A' the small circle A'F 
whose pole is P'. 
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Angle EA'B' — ■ CA'G = fa where fa is the latitude of C. Hence spherical excess 
of triangle EA'B' = 90° + fa + 90° — fa — - 180° = fa — fa = CD = v}. 

Similarly, in triangle P'BE (not shown), arc P'E =* angle P'BE. But ABP' = 90°. 
Hence ABC = 180° - 90° - P'E * 90° - P'E. 

Again, —spherical excess of triangle ABC = A -f ABC fa 90° — 180° = 
A - P'E = P'A' - P'E » P'E - P'E - EF. 

Consequently pthe arc-versine in the one figure becomes the spherical excess in the other, 
. In both cases,, the triangles ACB and A'EB' are small so that they can .be solved 
by '.Legendre’s theorem.,:' 

CB as 5 sin (A — Jc) 

A'E = dL sin (90° ~ fa - } v ) 
m \ dL cos (fa + J 77 ) — s sin (A — |e) 

dL — s sin (A — | € ) sec (fa -f J 17 ) 

or, with s in linear measure and dL in seconds of arc, 

dL = N a ' bid. X" Siu ~ ^ S6C W + ^ 
where Nq is the radius of the sphere. 

AO ~ AB sin (180° + e - 90° - A - J e ) = ,s cos "(A -g«) 
fa — GD sss GO - CD 
« GA fa AC - CD 
=s <j> ~b -5 cos (A — fe) — * fa 

With <£ and fa in angular measure this becomes, after the second two terms on 
the right have been reduced to seconds of arc on the meridian, 

V = * + Ji a A i" 003 P - - <• 

A' - 180° = BT' = P'F -f FB' 

= A + EB' — EF 

*4 + A'B' sin { 180° -f y - 90° - (90 - fa) - lv } - 
180° -f- A fa dA — 180° — A -f- dL sin (fa -f- $y) — e. 

dA = dL sin (fa fa — <r, 
where dA and dL are both in seconds of arc. 

7] ■= spherical excess of triangle A'EB' 

« JA'E , B'E. 

But B'E =* A'E tan fa and A'E = BC 5 ? sin A approximately. 


1 } — sin 2 A tan fa. 

The angular value of t? is to be reckoned on the meridian and not on the sphere 
(page 291). Hence, the value to be used on the meridian is : — 


N {1 


R m 2N(j z sin" 1 


sin 2 A tan fa 


p, sin 2 A tan fa 


2 R m N 0 sin 1" 
e" — spherical excess of triangle ACB. 

, . sin A . cos A. .;.y:A 


2R m N m sin 1"* 


p, sin A cos A approximately 


SBjtfiVc'Sin 1" 
tj" ;== c" tan A tan fa. 

Example . Given that the latitude and longitude of the point A are 

(f> as 7° 10' 47"-239N, £ — 0° 21' 05"*39SE and that the azimuth and logarithm of the 
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distance from A to B are 257° 12' 12"*96 and 5*530 1955 respectively, find the latitude 
and longitude of the point B and the azimuth B to A. 


(1) Approximate < 
log $ = 
log cos A - 

log H sin 1" : 


h '■ 
A ± $€ = 
(4) d<f> and <£' 

log s -■ 

log COS (A ± §€) 5 

log R m shTP' : 


» 5*530 1955 
- 1*345 3487 

f 3*996 6194 

2*872 1636 
= - 12' 25 // *012 

= + 7° 10 47"*239 
= 4- 6 58 22"*227 
= ‘ 7 04 34"*733 

= 257° 12' 12" 96 
= ~;1 *96 

= 257 12 12. *00 
= — 1 *96 

== 257° 12 09 *04 

= £-530 1955 
fa* 1*345 3850 

= 1*996 6214 


(2) c and y 

2 log s = 
log cos A = 
log sin A ss= 

l0g 2A’j/A r < . sin X" = 
log e = 
log tan A = 

- log tan <j>' == 
log p = 

. . 6 = 

(5) clL, I/, dA and . 

log 5 = 
log sin (A ± |c) = 
log sec ($' -i" iv) = 

3og A, sin 1" “ 
log dL = 
log sin (<j> r -f §77) = 
log dA == 


11*060 39 
1*345 35 
7*989 08 

10*374 88 

0 769 70 
0*643 73 
1*087 44 
0*500 87 
5" *8 84 
3" *169 

r 

5*530 1955 
1*989 0764 
0*003 2235 

3*993 7100 

£516 2054 
1*084 1952 
2*600 4006 



2*87 

2 2019 

dL = - 0 54 42-504 


— 

12 

25-078 

£= + 0 21 05-398 

(/> = 

7 

10 

47-239 

dL' = - 0 33 37-106 

A* 

6 

58 

22*161 

<14 = - 6 38-47 



— 

3*169 

.4 ± 180° = 77 12 12-96 


6 

58 

18-992 

77 05 34*49 



4* 

1-056 

€ = — 5*88 

</>' -f in == 

TT 

58 

20*048 

.4'= 77 05 28-61 



+ 

1*056 


4>' + s 1 ? — 

— 

58 

21*104 



<f > '=* 6° 58' 18"*992iV, X' « 0° 33' 37"*106TF> A' = 77° 05' 28"*61. 


Note. The geodetic factors used in this example are for the Clarke 1858 figure of 
the earth and are taken from the tables in Close and Winterbothanfs Textbook of 
Topographical Surveying , Third Edition, 1925. The arrangement of the work closely 
follows a standard War Office computation form as given in Survey Computations 
Second Edition, 1932. 

Puissant’s Formulae. The formulae given by Puissant in bis Traitd de 
Qdoddsie , Vol. I, have been expressed in different ways, and appropriate 
factors, depending upon the figure of the earth adopted and the known 
latitude, are tabulated by various surveys. 

It may be shown that, for d<f> } dL and dA in radians, 

7 , _ 8 cos .4 s 2 sin 2 A tan <f> s z sin 2 A cos A (I -f 3 tan 2 <j>) 

9 R m 2 NR m MW u + • ‘ • 


sin dL = sin 


s sin A 


^ . OJA J. ^ i / 4 

N cos cf> 

dA == dL sin <f> M sec \ d<j> *-j- f^dL z (sin (j> M sec | d<j> — sm n <f> M sec 3 \dS). 
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These formulae are used by the United States Coast and Geodetic Survey 
for distances up to about 70 miles in the following modified form : 

d<f>" = 5 cos A . B - a 2 sin 2 A, C - (Sf') 2 . D - hs 2 sin 2 A . E, 
dL" = s sin A sec </>' , A (subject to a correction for the difference 
between the arc and sine of dL and of the angular value 
of s ), 

dA" = dL" sin <f> M sec M<f> + (dL ") 3 . F, 

1 ^ 1 ^ tan <f> 


where A 


Sf' 

D 


' N' sin 1", B ~ B sin 1 

s cos A . B — s 2 sin 2 A . C 
3 e 2 sin <f> cos <f> sin I" 


C 


2(1 — e 2 sin 2 ^) 
■gj __ \ 3 tan 2 <f> ^ ^ 


h 


2NR sin 1"’ 
- ha 2 sin 2 A . E, 

s cos A . B, 


Q N 2 - . — tV Sin <f> x cos 2 sin 2 1". 

The logarithms of A, B, C, D, E, and F, based on the 1866 Clarke 
spheroid and metric units, are published* for latitudes 0° to 72°. 

In performing the computation, d<j> is first obtained, B, C, D and E 
being taken from the tables with <f> as argument. The algebraic sum of 
the 1st, 2nd and 4th terms gives an approximate value of d4 >" . 
(S^") 2 . D is a corrective term which allows for the difference between R M 
and R. In computing dL, the value of A is obtained with <f> r as argument. 
To the resulting value of dL is applied the algebraic sum of the tabulated 
corrections for log s and log dL. The evaluation of dA is straightforward. 
In all cases care must be exercised with the signs of the functions of A . 

When dL" is calculated from the formula dL" ~ a sin A . sec . A, the 
correction for the difference between the arc and sine of dL" and of the 
angular value of s is generally applied direct to the logarithm. The 
logarithm of the angle itself, when the latter is expressed in circular 
measure, is always greater than the logarithm of its sine, and, for the 
angle 6 expressed in circular measure, we have 

M6 2 

log 0 — log sin 6 = -g— approximately, 

where M is the modulus of the common logarithms. Applying this result 

to 4, we have : — 

N 

, . S , 8 Ms 2 

log sra w , = log 


Similarly, 

log dL" 

Hence, we have : — 


N' 


■ log sin dL" -j- 


QN' r 


M{dL" sin l") 2 
6 


log dL" — log ( s sin A . sec <f >' . A) + 
M ^ Hfsin 2 !" 


in which log-g- = 2-8596 and log 


6 


M(dL" sin l") 2 
6 

= 12-2308. 


~6N' 2 ’ 


* United States Coast and Geodetic Survey Report, 1894, Appendix No. 9, and 
1901, Appendix No. 4. 
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If a computing machine is used, the formula for dL is best put in the 
form : — 


dL" 


N' sin 1 


7 , sin A . sec ft 


1 ~~ sin2 A sec2 ft) 


When s is less than about 12 miles, and in minor triangulation, the 
formulae may be simplified to 

d<j>" = s cos A . R — s 2 sin 2 A . C — h 2 ,D } 
dL 9 = s sin A sec <f > r . A, 
dA" « dL" sin ^ 

The above formulae will hold for all quadrants in the northern hemi- 
sphere provided azimuths are reckoned clockwise from north, the proper 
signs are given to the trigonometrical functions of A, latitudes are taken 
with a plus sign and longitudes are reckoned positive eastwards and 
negative westwards. In the southern hemisphere, the formulae will hold 
under similar conditions except that the latitudes must now be taken as 
negative and the negative sign given, when necessary, to their trigono- 
metrical functions. 

In the method of expressing Puissant’s formulae devised by Col. Everest, 
each term is derived from those preceding. Everest employed four 
terms of the series for primary work. The constants, published in the 
Survey of India Auxiliary Tables were, however, computed for Everest’s 
figure, which is unsuitable for general use. The logarithms of the factors 
P, Q, R, S, T, for the first two terms, based on Clarke’s figure, are given 
in earlier editions of Sir C. P. Arden-Close’s Text-book of Topographical 
Surveying but have been omitted in the third edition. These are sufficient 
for all minor work. 

The two-term formulae are : 

dcj> ==: dj(J) —f— d 2 cj) } 
dL = : d x L -j- djj, 
dA = d x A -f- d 2 A, 

d 2 (f> = d x A R s sin A , 
d 2 L = d 2 <j> S cot A 3 
d 2 A = d 2 L T, 


where d x <f> 
d x L 
d t A 


P 8 cos A, 
d x <t> Q sec tan A, 

■ d x L sin <£, 

the tabulated quantities for seconds units being, 

1 ~ B _ 1 „ 2B sec c/> 


' B sin 1" 




2 R 


,S 


N 


tan 2 ^ cot <j> cos <f>. 


Taking north latitudes and east longitudes as positive, and reckoning 
azimuth clockwise from north, the signs of the terms are as follows, 
when the known station A is in north latitude. 
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Term 

A 

0-90* 

90*-180° 

00 

© 

V 

to 

-J 

o 

270°-360 Q 

difi 

;_L 



4- 

d x L 

4* 

4~ ■! 



d x A 

+ 

+ -v-l 

— ■ 

— 

d 2 <f> 

■ — 

— 

■ — 

: — . 

d 2 L 

4- 

— ■ 


. _ 

d 2 A 

4" , . . 


4- : 

■ 


When the latitude is south, it is to be given a negative sign, with longi- 
tudes still reckoned positive eastwards and negative 
westwards. In this case, after allowing for the signs 
of the trigonometrical functions of the negative <j > , the 
signs of d t A 3 dJL and d^A in the above table must 
be reversed. 

The Puissant formulae may be proved as follows 
Let PAJ3 (Fig. 106) be the spherical triangle of radius N, 
tangential to the parallel of latitude through A. Then : — 


sin tj>' = sin cos AB 4* cos <j> sin AB cos BAB 
sin (< 5 1> -f dp) * sin $ cos ~ + cos <j> sin ~ cos A. 



Fig. 106. 


Expanding sin (<£ + dp in ascending powers of dj> and replacing eos-^ and sin - by 


series in powers of this gives :~ 


sin -[- cos <t>d<j> — • sin 


d<j > 2 


, dp . 

■ cos <p — f* 


5 S'* 

sin <£ -j- cos A cos tj> — sin <[> — cos A cos <j> -j- 


6 A 73 


By three successive approximations, commencing with d<j> = - cos A, we get s- 


d<£ = 


-cos A 


s 3 { 1 

j sin 2 A tan <j> — -^r 3 cos A sin 2 A j 1 4- 3 tan 2 </>V . 


This gives the value of d<f> in circular measure on a sphere of radius N. dp however, 
is to be measured along a meridian on the spheroid. Hence, to convert the above 
value into seconds of arc as measured on the meridian, we must multiply the right- 


hand side of the equation by 


N 


E m sin V'* 


When this has been done we obtain : — 


d4" = 


E m sin l” 


cos A 


s % sin 2 A fan </> 
2E m N sin V 

s 8 sin 2 A cos A 
6 B 31 N 2 sin 
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For computing purposes we want to use R instead of R M and this means using 
corrective term. 

Now R = ^ — i). 


I — e 3 sin- 

Hence, if we put 

' ' ,«? ■ tS 2 

3^= tt“~ — nr eos si — . - -7. sin 2 A tan <b — 

A* sin i 2AN sin 1 “ 

we have for the approximate mean latitude. 


sin 2 A cos A ] 1 -f 3 tan 2 <j> 


and Rm will be given by 


W approximately 


approximately, 


Hence, 


R sin 1" C0S A 2RN sin 1" sin2 " 4 tai1 ^ 


sin 2 *4 cos A j 1 -f 3 tan 2 <j> 

o e 2 sin eos 

■ !> 1 


By the sine rule 


sin dL — sin AB 


. . sin A 

— sin AB. n . 

cos <j>' 

Sine® the latitude involved is now j>’, and not <S>, we must consi 
i*Ai3 as being on an auxiliary sphere of radius N', and not of radius N. 

the angular value of the side AB in radians is ^ and we have • 


sin dL 


~~ \N' ~~ O T' z + * * *) sin A S0C ft 

Hence, using the expression for an angle in terms of its sine (page 
dL = W ' Sil1 A sec P ~ sin A sec M 1 ~ sin 2 A sec 2 $’), 


sin A sec <jS -! 1 


In triangle PBA, 


angle PBA ==■ 3C0° — A' 

J(PAB + PBA) » l(A + 360° - A') 

= i(A + 360° - 180° - A 
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tan (V- d 4) = cos i (90 ° 90 ° + »> oot 

V 2 / cos 1(90° ’ nna ot 

dA 008 ( 90 ° 


tan 


4 >' + 90 ° - , 

4 + 4X 

2 /■■■ dL 

~ tan ~-~ 


eosj ($ — - 41 

sin ^(4 -f* d>') clL 

- tan.™. 

d<f> 2 


or. 


tan 


<U 


which gives : 


. . d<i (dL 

sm^. w sec j j — 


+i£ 3 + 

T 24 + 


I 

• r • 

i 


dA = dL sin <j>M SQG ^sin sec ~ — sin 3 4m soe 2 . 

In the above, we nave proved the formula for dL in the form of a series in ascending 
powers of s but we have previously explained that, when logarithms are used, it is 
usual to compute from : — 

dL " = WTmP sin A sec 

and then introduce a correction for the difference between the logarithms of an 
angle and its sine. To do this we used the formula 


log Q — . log sin 9 = 


M6 2 


which can be derived as follows 
loge sin i 


= loge 

§ 

6 3 
6 

+’ * ; 

I! 

# 

6-\ 

(•- 


= loge 

e + 

loge 



a - 

/e z 


il 

■u 



■ MS --) 1 


6 2 


loge 9 = logs sin 9 + — approximately 


log 10 9 = log 10 sin Q -f 


M8 Z 


approximately. 


where M is the modulus of the common logarithms. 


Mid-Latitude Formulae. In addition to Clarke’s and Puissant’s formulae, 
which have been given above, mention should he made of the Mid-Latitude 
formulae. These are simpler to use than either Clarke’s or Puissant’s, but 
do not give such accurate results. They may, however, be used for 
lines not exceeding 25 miles in length, in latitudes less than 60°, without 
introducing errors greater than 0"*01. 

They are : — 
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The notation is that shown on page 287, with the addition of the symbol 
N M9 which is the normal at the mean latitude <f> M . 

In using these formulae it is first necessary to find approximate values 
for d<f> and dL to use in equation (1). An approximate value for d<f> may 
be found from equation (2) by substituting E for E M) and cos A for 
cos (A + Id A). The approximate value for £f> is then used in equation (3) 
and sin A is used for sin {A + \dA). In this way an approximate value 
is found for dL. 

To determine the algebraic signs of the quantities dA, dcf> and dL a 
diagram may be drawn with the points A and B in their relative positions, 
and the meridians through each converging towards the pole. The signs 
may then be obtained by inspection of the diagram. 

The proof of the formulae follows directly from simple spherical trigo- 
nometry and can be left as an exercise for the reader. 

Inverse Cases, (1) It is frequently required to determine s, A, and A ' 
from the given quantities <£, <£', L } and L'. 

Eor the most precise results Clarke’s formulae for long lines may be 
used indirectly. Close approximations to s and A are first obtained from 
the Puissant formulae by the method below. These values are substituted 
in the Clarke formulae, and </>' and L ' are computed. The small dis- 
crepancies between the results and the known values of &' and TJ indicate 
the nature of the errors in the assumed values of s and A , and by succes- 
sive approximations these are eliminated. 

Eor medium lines, the shorter Clarke formulae may be used in a modified 
form which may be written : — 


N f {dL) 2 sin <j>‘ cos <j>' sin 1" 


— </>' +T) ■ • ; • . 

€ = — <f>)dL cos <f>' sin 1" 


log tan A — log ^ + Pf sin 1 * . e . cot A ( 1 + 2 tan 2 A) (4) 

- - dL cos (£. + sin 11 ~ (& ~ sin v 

sin (A — p) cos (A — §e) • • • (°) 

A r = A di 130° -f* dL sin {<f> f -j- rj) — e (6) 


in which <j> c is an approximate latitude (the latitude of 0 in Fig. 104), N c 
is the N for </> e and M is the modulus of the common logarithms. Here^ 
log pf sin V = 7-846 23. 

If a computing machine is used instead of logarithms, A can be obtained 
from : — 


N c dL cos (f + ii?) , ; . 

: (1 + 2 tan 2 A) . 


In both of the expressions for obtaining A, a preliminary approximate 
value must be computed for use in the small second term. * 

The above formulae hold if azimuths are measured clockwise from 
north, longitudes are positive eastwards and negative westwards, north 
latitudes are positive and south latitudes negative* and, with these 
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conventions, the proper signs are given to the trigonometrical functions. 

An example of a logarithmic computation will be found in Survey 
Computations , second edition, page 78. 

In using the Puissant formulae, the equations for dj> and dL are combined 
to yield s and A. First of all, we determine s sin A from 

i . A , /, r ,,, T/ . i ff\ M(dL sin I/') 2 

log 5 sm A = log (dL cos <j> N sm 1) - — — 

This value is then substituted in the formula for d<f> given on page 294, 
the result being : — 

s cos A. — d<f,R M sin 1" + tan <j> 

+ . s cos A jl + 3 tan 2 <j> - 

or, 

s cos A = + s z sin 2 A ~ + (§<£") 2 • 5 + & sin 2 A . ~ . 

-b 15 ±> 


Here, the third term on the right in the first equation and the last two 
terms in the second equation contain s cos A, but the first two terms 
can first be calculated to obtain an approximate value of s cos A , and 
this approximate value can then be inserted in the remaining terms. 

Since s sin A and s cos A are now known, A is obtained from 


tan A 


s sin A 
s cos A 


and can be derived from either of the above equations. 


The Everest formulas can be used in the same way. 

Sufficiently accurate results for mapping are obtained by the use of 
fewer terms in the evaluation of s cos A . Other forms of approximate 
solutions are given by Close. 

The mid-latitude formulae will provide a direct solution to be used for 
minor work only. The value of dA is obtained from the first of these 
equations and the third divided by the second gives : — 


tan (A + J dA) = ~ . jt cos {<j> + 1 d(f>). 

When the values of A and dA have been found, the value of s can be 
obtained from the second and third equations. 

* (2) A similar case occurs when <j>, <£', L and A are known, and s, A\ L f 
are required. 

If Clarke’s formulas are used we have : — 


B 
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The Puissant expression for d</> can be written in the form : — 

. s 2 sin 2 A tan , s 3 .sin 2 A rl » ,, 

S _ Z x R sxn 1" -r-L H v - ra- (1 + 3 tan 2 A), 

cos A M 2N cos A 6N 2 K r/ 

and this can be solved by successive approximations for s beginning with 
s — — • After obtaining s, dL and eL4 can be calculated 

COS XjL 

in the ordinary way. 

In applying the calculation to latitude and azimuth traverse (page 403) 
refined computation is not required, and, since such traverses should 
run nearly north and south, it is usually sufficient to employ only the 
first terms of the formulae, so that 

df scosA 


or S : 


B sin V n 

d<j>R sin 1" sec A, 


P~r — being the constant B of the American tables, or P of the Indian. 
i£ sin JL 

When lines are short, and the use of the mid-latitude formulae is 
justifiable, obtain an approximate value for dL by substituting A for 
(. A + \ dA) in the third of the mid-latitude equations. By inserting the 
value of dL so found in the first of these equations the value of dA is 
found with sufficient accuracy. The values of s and dL can then be 
obtained from the second and third equations respectively. 

All of the Clarke formulae for the inverse problem foliow easily by substitution in 
the original equations with the exception, perhaps, of that for tan A. Both the ordi- 
nary and the logarithmic expansions are derived from the equations : — 

s sin [A — Je) — dLN c sin 1" cos (<j>' -f iy), 
s cos (A — f e) = R m sin 1" (<£' — <j>) -f Rm sin V . y 
» R M smr(<f>c 

Expanding the terms on the left, and remembering that c in seconds must be 
converted to radians in the expansions, we have : — 

s sin A — -J-e sin 1" s cos A ~ dLN c sin 1" cos (</>' + 
s cos A + f € sin 1" . $ sin A — Rm sin V (<j>,. — (j>). 

Hence, by simple division, 

dLN e sin l" cos (<j>' -f Jt?) 

Rm sin V'{^c — 4 


tan A • 


-f sin l"(l -f 2 tan 2 A). 


Eor the logarithmic solution, by applying Taylor’s theorem to expand log sin(+t 


and log cos (A — §€), we have : 

log* sin (A — $e) 


log* sin A 


log* cos {A — §e) = log* cos A -f f e 


- cos A 

' i€ shn^ , 

sin A 


log 10 sin (A 
log 10 cos (A ■ 


• h) == log 10 sin A 

• fc) 


cos A* 
M 


€ cot A , 


1 i , 2Jfcf A . 

log 10 cos A -f — 6 tan A . 
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log 10 sin A — log 2.0 cos Jk. = log 10 


d LN c sin l" cos ($' + iv) 
Rm sin ~ <i>) 


log tan A — log 


M 

+ — c(cot A -f 2 tan A). 

dLN c cos W +_b) + M cQt 2 tan3 A) _ 

- 9) o 


Rm(4>c 


Rectangular Spherical or Cassini Co-ordinates* ** In Vol. I we have 
discussed ordinary plane rectangular co-ordinates and have considered 
various problems connected with them. These co-ordinates take no 
account of the curvature of the earth, and are based on the assumption 
that the survey is carried out on a flat surface- — in this case a plane 
tangential to the earth at some point in the region covered by the survey. 
This assumption is valid only if no great degree of accuracy is aimed at, 
or the area covered by the survey is very limited. For accurate work, 
which covers a large area, the curvature of the earth must be taken into 
account in the computation of position, as the measurements are made 
on the curved surface of the earth and not on a plane. Hence, it is 
natural to modify the system of ordinary plane rectangular co-ordinates 
by introducing extra terms involving allowance for curvature. There 
are a number of ways of doing this but perhaps the simplest and most 
obvious is the system known as “ rectangular spherical, 55 or “ Cassini, 55 co- 
ordinates which we now proceed to describe. They were originally 
devised by Cassini for use in France and much of the older work of the 
Ordnance Survey is based on them, though in Great Britain they are 
now being replaced by co-ordinates on the “ Transverse Mercator 55 system. 
They have also been employed in many other parts of the world, and are 
still in use in many places, hut, as they have certain disadvantages which 
will he discussed later, the modern tendency is to replace them by 
Transverse Mercator co-ordinates in countries which are suitable for the 
use of the latter system. 

In Fig. 107 0 is a point in the centre of the area under survey whose 
latitude and longitude are known and which is chosen as origin of co- 
ordinates. A is a point whose position with 
respect to O is to be defined. 

Assuming the earth to be spherical and P 
its pole, through O draw the meridian OP and 
from A draw a great circle AM perpendicular 
to OP at M. Then the X co-ordinate of A is 
defined as the arc OM and the Y co-ordinate as 
the arc MA, both of these arcs being expressed 
in linear units. 

Through A draw the small circle AL cut out 
by a plane parallel to the plane of the meridian 
OP. The arc MA produced will cut the 
equator at Q, the pole of the meridian OMP, 
and the angle LAQ = LAM will be a right 



* When the formulas used include terms to allow for the spheroidal shape of the 

earth the name “ rectangular spheroidal ” may be used instead of “ rectangular 
spherical. ■ ■ iAAoU; -4 
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angle. Then the azimuth from. A of the point B will he defined 
by the angle PAR, measured clockwise from the meridian AP, which the 
line of sight from A to B makes with AP. The bearing of AB referred 
to the small circle AL will be the angle LAB and the angle PAL is called 
the “ convergence ” at A. 

The convergence may therefore be defined as the angle between the 
meridian at A and the small circle perpendicular at A to the rectangular 
spherical Y co-oidinate. Similarly, the “ rectangular spherical bearing ” 
at any point may be defined as a bearing referred to the small circle 
perpendicular at that point to its rectangular spherical Y co-ordinate. 

If bearings, like azimuths, are reckoned clockwise from north, and A ' 
is the azimuth, y the convergence and a the bearing, it can easily be seen 
by drawing a suitable diagram that the following rules will hold with 
regard to signs : — 

For Northern Hemisphere — 

a = A — y when the point lies east of the central meridian, 
a = A + y when the point lies west of the central meridian. 

For Southern Hemisphere — 

a = A + y when the point lies east of the central meridian, 
a = A — y when the point lies west of the central meridian. 

These rules are, of course, valid for points south of the origin of co- 
ordinates 0 as well as for those north of it. 

Conversion of Rectangular Spherical Co-ordinates into Latitudes and 
Longitudes and the Inverse Problem. It is obvious from the definition of 
rectangular spherical co-ordinates that, if the latitude and longitude of 
the origin are known, there must be some relationship between the 
rectangular spherical and the geographical co-ordinates of a point and 
that it must be possible to convert one set of co-ordinates into the other. 
This conversion is often of some importance in practice. Thus, if a point 
is to be used as a station for astronomical observations for azimuth, it 
is, in general, necessary to know its latitude. If the rectangular spherical 
co-ordinates are known, the latitude, longitude and 
convergence are easily determined. 

In Fig. 108 OC is the X co-ordinate and CA is the 
Y co-ordinate of the point A with respect to the origin 
0. Let FAC be the spherical triangle described on the 
auxiliary sphere of radius N c and tangential to the 
spheroid at the point 0, P being the point or pole where 
the earth's minor axis meets the sphere. Then, if 00 and 
OA are small in comparison with N ci the points 0 and A 
on the spheroid will be practically coincident with their 
projection on the sphere, and the linear measures of 
the arcs OC and CA will be the same for both surfaces. 
Fig. 108 . Through A draw the parallel of latitude AD cutting 
the meridian OOP at D. From A draw the small 
circle AL parallel to the meridian ODCP. Then angle PAL = y = the 
convergence at A. 

Since the length OC is defined by the X co-ordinate, and is known, 
and the latitude and longitude of O are also known, the value of the arc 
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OC, in degrees, minutes and seconds, can be found from a table of 
meridional distances. Hence, the latitude of C can be found from 

& = ' ■ 

where <f> c is the latitude of C, <f> 0 is the latitude of 0 and X° is the linear 
distance X converted into angular measure. 

From the figure it follows that latitude of A = latitude of D = cf> c — tj 
where 77 is the arc CD. 

Similarly, for the inverse problem, the latitude of A is given and hence 
we know the latitude of D. Then, from a table of meridional distances, 
we can find the linear distance ,, corresponding to OD or to <f> A — <f> 0 . The 
distance 77 can be computed and we then have : — 

X A = X B + 77. 

For the conversion of rectangular spherical co-ordinates into geo- 
graphical co-ordinates the formulae are : — 

<f>e = *0 + ( 1 ) 

7 2 tan 7 4 tan <f> e ( 1 + 3 tan 2 (j> c ) . 0 . 

v ~ 2 B C N C sin 1 " 24A.iV,. 3 sin 1 " ■ * ^ ’ 

. * = (3) 

Y see (f>,. 1 Y 3 sec A tan 2 A ( 1 7 5 sec <f>,. tan 2 <j> c ( 1+3 tan 2 <j>,) t t x 

~ -A 7 ,. sin 1 " 3 A 7 ,. 3 sin 1 " + TS A 7 . 5 sin 1" ( ’ 

Y tan <£,. , Y s tan &(1 + 2 tan 2 <f> c ) 

y ~N, ; sinl" * iV c 3 sin 1" 

+ (1 + 20 tana + 24 tan4 * c) • • (5) 

If the proper signs are given to the trigonometrical functions, the above 
relations will be valid for all cases provided the following conventions are 
observed : — * 

(!) North latitudes are positive and south latitudes are negative. 

( 2 ) X co-ordinates are positive if north of the origin and negative 
if south of it. 

(3) 7 co-ordinates are positive if east of the central meridian and 
negative if west of it. 

(4) dL is positive for points east of the central meridian and 
negative for points west of it. 

(5) The sign of y depends on the sign of 7, but, when signs are 
otherwise ignored, the following relations hold between azimuth A, 
bearing a and convergence y, azimuths and bearings being reckoned 
clockwise from north : — 

(a) In northern latitudes : — 

A = a + y when point is east of the central meridian. 

A = a — y when point is west of the central meridian. 

(b) In southern latitudes 

A ass a — * y when point is east of the central meridian. 

A — a + y when point is west of the central meridian. 
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For the inverse problem, that is to determine X and Y from the given 
latitude and longitude of the point and of the origin of co-ordinates, 


X =s X I} + 7/ (I) 

= X D + Jj N(dL cos <t> sin l") 2 tan 

+ N(dL cos sin l") 4 tan <f>(5 — tan 2 <f>) .... (2) 

Y = N{dL cos cj> sin 1") — %N(dL cos tf> sin l") 3 tan 2 

— V(dL cos <j> sin l") 5 tan 2 </>(8 — tan 2 </>) . . (3) 

y = dL sin $ + |(d£ cos sin l") 3 tan </> cosec 1" 

+ i\-(dL cos $ sin l*) 5 tan <j >( 2 — tan 2 <£) cosec 1" . . (4) 


Note here that <f> is the latitude of the given point A, and N is the 
radius of curvature of the prime vertical section or the normal for that lati- 
tude, whereas for the first problem the quantities involved are <j> c and N c . 

In deriving 77 in terms of F we may use the theorem in spherical trigonometry 
already employed on page 291 in deriving the Clarke formulae for medium and short 
lines, but this theorem in itself is not sufficient to give the third term in the expres- 
sions for dL and F. This is because the rectangular spherical Y co-ordinate will 
often be much longer than the distance s used in the Clarke formulae, and, in deriving 
the theorem, we neglected powers of p higher than the third and of 77 higher than the 
first. 

Y 

In the case of latitude, substitution of — for p in the theorem at once gives 

-N c 


yz y 4 

V = W* tan ~ jjjjyl tan & (! + 3 tan2 &■)• 

Here, 17 is in radians on a sphere of radius N c , but, in determining latitude, the 
angular value of 17 is to be taken as the angle measured on the meridian. Hence, as 77 
is very small, we may take R P as the mean radius of curvature of the meridian and 

N. 

the angular value of 77 in seconds on the meridian then becomes — : - ~- 7; of the above 


value, so that : — 


F 2 tan (j> c 
2R C N C sin V 
To obtain dL we have : — 




F 4 


24R C N C 3 sin 1' 


Re sin l" 


> tan <j> c { 1 -j- 3 tan 2 <f> c ) 0 


sin dL = 


N, 


sin (90° — <j>) 

. Y 

sm jjr see (<f> c - 1,). 


y r 2 

= sin ^ |sec fc—. y sec <j> c tan & + -L sec &( 1 + 2 tan 2 </> e ) 

y f yz 

-* sil * j *» <!>* ~ 2W 2 see 4>c tan 2 

y* 1 

+ sm sec <j> c tan 2 <j> c ( 4 -f 9 tan 2 <j> c ) + ... I 

f Y F 3 F® ] f y 2 

~ ]F C ~~ W 3 + ~ ‘ * 7 | sec ^ ~~ sec ^0 tan 2 <j> 


F 4 


+ 24J7"4 sec tan2 ^ tan 2 <f> e ) — 

F F s ° 

YT c see ~ <w? sec + 3 tari2 ^ 

F 5 

4- j 2 Qj\r 5 sec &G + 30 tan 2 cf> c + 45 tan 4 <f> 
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But dL — sin dL 4- J sin 3 dL -f ^ sin 5 dL + ... 

Substituting above value for sin dL in this expression, and dividing by sin 1" to 
bring to seconds of arc, we get : — 

Y , F 3 


dL " : 


N e sin 1 


* sec <f> c 


ys 

+ T En J sinT sec & tan2 '^ I + 3 tan2 


In Fig. 108 y is the angle 90° — PAG. Hence, in the right-angled spherical triangle 
PAG, 


cot PAG = 
tan y s 


sin AG cot PC. 

. Y , , 

sin tan <j> c 


But 


tan 9c(Jj- 

-i 

Ai 


yz 


4 


F 5 


6 N* ^ 120 N c 5 
y — tan y — -J tan 3 y 4 i tan 5 y 

s= tan 


y = 


iV ( , sin 1 


tan <f> t , 


yz ' ys 
6jV? + 120A/ ' 
- Jtan 3 ^(Y 

F 3 


-)• 

ys 


6iV c £ 


4 


4 


OAT/ sin 1 
ys 


.) + J tan 6 i,(Y - . . ,) 5 
7 , tan &(1 + 2 tan 2 &.) 

tan A* (1 -f 20 tan 2 <f> c + 24 tan 4 <f > e ). 


120AT, 5 sin r 

In finding the formulae for the reverse process — the conversion of geographical 
into rectangular spherical co-ordinates — the latitude <j> is known from the beginning 
and it is therefore convenient to express the formulae in terms of functions of it 
instead of In this case, the auxiliary sphere will be one of radius N and not N n 
although, from the point of view of practical computing, it hardly matters which is 
used. As the theorem we have already employed involves <j> c , and not <f> 9 we cannot 
use it directly and we therefore proceed by other means : — 


sin ~ = sin (90 1 


dL* dL 5 _ 
6 + 120 


F 

N : 


- <f>) sin dL 

<j>^dL - 

Y 
N 

f jr dL 
\ dL ~ ~6 

-f cos 5 -^ dL 


) 

T 


sin | 4- i sin 3 ~ 4- A sin 5 Z 


dIJ dL 5 , 
+ 120 + 


. . .}•, 


4- i cos 3 <j > ! dL 


dL 3 


4 - 


•r 


which gives, for dL expressed in seconds of arc : — 
Y = NdL sin l" cos ~ (dL sin 1" cos <f>) 3 tan 2 <f> 

N 


For r> we have 


120 


(dL sin V cos $) 5 tan 2 $(8 — tan 2 $). 


cos (90° - (f>) : 
A sin (<f> + 7}) = 


z 

a’: 


cos ( 90 ° —* <j> — 17) cos 

. , F 

sin 9 sec r— 

A? 

. , F 2 , 5F 4 , 

am *\\ + m + zm* + 


\ 

m 


308 


PLANE ANT) GEODETIC SURVEYING 


Substituting the value already obtained for — we finally obtain : — 

. .. . (dL cos <b) 2 J , , (dL cos <!>)* A , 0 

7j (radians) « v — LL tan -f* tan ‘ ^ ~~ 

Hence, linear value of y\ with dL in seconds of arc is : — 

N N 

7j = — (dL cos <j) sin l *) 2 tan -j- — (dL cos <j> sin l ") 4 tan $ (5 — tan 2 <£). 

For y we have : — 

cot FAC — cos PA tan CPA. 
tan y = sin <j> tan dL 

= sin <f> (dL -f* \dLP -j- jUj dL 5 ~f- . . .). 
y = tan y — $ tan 3 y -f 1 tail 5 y 
= sin (j> (dL 4- I'dL 3 -j- dL 5 ) 

- } sin 3 (dL + JdL 3 + . . .) 3 -f J sin 5 ^ (dL + . . .} 5 

= dL sm <j> -f JdL 3 sin $ cos 2 <j> -j — (2 — 3 sm- $). 

lo i 

. // it tt • J , (dL cos ^ sin r ') 3 , , . 

.. y = dL sm (/> + 5 — tan $ cosec X 

V 

, (dL cos sin l ") 5 , , ■ 

-f rf= A tan <f> (2 — tan 2 <j>) cosee 1 . 

I o 

Examples of these two computations will be found in the second 
edition of Survey Computations , pages 109 and 110. 

Computation of Rectangular Spherical Co-ordinates from Bearing and 
Distance. In Fig. 109 (a) 0 is the origin of co-ordinates, P the earth’s 
pole, the earth here being considered to be a sphere of radius r, and A a 
point whose rectangular spherical co-ordinates are given. Draw great 



Fig. 109. 


circle AE perpendicular to the central meridian OP. Then the co- 
ordinates of A are OE === X and EA = Y. Let B be some other point 
whose distance s and bearing a from A are known. Draw the great 
circle BF perpendicular to the meridian OP. Then the rectangular 
spherical co-ordinates of B are OF = X' and FB = Y\ The great circles 
EA and FB will intersect at a point Q on the earth’s equator NQ such 
that NQ«= 90°. 



GEODETIC COMPUTATION 309 


From FB cut off an arc FC = EA and describe a great circle AGO 
through A and C. Then FC = Y, and, in the triangle ACB, CB = (7'-~ Y ) , 
AC, however, will be less than (X' — X) as the latter is equal to EF, an. 
arc on the central meridian. 

From A draw the small circle ADO parallel to the meridian OEFF 
and hence perpendicular to EA at A. The bearing of B from A will then, 
be the angle DAB = oc, and not the angle GAB. 

Fig. 109 (b) shows, on an exaggerated scale, the angles, azimuths and 
bearings at A and B respectively. Here, AP and BP are the meridians 
at A and B formed by drawing great circles through A and P and through 
B and P. AD and BH are the arcs of small circles at A and B perpendicular 
to the arcs AE and BF. Hence the bearings at A and B are a and a' reckoned 
clockwise from AD and BH, and the angles PAD = y and PBH = y are 
the convergencies at the points A and B. 

Consider the figure AGCFEA in Fig. 109 (a). EA = FC, and EQ and 
FQ are each equal to 90°. Hence, QA = QC and the angles EAG and 
FCG are equal. The angles AEF and CFE are each equal to 90°, and, as 
the figure is made up of arcs of great circles on a spherical surface, the 
four interior angles must add up to 360° + E> where E is the spherical 
excess of the figure. From this it follows that EAG = FCG = 90° + %E. 
Further, in the triangle AGCB, the angle GAB = a — IE, angle GCB — 
90° - iE and hence CBA = 180° + € - GAB - GCB = 180° + € - 
(a — IE) — (90° — *| E) = 90° — a + X + e, where e is the spherical 
excess of the triangle ACB. 

In Fig. 109 (c), the rectangular spherical co-ordinates are plotted as 
plane rectangular co-ordinates. O'E' s= OE = X , O'F' = OF = X\ 
FB' = FB = 7',F'C' = E'A' = EA = 7, B'C' = BC = T - 7. Then 
it is obvious that, although C'B' on the plane is equal to the distance CB 
on the sphere, the distance A'C', being equal to EF, is greater than the 
distance AC on the sphere. It therefore follows that, if rectangular 
spherical co-ordinates are plotted as plane rectangular co-ordinates, or 
if they are treated as plane rectangular co-ordinates and bearings and 
distances are computed from them by the ordinary methods of plane 
geometry, there will be no distortion in the 7 co-ordinates but there will be 
distortion in the X co-ordinates and in the computed bearings and distances. 

In computing rectangular spherical co-ordinates from bearings and 
distances three methods may be used. The first .is to compute the 
spherical excesses E and € of the figures ACFE and ACB and then to use 
these values to obtain modified angles or bearings ; the second is to use 
a development in series of the, first method and the third is to compute 
corrections to the observed distances and bearings and then to compute the 
co-ordinates by the formulae for ordinary plane rectangular co-ordinates* 

The first method is : — 

Compute E from 



Ys cos a 
r z sin V 



«$ 2 cos a sin a 


Compute c from 


2r 2 sin l 


( 2 ) 
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Compute EE — AGO 


dX from 
Y 2 s cos a 
' r 2r 2 


X' = X + scos{oc -(£ + §<=)} +dX (4) 

7' =. 7 +■« sin {a -(*# + $«)} • . '• (5) 

a' = a ± 180° -(E + e) (6) 

These formula? are of the same type as Clarke’s formulas for computing 
Latitudes and longitudes when lines are short or of medium length (page 290). 
They hold for all quadrants, in both hemispheres, provided the proper 
signs are given throughout (including the computation of E, e and dX) 
to the trigonometrical functions of a, bearings are reckoned clockwise 
from north, X co-ordinates north of the origin are taken as positive and 
those south of it as negative, and 7 co-ordinates east of the central 
meridian are taken as positive and those west of it as negative. 

The value of r to be used may be taken with sufficient accuracy as 
\J RN for the latitude of A. 

The second set of formulae corresponds to Puissant’s formulae for 
computing latitudes and longitudes. It is : — 


Y + s sin a — ttx sin oc cos 2 a 
6r 2 


Ys 2 cos 2 a 


X + s cos a 


7' 2 s cos a 
2 r 2 


s* sm" a cos a 


X* «= X -f s cos a + 


7 2 s cos a 


a' = ot ± 180° 


2r 2 

cos (7 + 7') 
2r 2 sinl" 


7s 2 sin oc cos a f s 3 sin 2 a cos a 
r 2 1 3 r 2 


Of the two formulae for X, one is in terms of 7' and the other in terms 
of 7, but the first is to be preferred since it contains one term less than 
the other. 

These formulae conform to the same sign conventions as the others 
and are the ones which are most commonly used and quoted in text- 
books. An example is given in Survey Computations, 2nd edition, page 111. 

The third method of computing rectangular spherical co-ordinates 
from distance and bearing is given on page 314. This method is little 
used although it may sometimes afford a useful independent check on 
computations carried out by either of the other two methods. 

In deriving the formulae, the first step is to obtain an expression for the difference 

Y 

between EF and AGO. In the spherical triangle AGCQ, AQ — CQ = 90 , angle 


and angle GCQ 
. AC 


GAQ - 90 


sin ( 90° ■ 


Hence, by the sine rale 

• EF 


cosec (90° 


EF Y 

sin — cos — sec AJB. 
r r 
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AG . EF' 

Since AC and EF are very small compared with r, the angles — ’ and — are very 
y r r ■ 

small, and so are — and E„ Hence, we may write : — 


AG __ EF/ 
r r \ 


f 3 f 4 

' 2r a + 24r* ' 


X ; • ? 


•)- 


EF 3 AC 3 
6r 3 6r 3 


AC: 

EF: 


EFi 


0-i 


F 2 


2r 2 + 15* + T + 


AC(1 + £ + 


It 

r* 


F 4 . E 2 
8 

J5 F 4 ^E 3 
24 r 4 8 
F 3 






and E 2 are very small compared with E 2 in general being smaller than 


F 4 


Hence these terms may be neglected and we have 

dX = EF — AC » AC . 


Z! 

2r a * 


The triangle ABC is a very small triangle which may be solved by Legendre’s 
theorem. The spherical angles are a — §E, 90° — JE and 180° ■+. e ' (a — 4E) — 
(90° — -|E) — 90° - a-f <?. The plane angles, therefore, are 

A = a - iE - J* 

G = 90° - -JE - ic 

B = 90° - « + JZ?- + « — }e » 90° -{a - (E + f *) }. 

Hence, by the sine rule for plane triangles : — 

AC =5 s sin { 90° - a + (E + f e) } cosec (90° - %E - Je) 

— s cos | a — (E -f |e) j- sec (JE -f f €)« 

BC * 5 sin {a - (|E + Je) } cosee { 90° - (p? -f H } 

= s sin ^ a — (^E + ■§€) ^ sec (|B ^€). 

a' * 270° - CBA 

= 270° — 90° 4* oc — E — «■ 

= 180° + a - (E + c). 

As E and e are small angles we can put the secants in the above expressions equal to 
unity and we then have 

e ^ F 2 

T = I + s cos | a — (E + f e) j- -f- ^ • cos a 

F'= r + «sin{« - (p; + *«)}. 

To obtain the second set of formulae, we have : — 

Y' - y = « sin{oe - (JJS7 + J<=) } sec {P? + Je). 

E and € are small angles whose approximate values are given by : — 

F 


E: 


* $ cos a 


s* sin a cos a 
€ ' Sr 2 * 

* Note that the length of the small circle ADC is given by EF . cos — so that the 

difference in length between the great circle and the small circle is the small quantity 
E % v ■ 

-g- X EF approximately. 
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Hence, we can write : — 

Y' — I r ™ s sin <x — (\E + l*) s coscc 

F& i2 cos 2 a s 3 sin a cos 3 a 

= s sill a -nr 

2r- 6r* 

__ ■ . Fa 2 cos 2 a ** 3 sin a cos 2 a 

/. Y'— Y + s since ^ 7 n . 

2 r~ 6f 2 

For the X we have : — 

. F 2 

X' = X + s cos I a — (E -f- f e) jsec (J E ~f -J e) -f T^o" 5 • eos 

On neglecting the secant which occurs in the second term on the right, this term 
becomes : — 

, , ^ 9 . . F$ 2 . , 5 s cos a sin 2 a 

s cos a + (E 4 ~ |e)5 sin a = s eos a 4 - -pr cos a sin a 4 — . 

Hence, 

„ , , s z sin 2 a cos a , Ys~ cos ce sin a . Y 2 s cos a 

X « X + 5 cos a 4 n 4 » n — . 

3r 2 r 2 2r 2 

In this put F = Y' — $ sin a and we have : — 

_ , , s z sin 2 ce cos a , Y's 2 cos a sin a s 3 eos a sin 2 a 

A = a 4- scosa 4 4 3 5 

3r 2 r 2 r 2 

, Y' 2 s cos a F's 2 cos a sin a . s 3 sin 2 ce cos a 


+ s cos a 4- 


, , F - s 3 sin- a cos a 

= A 4- s cos a 4~ -wrrs cos a :rri . 

2r 2 br- 

For a' we get : — 

a' = a rh 180° - (E + : e) 

= a ± 180° — spherical oxeess of figure ABFE 

-* 

Distortion 0! Length and Bearing from Computed or Plotted Co-ordinates. 

If distance and bearing are computed from rectangular spherical co- 
ordinates by treating them as rectangular co-ordinates on the plane, we 
have for the computed or plotted distance S : — 

S 2 =~ (X' ~X)\+ (Y' - Y ) 2 


Y l 2 

s cos a + ■— -x s cos a 

yy4 


x Y l r 

+ 5 


Y s 2 cos 2 a s 3 sin a cos 2 oc" 

Sr 2 . (F _ 

„ , . 7' V cos 2 a s 4 sin 2 a cos 2 a , „ . „ 

= s2 cos “ a + p + s 2 sin 2 a 

Ys z cos 2 a sin a s* sin 2 a cos 2 a 

r 2 1? f • • 

o2 pr\o2 « 

= 6>2 "4 ^ 2 — (^ /2 ^ sin a) — f$ 4 sin 2 a cos 2 a + . . . 

Hence, by the binomial theorem : — 

8 = * + S ~~(Y' 2 ~ Ys sin a) - + . . . 
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Now, by using the approximate values s cos a = (X' — X) and 
s sin a = ( Y' — Y), we have : — 

s = « + '-^- a (r , «-rT+ r 2 ) _l^f (r _ T) 2 


,S' 


2r 2 

« + (X' a + Y'Y + 7»). 

cos 2 a 


5 i + -^(y' ! +rT+n 


and hence 


8 


8 


COS" 

Or 2 


«(F 2 + Y'Y + X 2 ). 


The ratio — is generally called the “ scale ” and the quantity 
s 


(Y' 2 + Y'Y + Y 2 ) the “ scale error/ 5 It will thus be seen that, 

except when a = 90° or 270°, all natural distances away from the central 
meridian are increased when plotted on the plane or computed from 
rectangular spherical co-ordinates. 

When the points are very close together Y' — Y and : — 

8 Y 2 

- = 1 + — cos 2 a. 
s 2r 2 

Along the meridian a = 0°, and : — 

8 Y 2 

~ = 1 4 - _ 

s ^ 2r 2 ' 


Along the Y co-ordinate a = 90° and 


S 


1. 


In a similar manner, if £ is the bearing on the plane, so that ft is given 
by 

■y f , y 

tan j8 


X‘ - x m 


it can be shown that , 


Y'z + j'Y + Y 2 . (X' - X)(2 Y + ¥') 

p = oc ;ro -: — TT sin a cos a — M ' 


6r 2 sin 1" 

which, for very short lines, becomes : 

Y 2 


6r 2 sin 1" 




2r 2 sin I" 

For computing purposes we can put : 
7' 2 + Y'Y + Y 2 


sm cl cos oc. 


where 


■m’ and f ~jj 

can easily be found fr< 


from a table of 
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squares or from the Tables of Quarter Squares in Chambers’s Mathematical 
Tables. Hence, 


! *r/r + r 

2 LI 2 

sin a cos «r/X' + ? 

SnF [\ 1 


(X' -X)(2 Y+ Y) 
• 6r*sinl" 


In addition, it will usually be more convenient to apply a correction 
to log s to give log 8 rather than to apply the correction to s itself. We 
then have : — 


log 8 = log s + 


M cos 2 af/ Y + TV , JY - TV 


log s = log 8 


M cos 2 a r/T' + T\ 2 ■ :/Y - I 


where If = 0-434 29 (log M ===. 1-637 78) is the modulus of the common 
logarithms. 

The above formula give the corrections to be applied to the observed 
spherical distances and bearings to give the distances and bearings on 
the plane. These distances and bearings on the plane are often called 
“ grid ” distances and “ grid ” bearings and they may be used directly 
to compute plane co-ordinates, which now also become rectangular 
spherical co-ordinates. In this case the procedure is to compute an 
approximate value of T' from Y f = T + s sin a and to use this approxi- 
mate Y for computing 8 and The final co-ordinates then become 


X* s= X + 8 cos /?. 

r = Y+8 Sinjj. 

The formula for the correction to bearings is easily obtained by dividing (Y' — Y) 
by { X' — X). When terms involving powers of r higher than the second are neglected, 
this gives : — 

Y' ~~ Y Y' 2 Y 

tan 0 = ^y~S~x = tancc — 2r ^ tan cc - —s eosa 

s 2 tan a , . . 9 , 

H — (sm 2 a — cos 2 a). 

Put — a + Sec. Then tan $ = tan (a -f- 8a), which, by expansion by Taylor’s 
theorem, is equal to tan a + 8a sec 2 a -f* .... Hence : — 



rscos^a f s^smacosa 

2T 2 b 6r s 


(sin 2 a — cos 2 a) 



cos a 
"¥2 


j^3 F' 2 sin a 4- 3Fs cos 2 a — s 2 sin a(sin 2 a 
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Substituting the approximate values — — ; and - — — } for the sines and 

cosines respectively in the terms in the square bracket, we obtain, after a little 
simplification : — 

&*- - [(*' + 2 Y){(Y' - Yf- + ( X ' - xy) + IY- - F»)] 

= “ + 2F y- + ( F ' - f h f ' 2 + r ' r + y2 )] 

s cosa, T ,, , oosa Y' - Y 


^ V-**- -r J , vtstt , Tr2v 

6P 6^ {Y + YY + Y )‘ 

Errors in Distances and Bearings Arising from the Use of a System of 
Simple Plane Rectangular Co-ordinates. It will be obvious from the 
foregoing discussion that, if a system of simple plane rectangular co- 
ordinates is used to compute a survey, serious discrepancies between 
observed and computed distances and bearings will arise as the survey 
proceeds to considerable distances outwards in either direction from the 

central meridian. For short lines, the ratio — will be given by 


which is a maximum, and equal to 1 + when a = 0° and is unity 

when a = 90°. At the same time, as I' - I is small for short lines, 
fjjjr* X)(2 Y f 4- Y) 

is a small quantity and can be neglected. Hence, 

in this case, we have : — 

Y 2 

R — a = — r-r—: — V* sin a cos oc 
' 2r 2 sin 1 

Y 2 

which is a maximum, and equal to — ipppp ? f° r a bearing of 45° and 

is zero when the bearing is 0° or 90°. 

The following table gives the approximate maximum linear and 
angular errors at various distances from the central meridian, the error 
in distance being expressed as a fraction of the length and that in bearing 
both by angle and by lateral displacement expressed as a fraction of 
length. 


Distance in Miles from Central Meridian 


Maximum error in distance 


Maximum error in bearing 
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Computation o! Bearing 1 and Distance from Rectangular Spherical Co- 
ordinates. The formulae just evolved for errors in distance and bearing 
give a direct method of obtaining distance and bearing from given rect- 
angular spherical co-ordinates. The first step is to compute the plane 
rectangular or grid bearing and distance from : — 

T — Y 
tan 8 — -= 7 - — =7 
A — A 

S = (F - Y) cosec p = (X' - X) sec p. 

In computing the higher order terms containing the trigonometrical 
functions of <x we may assume that a = p, and, if we put, 




we have : 


a 31 K cos* /3 

log 5 = log S 2 -- 2 - ■ 

and 

sin p cos p (X' — X)(2Y + Y') 

‘ ^ 2r 2 sin 1" ^ 6r 2 sin l" 

in which the factor K can be obtained from tables of squares or quarter 
squares and M is the modulus of the common logarithms. 

An alternative procedure is to use the formulae for obtaining rectangular 
spherical co-ordinates to obtain s . sin oc and s . cos oc. Inserting the 
approximate values (Y f — Y) = $ . sin ct and ( X ' X) = s cos oc in the 
higher order terms we get : — 


(X' - X) 


Y' 2 (X f - X) (Y' — Y)*(X'-X) 
2 r 2 Or 2 


a is then obtained from 


and 5 from 


s . sin a . cosec a = «s cos a . sec a. 


Transverse Mercator Co-ordinates. We have just seen how the use of 
rectangular spherical co-ordinates produces distortion both in distance 
and in bearing, and at any single point the amount of these distortions 
varies with the direction of the line. To the ordinary surveyor, engineer 
or miner who will have to use the co-ordinates, distortion in bearing 
may be much more inconvenient than distortion in length. Moreover, 
it is highly inconvenient, for the short distances with which the ordinary 
surveyor will normally be concerned, to have both distortions dependent 
on the direction of the line. It is impossible to avoid distortion of some 
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kind, but it is possible to devise systems in which, for short lines , distortion 
in distance is independent of direction, and, in this case, the grid bearings 
computed from the co-ordinates, when the latter are treated as ordinary 
plane rectangular co-ordinates, will be identical with bearings on the 
ground, although this will not be so when very long lines are involved. 
When this condition is satisfied, the system is said to be “ orthomorphie ” 
or “ conformal,” and one result is that small figures retain their true 
shape, though not their true size or area. 

The Transverse Mercator system of co-ordinates is merely a modification 
of rectangular spherical co-ordinates which has been designed to make 
the system conformal. It was first invented by Lambert ; Gauss suggested 
its use for the survey of Hanover and of Egypt. He actually applied it in 
Hanover, and, about 1910, on the initiative of J. I. Craig, the Survey of 
Egypt adopted it for use in that country. In more recent years, it has 
been adopted by the Ordnance Survey for application in Great Britain, 
and most of the British African Colonies are now using it, either in 
its original or in a modified form. It is also in use in South Africa, 
Australia, and in certain States in America. Apart from ordinary plane 
rectangular co-ordinates, which are only applicable to small local surveys 
or to cases where accuracy is not essential, it may be said that the Trans- 
verse Mercator system is now more extensively used than any other. 

Relation between Transverse and Rectangular Spherical Co-ordinates, 
In Eig. 110 (a) ABC is a small differential triangle on the earth’s surface 
in which the rectangular spherical Y co-ordinate of the point C is equal 
to that of the point A. Eig. 110 (b) shows this triangle plotted on the 



(a) (b) (c) 

Fig. 1 10. 


plane by treating the rectangular spherical as plane rectangular co- 
ordinates. Then C'B' in Eig. 110 (b) is equal to CB in Eig. 110 (a) and 
this is equal to AE. A'C' = AX in Eig. 110 (b) is greater than AC in 

Fig. 110 (a) by AC^J— + (page 311). Hence, in the limit, 

when they become infinitesimally small, so that ACB becomes a plane 
triangle on the plane tangential to the earth at the centre of the triangle, 
the two triangles ACB and A'G'B' are not similar to one another, and 
A'C'B' is greater than ACB in area. In order to make A'G'B' similar to 
ACB we could either make C'B' equal to CB, and at the same time decrease 
the X co-ordinate so that A'C' is equal to AC, or we could keep A'C' as it is 

/ Y 2 5Y 4 \ 

and increase the Y co-ordinate so that C'B' becomes A Y( 1 + 5 - 7 , + rp. , 
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If we adopted the first procedure, the X co-ordinates would no longer 
be true distances along the central meridian, or proportional to them, 
but would be less than true distances and not directly proportional to 
them. This would be inconvenient, as it is an advantage for the X 
co-ordinates to be directly proportional to true distances along the 
meridian. Accordingly, we keep the rectangular spherical X co-ordinate 
as it is and increase the rectangular spherical Y co-ordinate by the 

Y 3 Y 5 

amount g^ 2 + 4 ^ 4 . If this is done, the side C'B' in the triangle A'C'B' 
becomes AY^l + + Hence, the sides A'C' and C'R' in 

the triangle A'C'B' are proportional to the sides AC and CB in the triangle 
ACB, the angle A'C'B' is a right angle and the angle ACB becomes a right 
angle when the triangle is very small. The two triangles are therefore 
now similar in all respects, although A'C'B' is slightly larger than ACB. 
Hence angle CAB, which is the spherical bearing of the line AB, is equal 
to C'A'B', which is the bearing on the plane, or the grid bearing, of the 
line A'B'. 

Fig. 110(c) shows A'C'B' replotted with the increased AY. Here, 
A-C'-A'C'-ACjJl+g+Jj.^, 

- = CB.( 1 + £ + i-) = CB( 1 + 5 +2 ^). 

Hence, since the triangles ACB and A"C"B" are similar in all respects, 

A"B" = AB(" 1 + + -H?Y 

\ 1 2? A ^ 24 r 4 y 

By retaining the rectangular spherical X and increasing the rectangular 
spherical Y in the manner described above we get the Transverse 
Mercator co-ordinates. Hence : — 

Transverse Mercator co-ordinates are simply the rectangular spherical 
Y 3 Y 5 

co-ordinates with the term ^ + — 5 added to the spherical Y co-ordinate* 

y 3 ys 

To derive the term — 2 -j- divide the rectangular spherical Y co-ordinate 

into a number of small equal parts, each of length A Y. Then we have seen that, in 
order that figures on the plane should be similar to figures on the sphere, the nth 

( y «2 5 Y 4 \ 

i~. -f 94 7r)» where Y n is the Y co-ordinate 

* This relation is an approximate form of the more general expression Y M « 

r . log*, tan ^ 45 ° -f- or sin — tanh , where Y M is the Transverse Mercator 

( Y 2 5 F 4 \ 

1 -f —.4- - ~) is made up 

2 r 2 24 r 4 / r 

y Y\ 

of the first three terms of the expansion of sec — and log. tan 45° ~\ } will be 

y r r / 

recognised as the integral of sec — . 
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of the centre of the wfch part. Similarly, the (n — • l)th part will be increased by 

( Y .2 5 y . 4 \ 

-f. — -~M , Hence, the total increment to Y n is 

Y i‘ + 5v + + . ■ • + y„-v + r,, 2 } 

+ &AY{ Y 1 i + Y/ + y 3 4 + . . . + Y,,-! 1 -f r,, 1 }. 
In the limit, as AY becomes infinitesimally small and n infinitely great, this 
becomes : — ■ 


Y Y 


jE- + {| 


LI1 

24 r* 


dY 


y 3 ys 

W 2 + Mr *' ' 


75 

For most practical purposes, the term in — y is negligible and the 

73 

Transverse Mercator Y then becomes the rectangular spherical Y plus 


General Properties of Transverse Mercator Co-ordinates. We can now 
summarise the main characteristics of Transverse Mercator co-ordinates. 
These are : — 

(1) Distances along the central meridian remain meridian distances, 
or are proportional to them. 

(2) Away from the central meridian, the computed or plotted lengths 
—the grid lengths — of lines are greater than their true lengths on the 
sphere. 

(3) At any single point, the increase in the length of a short line, or the 
ratio of grid length to true length, depends only on the position of the 
point and is independent of the direction of the line. 

(4) For short lines, computed or plotted bearings — grid bearings — 
remain the same as the bearings on the sphere. 

(5) The shape of a small figure plotted on the plane is the same as the 
shape of the equivalent figure on the sphere, though its size and area are 
increased. 

(6) The Transverse Mercator X co-ordinate is the same as the rect- 
angular spherical X co-ordinate.* 

(7) The Transverse Mercator Y co-ordinate is the rectangular spherical 

73 1 75 

Y co-ordinate plus the terra -7^ + — —r. 

* 6r 2 24 r 4 

Formulae for Transverse Mercator Co-ordinates. The following are the 
formula usually needed in working with Transverse Mercator co-ordi- 
nates : — 

(1) Relation between Rectangular Spherical and Transverse co-ordinates. 


= X,> 


Y n + 


Y 5 

J. n 


Y } ? 

+ 2iR?Nj\ 


(1) 


* This is not strictly true for the spheroid, although the difference is negligible 
in practice. See Some Investigations into the Theory of Map Projections , by A, E. 
Young, page 73. 
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y 3 Y 5 

v V 1 *w. 1 M 


6B (; N C A 2AR*N m \ 


. . . ( 2 ) 


where the R and M suffixes denote spherical rectangular and Transverse 
Mercator co-ordinates respectively. 

(2) Conversion of Transverse Mercator into Geographical Co-ordinates 

(f) o =z <f> () X° . . . * . . . . . (3) 

in which X° is the distance X converted into degrees, minutes and seconds 
by means of a table of meridional distances and tf> Q is the latitude of the 
origin 

I 72 tan 4> c 


4> = <h 


2R,.N„ sin 1" 

+ . r ‘ 


dL" 


24Lt e N e 3 sin 1 
7 sec j> e 7 3 


" N„ sin 1" 

6N 3 sin 1" ’ 

+ 

7 s 

120iV, s sin 1" " 

Y tan <f> c 

73 

N c sin 1" 

M 3 sin 3 1" 

+ 

2- t 

15A, 5 sin 5 1" 

7 tan <j> 

—— -at . • i tt 

■73 

1 f 

1 n TkT'i * t // u 


tan <f>,, (5 + 3 tan 2 <f> c j , . . . 

> sec + 2 tan 2 <j>)j 


hi 2 -j- tan 2 </>,. 


n; 

R. 


j sin 2 1" 


(4) 


(5) 


(6) 


+ 


7 s 


-4+tan 2 ^) 


-p tan <j> sec 2 ^(1 + 9 tan 2 cf>) (6a) 


120Y 6 sin ] 

(3) Conversion of Geographical into Transverse Mercator Co-ordinates : 

_ (dL" sin l") 2 N sin <f> cos <f> 

A — A D -j 


+ 


(dL" sin l") 4 N sin <f> cos 3 <£(5 — tan 2 <f>) 
_ 


• (?) 


where X D = <f> — <£ (J converted into feet by means of a table of meridian 
distances. 


(f-tan 2 ^) 


7 = (dL" cos <f> sin 1 ")N + C0S / Sin 

O \ XV 

. (dL* qos 6 sin l*) 5 K 

+ v N(5 — - 18 tan 2 <f> + tan 4 <£) . (8) 

y* = eZL" sin <f> + dL" 3 sin cj> cos 2 — ■ |^sin 2 1" 

6£Z7 5 sin cos 4 <ft(2 — tan 2 <£) sin 4 V 


+ 


15 


. . (9) 
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In formulae (1) to (6) above, E e and N c are to be taken out for the 
latitude </> e , that is for the point X = X, Y = 0, which is the foot of the 
perpendicular on the central meridian from the point (X, Y). In formulae 
(6a) to (9), E and N are for the given latitude <£. 

(4) Co-ordinates from Bearing and Distance : — 

A. . . Ys 2 cos 2 a «s 2 cos 2 a . s sin a 

7' = 7 + s sm a ^ 

m (Zl-7 3 ) 


in which r = \/ BN, this quantity being taken out for the mid-latitude 
of the line. 

■xrf -rr , , Y' 2 s cos oc s cos a . $ 2 sin 2 a 

X' = X+s cos ad 5 -r TTo • . .(11) 


a r = a ± 180° 


s cos a( Y + T) 
2 r 2 sin 1" 


Alternatively, by grid distances and bearings as follows : — * 

Calculate approximate values of Y' from Y f = Y + s sin a and of 
X f from X' = X + s cos a and use these values in the following equa- 
tions : — 




. . (13) 


where log M — 1-637 78, and 

(X'-X)(27+F) 

P 6r 2 sin 1" * ' * 

Then:— 

X’ = X + £cosy8 ; 7' = 7 + Sain fl 

mmm 

6 r 2 sm 1 

(5) Bearing and Distance from Co-ordinates : — 


«' = p ± 180° + 


s = S 


log s — log S : 


S r/T + 7\ 2 , ,/7' — 7\ 2 1 

*•[(-*- ) + i (“HJ ■ ■ • • (17, 

, ur/Y’ + iy , ,/r'- y\n , 

? -55-[(-x 7 + l( — 2— ) J ■ -< 17i > 


a. = p 


«' = j8 ± 180° + 


(. X ' -X)(2Y + 7') 

6r 2 sin 1" ' ‘ 

l 80 o (X-X’)(2T+Y ) 
6r 2 sin V 


322 


PLANE AND GEODETIC SUEVEYING 


tan p ■ 


S — \X' — X) sec 0 = (F - J) cosec p (20) 
Eor long lines see (13), (13 a), (17) and (17 a) 


y 2 y4 

2r 2 + 24r 4 ' 

, MY*/, 

Y 2 \ 

.... (21) 

’ + 2r 2 f 1 

dr 2 ) ‘ ' ' 

. . . (21a) 

Y 2 5 Y 4 

2 r 2 + 24 r 4 ‘ 
. MY 2 /, 

r 2 \ 

.... (22) 


6 r 2 J 

. . . (22a) 


where, 

(F-D 

(Z'-X) 

(6) Scale and Scale Error 
above. For short lines : — 

log S = log s 
s 

s : 

log s = log 8 
in which log M = 1*637 78. 

The sign conventions to be used with Transverse Mercator co-ordinates 
are the same as those given on page 305 for use with ordinary rectangular 
spherical co-ordinates. 

Note that in formulae (12), (14), (16), (18) and (19) there is no term 
involving Y 2 , such as there is in the equivalent formulae for rectangular 
spherical co-ordinates. The last term on the right in each expression 
becomes inappreciable for short lines , and, in this case, the plane or grid 
bearing is equal to the spherical one and so is independent of the direction 
of the line. Note also that cos 2 a does not occur in formulae (13), (13a) 
(17), (17a), (21), (21a), (22) and (22a), as it does in the equivalent formulae 
for rectangular spherical co-ordinates, so that scale and scale error are 
independent of the direction of the line. This, of course, should be the 
case since it represents the main condition which the system was designed 
to fulfil. When lines are very short, Y' is approximately equal to Y and 
formulae (13), (13a), (17) and (17a), which are the formulae for long lines, 
reduce to the first two terms of formulae (21), (21a), (22) and (22a). 

N, , N 


In formulae (5), (6), (8) and (9) the terms 


it 


and £ have been intro- 


duced. These are spheroidal terms and are appreciable only when the 
utmost accuracy is desired and Y is very large. For most purposes it 
N N 

will be sufficient if and are put equal to unity, in which case the 

formulae become those for the Transverse Mercator co-ordinates on the 
sphere. 


It has been shown on page 318 that, if Yj 
the rectangular spherical Y, Ym is given by 

6r* 


is the Transverse Mercator and Y P 


Ym~ + - 


+ 


24r*‘ 


Hence, by successive approximations, or by the formula for the reversion of series 
(page 8), 
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If this value of Y n is inserted in the formulae for the conversion of rectangular 
spherical into geographical co-ordinates given on page 305, and 's/ RN is substituted 
for r, we get the equivalent formulae for the Transverse Mercator co-ordinates. 
These are (4), (5) and (6) above but with N substituted for R in the small terms in 
Y 4, and T 5 in cases where this approximation simplifies the expression without 
appreciable loss of accuracy.* 

Equations (7) and (9) are the equivalent of the similar formulae for rectangular 
spherical co-ordinates. To obtain (8) we have, from the corresponding formulae for 
rectangular sphericals (page 306), 

Yj, = NdL sin X" cos <l> - — (dL sin 1" cos tan 2 <f> 

— (dL sin 1" cos ^) 5 tan 2 <j> (S — tan 2 <j>). 

Y'i yb 

In this write Y B = Y — on the left-hand side of the equation. 

&RN 24I2 2 N 2 

A first approximation gives Y = NdL sin 1" cos <j>. A second gives : — 


N*(dL sin 1" cos <f>) 3 
6R 


NdL sin 1 " cos $ 

N 

7 (dL sin 1" cos <f>) 3 tan 2 <j> 


from which : — 

r = 


6 


N . 


NdL sin V cos </> -f ~ (dL sin l" cos <j > ) 3 ^ : 

Y 3 


tan 2 <j >^ . 


This value is now substituted in the term and (NdL sin 1 " cos $) 5 in the term 

1 Y 5 vRN 

— when^ after a little reduction, and the substitution of N for R in terms 


containing Y 5 , we obtain : — 

Y = N(dL cos cf sin 1") + %N(dL cos <f> sin 1") 3 (^ - tan 2 

+ xiu N(d£ cos <j> sin 1") 5 {5 — 18 tan 2 -f tan 4 <£). 


Equation (10) is the rectangular spherical Y with the term — added on 

to it to convert from the rectangular spherical to the Transverse 
Mercator system, and equations (11) and (12) are the same as in 
the rectangular spherical system. 

In deriving the expressions for — and (fi — a) we may proceed 

exactly as we did on pages 314 and 315 for rectangular sphericals, 
but substituting the value for (Y' — F) from equation (10) 
instead of the value originally used. The following method of 

obtaining — is, however, shorter and neater than the one we used 

in the previous case. 

In Fig. Ill take the point 0 on the line AB, the distance AC Fig. 111. 
being l and that of AB being s . Take a small element at C of 
length dl and let the Y co-ordinate of this element be y, that of A being Y and 
that of B being Y'. Then the element on the plane corresponding to dl will be 
given by : — 



dS ; 


"4 + S+-4 


* For the derivation of the full spheroidal formulae from the spherical formulae 
see paper by Captain McCaw in the Empire Survey Review , Vol. V, No. 35, January, 
1940. 
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The total length of the line on the plane will therefore be the line integral 




i 4 AL _|~ 
T. 2 r 2 ^ 


taken along the curve AB. 

But we can easily see that 
l y-Y 


, approximately. 


. Adi 


dl sss 




(F' - Y) 


w- 

®[i + 


i|0 + h + • • ) dy 


>[ 


s\ 1 + 


Y) 

(F' 3 ~ F 3 ) 

6r 2 ( F' - F). 

F /a + y/y 4. ya- 
6r 2 


] 


] 




Reduction o! Seale Error. The scale error factor in the Transverse 
7 2 

Mercator system, — v becomes 1/2000 at a distance of about 125 miles 

from the central meridian and at about 200 miles it has a value of about 
1/785. Even a scale error of 1/2000 is inconveniently large in practice. 
A large-scale error at the outside limits of the area under survey can, 
however, be reduced by introducing a negative scale error along the 
central meridian of, say, half the amount of the maximum positive 
scale error. Thus, if the area to be covered is about 250 miles in width — 
that is, about 125 miles on either side of the central meridian — the 
normal scale errors would be zero on the central meridian and + 1/2000 
at the extreme edges where Y has the values — 125 miles and + 125 miles. 
If a negative scale error of 1/4000 is introduced, the scale error becomes 
— 1/4000 along the central meridian and + 1/4000 along two lines 
125 miles on either side of the central meridian. At two lines about 
89 miles on either side of the central meridian the scale error will be zero 

and at no place will it exceed 1/4000. 

This method of introducing a negative 
scale error along the central meridian, so 
as to reduce the maximum value of 
the error, is very commonly adopted in 
practice. 

Eig. 112 shows a plot of the scale error 
72 

factor — v abscissae being distances in miles 

from the central meridian and ordinates 
the scale error factor in feet per thousand 
feet. The curve is a parabola with all points positive and above the 
horizontal axis. The line AB has been drawn through the point 0*25 ft. 



100 100 

Miles Miles 

Fig. 1X2. 
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on the vertical axis. This line therefore represents a scale error of 1/4000, 
and, if it is taken as the new zero line for scale error, there will be a 
negative scale error for all points on the parabola which lie below this 
line and a positive scale error for all points which lie above it. 

If the greatest distance from the central meridian is d> and if the negative 
scale error on the central meridian is to be equal to the positive scale 
error at distance d, the points at which there is zero scale error will be 
given by : — 

y 2 d 2 
2 r 2 2 x 2 r 25 

or 


y-± 


d 

Vs* 


The reduction of the 
all measured distances 


maximum scale error is made by multiplying 
by the factor (l ~~ where — is the scale 


error on the central meridian. In addition, a spheroid which is 
smaller than the true spheroid by the same proportional amount must 
be used in the computations. This means that meridian distances and 


values for E and N must also be multiplied by 



In this 


case, it is best to prepare special tables in which this reduction has 
purposely been made. 

Countries which have such a large extent in longitude that even the 
introduction of a negative scale factor still makes the scale error too 
large in extreme cases are divided into two or more belts, each with its 
own origin and its own central meridian. Thus, Nigeria has an extent 
of over 12° in longitude — about 760 miles in those latitudes — and it is 
divided into three belts. In Great Britain, there is a single meridian— 
2° W — so that no part of the country extends much more than about 
150 miles from this meridian. 

Computation of Triangulation in Terms of Transverse Mercator Co- 
ordinates. A system, of triangulation can be solved directly in terms 
of Transverse Mercator co-ordinates if the following procedure is 
adopted : — 

(a) Assuming that the co-ordinates and spherical bearing at only one 
end of the initial line are known, compute approximate co-ordinates of 
the other end by using the true distance and the spherical bearing oc in 
the formulae : — • • 


X f = X + s cos a ; Y* = Y + s sin a. 


In addition, compute the reverse bearing by formula (12). If the azimuth 
of the initial line, and not the spherical bearing, is given, compute the 
convergence and apply it to the observed azimuth to give a as described 
in page 304. 
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(' b ) Use these approximate co-ordinates to find the co-ordinate or 
grid length S of the initial side. The formula needed is (21) or (21a), 
page 322. 

(c) Using this value for the initial side, solve the first triangle by using 
the observed (spherical) angles, each reduced by one-third of the spherical 
excess of the triangle. 

(d) The last process gives approximate values for the length of each 
side. Knowing the forward and reverse bearings of the line AB, and the 
observed angles at A and B, the spherical bearings of the lines AC and BC 
can be found. Use these bearings and the approximate lengths derived 
from the preliminary solution of the triangle to obtain the approximate 
co-ordinates of C. 

(e) Use these approximate co-ordinates to determine the correction 
jS — a to be applied to the spherical bearings to give the grid bearing 
of each side. The formulae required are (14) and (16), page 321. 

(/) Apply these corrections to the spherical bearings to obtain grid 
bearings and from the grid bearings deduce the plane or grid angles.* 
Assuming that the triangle has previously been adjusted for closure, 
the sum of the plane angles should, of course, be equal to 180°. 

(g) Using the plane distance as obtained in (6), and the plane or grid 
angles as obtained in (/ ), solve the triangle as an ordinary plane triangle. 
This will give the lengths on the plane of the other two sides of the 
triangle and these values can then be used as the bases for other plane 
triangles. 

(h) The final co-ordinates of the points B and C can now be calculated 
from the grid bearings and grid lengths by means of the relations : — 

X' = X + Sc os£; T = Y + Ssinp. 

The alternative to the above method of computation is to solve the 
triangles by Legendre's theorem, using the spherical or natural lengths 
and angles, and then to work out co-ordinates by the bearing and distance 
formulae (10) and (11), page 321. 

The example given below will not only illustrate the above procedure 
but will also serve as an example of various computations in connection 
with the formulae given on pages 319 to 321. The computation appears 
to be a very long one but it must be remembered that it starts from the 
very beginning, as if the first side were a base line. After the first triangle 
has been solved, the work for each of the remaining triangles becomes 
much less because the grid length of each initial line and the bearings 
and co-ordinates of both ends are now known. Hence, steps (1), (2), (3) 
and parts of steps (6) and (8) in the example are no longer necessary. 
Moreover, the work can be simplified and reduced by employing specially 
computed tables such as are described on page 331. 

* The corrections, if taken with their proper signs and applied in the correct 
order, may be applied directly to the angles by noting that an angle is the difference 
between two bearings. The sum of the corrections to the three angles should equal 
the spherical excess of the triangle. 
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i 


I 


i; 


The method of solution by working on the plane with modified lengths 
and bearings is particularly suitable for computing secondary and tertiary 
work, or where the adjustment of the figures involves certain sides and 
directions being held fixed in a least square adjustment, such as occurs 
when new work has to be joined to old. It is also invaluable in traverse 
work. 

Example. Given the following data with regard to the triangle ABC, find the 
co-ordinates of the points B and C. 

Transverse Mercator co-ordinates of A. 

X = + 813 687-03 ft. Y = + 325 707*28 ft. 

Geographical co-ordinates of A. 

^ = 6° 54' 30"-907 N. L = 0° 06' 06"*380 W. 

log . AB (length on ground) — 5-142 2852. 

Observed azimuth A to B = 104° 52' 21"- 00. 

Observed angles of triangle after adjustment. 

A = 45° 48' 5 8" -64 
B = 87 47 47 -94 
0= 46 23 17 -94 


180° 00' 04"*52 = 180° + spherical excess. 
The central meridian is 1° TP r , and the point C lies north of A. 

( 1 ) Convergence and bearing at A. 

dh « + 53' 53**616 = 3233"*616 


log dL » 3*509 6884 
log sin <j> = 9*080 2136 

log dL sin = 2-589 9020 

dL sin <j> = 388-957 

(2) = + 0*032 

388*989 


1-00675 

a 

/N 2 \ 

Or - 3 )= +°- 34008 

3 log dL = 10*529 07 
log sin <j> =s* 1*080 21 

2 log cos <j> = 1*993 67 

log (|-I)= r > 531 58 

2 1ogsinl"~ 11*371 15 


y ~ + 6' 28"-99 

A = 104° 52' 21"-00 
- y = - 6 28"*99 

a* 104° 45' 52"*01 

(2) Approximate co-ordinates cfB. 

log AX = 4-548 5627 

log cos a = 9*406 2775 A 

log 8 = 5*142 2852 AX = 
log sin a — 9*985 4183 

■; B 

logAF = 5*127 7035 


2*505 68 

dL z sin <j> cos 2 — -|^sin 2 1" ~ 

+ 0"*032 * ... (2) 

Third term is negligible. 

X Y 

813 687*03 325 707*28 

-35 364-11 AF= + 134 184-87 

778 322-92 459 892*15 
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(3) Grid distance and reverse bearing of AB, 

Y' = 459 900 
Y = 325 700 


(Y' + Y) = 

m* 


785 600 

154 291 840 000 
1 500 S00 000 
K = 155 792 640 000 


(Y' 

< Y 


Y)* 


(s-) _ 


134 200 
4 502 410 000 


log K = 
log M = 

2r& ' 

KM 
2r 2 s 


log 


lbg(7'+ T) = 

lOg (X' ~ X) : 

l0g 2r 2 sin V '' 
log (a' — a) = 


11*192 55 
1*637 78 

15*060 46 

5*890 79 

5*895 20 
4*548 56 

10*374 89 
0*818 65 


2r 2 

lOg 6' = 

log 8 = 


0*000 0777 
5*142 2852 

5*142 3629 


a = 104° 45' 52**01 
180 

284 45 52 *01 
- a = + 6 *59 

a' = 284° 45' 58"*60 


(4) Approximate solution of triangle ABC. 

Observed angle | of spin ex. 


A 

B 

C 


45° 48' 58"*64 
87 47 47 *94 
46 23 17 *94 

180° 00' 04" *52 


- 1"*51 

■ 1 *51 

■ 1 *50 

• 4"*52 


Plane angle 
45° 48' 57"* 13 
87 47 46 *43 
46 23 16 *44 


180° 00' 00"*00 


log BC b 5*138 1906 


log sin A — 9*855 5820 
log AB =s 5*142 3629 
log cosee C » 0*140 2457 
log sin B = 9*999 6786 


log AC b 5*282 2872 

(5) Bearings of AC and BC and approximate co-ordinates of C. 


a « 104° 45' 52*01 
A** 45 48 58*64 


a : 
B ■ 


284 45 58*60 
87 47 47*94 


BgAC — 58 56 53*37 
log AX — 4*994 7799 


BgBC * 12 33 46*54 

log AX = 5*127 6661 


log cos AC = 9*712 4927 
log AC = 5*282 2872 
log sin AC « 9*932 8293 


log cos BC « 9*989 4755 
log BC ss 5*138 1906 
log sin BC b 9*337 4827 


log A F — 5*215 1165 

X Y 

813 687 325 707 

4 * 98 805 -f- 164 103 


A 

A 


B 

A 


logAF = 4*475 6733 
X Y 

778 323 459 892 

134 173 + 29 900 


C 912 492 489 810 C 912 496 489 792 




(6) Corrections to bearings (j8 
AB and BA 

Y' = 459 892 

2Y = 651414 
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2Y'* 

r = 


(2Y + Y') = 
log Sot = 


1,111,306 (2Y' + Y) = 


0*492 16 log (X' - X) 

log (2F + F') = 6-045 831 lo S 
log fc£) = 6-446 33 


6r 2 sin 1" 
log ( Y + 2Y') = 6-095 36/ 


1 log 


sin 1" * 
(X'-X). 


6r 2 sin 1" 


919 784 
325 707 

1,245,491 

4-548 56 
H-897 77 

6-446 33 


log 


2r 2 


sin 1" ' 
log 3 = 


log 


6r 2 sin 1" 
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10-374 89 
0-477 12 

TI-897 77 


log 8a' = 0-541 69 


— 8a = 
a(AB) = 


+ 3"-ll 

104 45 52 -01 


- 8a' = 
a'(BA) = 


- 3"-48 
284 45 58"-60 


j8(AB)= 104° 45' 55"-12 
AC and CA 


jS'(BA) = 284° 45' 55"-12 


Y' =3 

489 801 

Y = 

325 707 

2 Y == 

651 414 

2Y' = 

979 602 

(2 Y + Y') *» 

1,141 215 

(2 Y' + Y) = 

1,305 309 

log Sa = 

0*949 92 

log (X' -X)«s 

6r 2 sin 1" ~ 

4*994 78 

log (2 Y + Y') - 
, (X' - X) 

l0g Or 2 sin 1' 
log (F + 2F') = 

6*057 37 

II-897 77 


6-892 55 

6-115 71 

, (X' - X) 

log 6»- 2 sin 1" - 

6-892 55 

log 8a' = 

1-008 26 



- 8a- 

- 8"* 91 

4* Sa = 

- 10"*19 

a(AC) = 

5S 56 53 -37 

P'(0A) = 

238 56 44 *46 

«AC) - 

58° 56' 44" *46 

a'(CA) sb 

238° 56' 34" -27 

BC and CB 




Y' — 

489 801 

Y — 

459 892 

2Y == 

919 784 

2Y' = 

979 602 

2 Y + Y' — 

1,409 585 

(2 Y' + Y) ss 

1,439,494 

log 8a = 

1-174 53 

log (X' - X)= 
1 

5-127 67 

log (2Y + Y') - 

log <*'-*> = 
g 6r 2 sin r 

6*149 09 

log 6r 2 sin 1" ~ 

IT- 89 7 77 

5-025 44 

log {A "~ X) = 
6 6 sin 1' 

5-025 44 

log ( Y -f- 2 Y') = 

6-158 -21 


log 8a' «s 

1*183 65 



— Sa = 

- 14"-95 

+ 8a' = 

7- ;: - 15"-26 

a(BC) i- 

12 33 46 -54 

0'(CB) - 

192 33 31 *59 

mo) - 

12° 33' 31"-59 

a'(CB) = 

192° 33' 16"*33 


si* 
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(7) Final solution of triangle ABC 

Corrections to 

Spherical angle bearings Plane angle 

A 45° 48' 58"-64 + |;Jjl + 12"-02 45° 49' 10" -66 

B 87 47 47 -94 “ - 11-47 87 47 36 -47 

O 46 23 17 -94 + - 5 -07 46 23 12 -87 

180° 00' 04"-52 - 4"-52 1S0° 00' 00" 00 

log BC = 5-138 2254 

log sin A — 9-855 6096 
log AB = 5-142 3629 
log oosec O = 0-140 2529 
log sin B = 9-999 6778 

log AC = 5-282 2936 

(8) Final co-ordinates of B and C. 

log AX = 4-548 6652 

log cos p = 9-406 3023 
log S = 5-142 3629 
log sin p = 9-985 4165 

log AY — 5-127 7794 

X Y 

A + 813 687-03 + 325 707-28 

A - 35 372-47 + 134 208-31 

B + 778 314-56 + 459 915-59 

log AX = 4-994 8174 log AX = 5-127 7080 

log cos p = 9-712 5238 log cos p = 9-989 4826 

log 8 = 5-282 2936 log 8 = 5-138 2254 

log sin p = 9-932 8180 log sin p- 9-337 3414 

logAB = 5-215 1116 logAX = 4-475 5668 

X Y X Y 

A + 813 687-03 + 325 707-28 B + 778 314-56 + 459 915-59 

A + 98 813-74 + 164 101-12 + 134 186-23 + 29 892-81 

C + 912 500-77 + 489 808-40 + 912 500-79 489 808-40 

Co-ordinates of B : — 

X = + 778 314-56 Y = + 459 915-59. 

Mean co-ordinates of C : — 

X = + 912 500-78 Y — + 489 808-40. 

In step (6) above, the back bearings, /S', of AC and BC are obtained by 
adding 180° to the forward bearing. Hence, the plane or grid angle at 
C could be obtained directly without working out the (jS — a) corrections 
to bearings at C. These corrections, however, are needed to give the 



GEODETIC COMPUTATION 


331 


spherical bearings, which should always be computed and tabulated as 
they may be required to start other work from. 

Note also that in step (7) the plane angles have been deduced directly 
from the (/? — a) corrections. Thus, the angle at 0 is given by bearing 
CA minus bearing CB. Hence, the correction is equal to correction to 
CA minus correction to CB, that is to [ — - ( — - 10.19)] — [ — ( — 15.26)] = 
•— 5**07. When this correction has been applied to the spherical angle, 
the resulting plane angle should be the same as that given by subtracting 
the grid bearing of CB from the grid bearing of CA. Thus, 46° 23' 17**94 — 
5**07 = 46° 23' 12**87 = 238° 56' 44"*46 - 192° 33' 31"*59. 

Tables to Assist in Computing Transverse Mercator Co-ordinates, If 
much computing has to be done in terms of Transverse Mercator Co- 
ordinates it will save considerable time if tables of the following factors, 
or their logarithms, are computed at the very beginning. Tables of 
meridian distances and of the ordinary geodetic factors are assumed to 
be already available. 


Formula 

Factor 

Argument 

dumber 
of Places 

Interval of 
Argument 

4 

, (5 + 3 tan 2 <j> c ) 

**■ M c N* sin 1" ' ’ * ‘ 

X or <j> c 

4 


5 

® +2tan2 ^) 

* N c 9 sin 1" 

X or <j> c 

5 

50,000 ft. 
or 4' of arc 

5 

(5 + 28 tan 2 <j> c + 24 tan 4 <j> c ) 

*** Nf sin® r 

Xov<j> c 

3 


6 

(2 + ten* 

* N* sin 1" 

X or 4 ,,. 

5 

50,000 ft. 
or 4' of arc 

7 

^ N sin 4 1" sin <f> cos 3 $(5 — tan 2 <f > ) 

$ 

5 

4' of arc 

8 

&(eos <j> sin 1") 3 A 7 ^ ~ — tan 2 

.f 

5 

4' of arc 

8 

T J- 0 A T (cos <f> sin l // ) 5 (5 — 18 tan 2 <j> + tan 4 <f>) 

* 

3 

4' of arc 

9 

N sin <j> (cos <j> sin l") 2 ^- — 


5 

4' bfarb + 

9 

^sin <j> (cos <j> sin l") 4 (2 — tan 2 <j>) 

f 

3 

4' of arc 

21 & 21a 

22 & 22a 

Y 2 Y 2 ' MY 2 # . MY 2 

2 r 2 ; l0g 2 r 2 ; 2 r 2 * l0g 2 r 2 

Y 

7,4 

10,000 ft. 

14, 16, 
18 & 19 

(2 Y + Y') 

6r 2 sin 1 * 

(2 r+rq 

7 

10,000 ft. 


When these tables are being constructed, they can first be computed 
to one or two places more than the number of places required, and at 
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intervals of four to eight times the final interval. Intermediate values 
can then be interpolated by means of second and third differences 
(page 26). 

For the smaller quantities that are only required to three decimal 
places, a wider interval of the argument can be used than that given 
above. It is, however, convenient to have all the factors relating to a 
particular computation tabulated together on the same page, and, in 
this case, it may be just as convenient to tabulate all quantities with the 
same interval. 


The arrangement of the table for 


(27 + T) 
6r 2 sin 1" 


can be for values of 


(27 + 7') in thousands of feet and the tabulated quantity is then the 
factor by which (X' — X) must be multiplied to give /? — a. The table 
can be fitted on a single page if it is arranged in rows and columns, the 
interval of tabulation being 100,000 feet between the rows and 10,000 feet 
between the columns. This same table can also be used to evaluate the 


factor 


(7+ 70 
2r 2 sin 1" 


in formula (12) if it is entered with ( 7 + 70 as argument 


instead of (27+ 70 and the result multiplied by 3. Otherwise, a 
separate table for V r 2 si n \" can eas *ty be constructed from the original 
table. 

In all the formulae involving the value of r to be used when computing 

the tables is ^/B . N, taken out for the mid-latitude of the area under 
survey. 

Conical Orthomorphic or Lambert Co-ordinates. Transverse Mercator 


co-ordinates are best suited to an area or country which has a large 
extent in a north and south direction and a relatively small extent in 
an east and west direction, and it is not suited for areas whose principal 
dimension lies in an east and west direction. For such areas, conical 
orthomorphic or Lambert co-ordinates * are more suitable than Transverse 
Mercator ones. 


In the United States of America each State now has its own system 
of co-ordinates, with its own central meridian and origin, and some of 
these systems are Transverse Mercator and some Lambert, the general 
rule being that Transverse Mercator co-ordinates are used when the 
principal dimension is in a north and south direction and Lambert when 
the principal dimension lies east and west. In all, there are nineteen States 
which use Transverse Mercator co-ordinates, thirty which use Lambert, 
and there is one State, Florida, in which both systems are employed. 

Conical orthomorphic or Lambert co-ordinates are used by the Geo- 
graphical Section of the General Staff in Canada in connection with 
military surveys and the production of military maps and they are also 


* There are two systems of Lambert co-ordinates and the one described here is 
generally known as “Lambert’s second.” For the. sake of brevity, however, it will 
simply be referred to as “ Lambert’s,” it being understood that it is Lambert’s second 
system that is meant. 
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used in India, but, apart from this, they are not much favoured in British 
practice, even in those countries which have a greater east and west than 
north and south dimension. In such cases, if the use of a single belt 
would introduce undesirably large scale errors, the general tendency is to 
divide the country into several belts and to use Transverse Mercator 
co-ordinates in each. There are two main reasons for this. One is that, 
when the Y co-ordinate of a point is large, the convergence vis also large 
and this leads to considerable divergence between the grid lines and the 
true north line for map sheets lying a considerable distance east or west 
of the central meridian. The second is that conical orthomorphic co- 
ordinates are not so suitable for point-to-point working as Transverse 
Mercator co-ordinates are. Consequently, in what follows we shall 
merely give a general description of. the Lambert system and then state 
the formulae without further proof or explanation. Those needing further 
information can consult the United States Coast and Geodetic Survey 
Special Publication No. 53, which gives the theory, and Special Publica- 
tion No. 193, which deals with practical computation on both the Trans- 
verse Mercator and Lambert systems. 

Ordinary conical co-ordinates are co-ordinates developed on the surface 
of a cone which is tangential to the parallel of latitude through the origin 
of co-ordinates and whose apex lies on a prolongation of the earth’s minor 
axis. Conical orthomorphic, or Lambert, co-ordinates are ordinary 
conical co-ordinates modified in such a manner that the system becomes 
orthomorphic or conformal. 

In Eig. 113 (a) OP' is the tangent to the meridian at the origin O. 
This tangent intersects the prolongation of the earth’s minor axis at P', 
which then becomes the apex of the cone on whose surface the rectangular 



Fig. 113. 



co-ordinates are considered to be developed. The cone is tangential to 
the spheroid along a parallel of latitude through 0. From the figure it 
follows that OP' = P = N 0 cot <f> u where N 0 is the normal at, and <f> 0 
the latitude of, the origin 0. 

Fig. 113 (b) shows the surface of the cone stretched out on the fiat. 
OP' represents the direction of the meridian through O, P' the apex of 
the cone, and the parallel of latitude through 0 will be a circle with centre 
at P' and radius P'O = P = N u cot . Let B be any point on this circle 
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whose difference of longitude from 0 is dL. Then length OB =N 0 cos <f> 0 dL 

and angle OP'B = c = ^ ° C Qp^ ^ ^ ^ s * n $°' ^ et ^ an ^ P oillt 

whose longitude is the same as that of B but let <f> be the latitude of A. 
Then, if AD in Fig. 113 (b) represents the parallel of latitude through A, 
the distance OD can be found from a table of meridian distances. Let m 
be this meridian distance. Then P'A=P'D=P'0 — OD=N 0 cot <f> 0 —m. 
From A draw AC perpendicular to OP'. The rectangular co-ordinates of 
A are then Y = C A = P'A sin c = (N 0 cot <f> 0 — m) si n c and X = OC = 

OD + DC = m + CA tarn- = m + Y tan 

It can easily be seen that the angle c above is the convergence, y, at A. 
If this system of rectangular co-ordinates is used, it is not orthomorphic. 
Distances between parallels of latitude and along the parallel of latitude 
through 0 are maintained but distances along other parallels of latitude 
on either side of OP' are not maintained. In order to make the system 
orthomorphic, the distance OD, instead of being made equal to the true 
meridian distance m, is made equal to the quantity m' which is given by : — 


m' = m + 




m 4 tan <f> 0 m 5 (5 + 3 tan 2 <f> 0 ) 

WWa + 24 Rff* + 120 iw 


m 4 e 2 sin 2<j> 0 m 6 tan <j> 0 (l + 4 tan 2 <f> 0 ) 




+ 


240 RJT* 


South of the origin m is negative and terms containing odd powers of 
m change sign while those containing even powers of m retain their original 
sign. From this formula a table of modified meridian distances can 
easily be prepared. 

It will be noted that, in this system, the parallel of latitude through the 
origin plays much the same part as the central meridian in the Transverse 
Mercator system and that conical orthomorphic co-ordinates are the 
same as ordinary conical co-ordinates except that meridian distances are 
increased by the amount given by the above formula. 

Formulae lor Conical Orthomorphic Co-ordinates. The following are 
the formulae for conical orthomorphic co-ordinates : — 

(1) Conversion of Geographical into Conical Orthomorphic Co-ordinates . 


P = N 0 cot <j> 0 


m 


m + 


m * 5 


m 4 tan <f> 0 m 5 (5 + 3 tan 2 <j> 0 ) 

m 0 N 0 + 24 BjJ + 120IW 

m 4 e 2 sin 2<f> 0 m G tan <j > 0 { 7 + 4 tan 2 cf> 0 ) 


+ 


240BJT* 


(1) 


( 2 ) 


12(1 - e 2 )iW 

where m is the meridian distance between latitudes <f> 0 and </>. The quan- 
tity m' should be tabulated for different values of <f>. For latitudes south 


* For a proof of this formula, up to terms in m\ see the Empire Survey Review 
Vol. VI, No. 43, January, 1942. 
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of <£ 0 the first, second and fourth terms are negative, the terms in m 4 and 
m 6 retaining their original signs. 

y = dL sin <f> 0 (3) 

T = (P — m') sin y (4) 

X = m f + 7 tan -|y (5) 

In the above, if y is a small angle, sin y and tan §y should be found by 
one of the methods referred to in Vol. I, page 256. 

With regard to signs in the above and the following formulae, dL is 
positive for points east of the central meridian and negative for points 
west of it, and <j> and <f> 0 are negative for points south of the equator. 
With these conventions, the formulae hold for any quadrant and for either 
hemisphere. 

(2) Conversion of Conical Orthomorphic into Geographical Co-ordinates . 
P is known from (1) above. 

Y 

tan y = p — (6) 

m' — X — Y tan fy (7) 

dL = y cosee (f> 0 (8) 

Knowing m f , the corresponding latitude can be obtained by inter- 
polation from the table giving m f for different values of <f>. Alternatively, 
m can be obtained by successive approximations from (2) and (j> then 
found from a table of meridian distances. 

(3) Calculation of Conical Orthomorphic Co-ordinates from Bearing and 
Distance : — 

L, Xs 2 sin 2 a s cos a s 2 sin 2 a 

X — X — s cos a ^ ^ 

u 

-tt . , X' 2 s . sin a s 2 cos 2 a . s sin a 

7' - 1 =ssxna+ w (10) 

/ , ioao , ssina(X + X') 

a = t± 180 -r- 2r2ginr (11) 

When X and Y are very large, the smaller terms in (9) and (10) may not 
be sufficient and it may be necessary to include terms of a higher order. 
These, terms have been worked out by McCaw and are given by Burns 
in a paper on “ Point-to-Point Working for the Conical Orthomorphic 
Projection ” in the Empire Survey Review , Vol. II, No. 11, January, 1934. 
They are as follows : — 

To formula (9) add : — 

sX z cos a sec 3 8 cos 38 tan <f> 0 s 2 X 2 sec 2 8 cos 2(a + 8) tan <j> u 
6r 3 4r 3 

, s z X sec 8 cos (3a + 8) tan <f> Q t s 4 cos 4a tan <j> 0 ^ 

+ 6^3 + 24 ..... (12) 
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and to formula (10) add : — 

sX s sin a sec 3 S cos 38 tail <f>„ , s 2 X 2 sec 2 8 sin 2(a + 8) tan <f>„ 
_ -f Ir 3 

, s a X sec 8 sin (3a -f 8) tan < f>„ , s 4 sin 4a tan <j> 0 

H q~3 _ + 24r 3 • ' 


( 13 ) 


X 

where 8 is an auxiliary angle such that tan 8 = <j> 0 is the latitude of 

the origin and f 3 — E . N 2 for the origin. 

Alternatively, when the line is only a few miles in length and not more 
than about 150 miles from the origin, co-ordinates may be computed 
from : — 


8. 


>[i+ 


m 


2B,,N f 


2 m 3 tan <f> 0 m 4 (5 + 3 tan 2 <f> 0 ) 

“T T> "\T 2 \ 


qr:n} 


2422,, A 7 ,, 3 


']• 


• (14) 


or 


log 8 = log s + M 


C 


m 3 tan <j> 0 m 4 (2 + 3 tan 2 <f> 0 ) 


m i j ;l I — ro _L 

2B, n N,, * 6B 0 N/ ^ 24iW 


] • (14a) 


where m is the true, not the modified, meridian distance of the middle 
point of the line and log M = 1-637 78. 

(F - Y)(2X + X') 


p =« + 


6r 2 sin 1" 


X‘ = X + 8 cos jSl 
7' = 7 + $ sin fi) 


(15) 

(16) 


a' = j8 ± 180° + 


(7' - 7)(2X' + X) 


• ( 17 ) 


6r 2 sin 1 " 

Here 5 is the grid bearing but these formulae are not satisfactory when 
lines are long or the X’s and T’s are very large. For such cases Burns 
recommends computing the S from formula (14) or (14a) above using the 
scale factor for the middle point of the line, and the angle 8 computed 
from : — 

s sin a.(X + Js cos a) 

2r 2 sin 1" • • • • 

Then 

X' = X + Ncos0) 

7' = 7 + 8 sin Oi ■ ( 19 > 


8-. 


(18) 


and a' is obtained from (11). This method will give results which, for lines 
up to about 30 miles in length, are accurate to about 1 /100,000. For lines 
much longer than this, or when the highest degree of accuracy is required, 
no really satisfactory formulae for point-to-point working directly in terms 
of conical orthomorphic co-ordinates have yet been devised, and, in' such 
cases, it is best to compute the geographical co-ordinates by using Clarke’s 
or Puissant’s formulae and then transform these geographical co-ordinates 
into conical orthomorphic co-ordinates in the usual way. 

Distances and Bearings from Co-ordinates. Proceed by approximation 
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in formulae (9), (10), (12), (13). The first approximation gives 
Y' Y 

tan a = -==7 - — ^ an( l s — (V — X) see a = ( Y' — Y ) cosec a. Use these 
Ji X ■ 

values in the second and succeeding terms and get new values for 5 sin a 
and s cos a, proceeding to a third approximation if necessary* 

For short lines not too far from the origin calculate p and S from 
Y' _■ y 

tan j8 = • * ( 2 °) 

S = (X' - X) sec = (7' ~~ 7) cosec $ . . . (21) 

and s and a from 

. aU ™ 2 mHanfal , 9e> \ 

S = 1 2tt~"6Wj ( } 

or 

. . 0 Mm 2 f , m tan ,„ 0 . 

logs = log8- m ^^l + - w -j . . . (22a) 

and 

.. (7/ - J)(2X + X') 

6X 0 X„ sin" 1" ( ~ 3) 

$caZe aneZ Scale Error. For long lines : — 

m 2 = m x + s cos A 

where m 2 is the approximate meridional distance of the end point of the 
line, m 1 that of the beginning, and 

s =»D+ 2 M^) !+ *C^)} 

• • ■ <**> 
or 

log ^ -log* + — 2 J +i^- S -2 — 

, ^^ 2(^2 + %) 4— J , ^ 2 (^2 + ™ l ) J /os , 

+ — — Wo + * * (2a) 

where, as before, M = 1-638 78, »£ 0 is the latitude of the origin, <f> that of 
the initial point of the line and A the azimuth at that point. 

For short lines see formulas (14), (14a), (22) and (22a). 

Reduction of Scale Error. We have seen that, in the case of Transverse 
Mercator co-ordinates, the maximum scale error can be reduced and even 
halved by introducing a negative scale error along the central meridian. 
In an exactly similar manner the maximum scale error in the case of 
conical orthomorphic co-ordinates can be reduced by introducing a 
negative scale error along the central parallel of latitude, where it is 
otherwise zero. In this case, there are two parallels, one north and one 
south of the central one, along which the scale error is zero. Between these 
two parallels the scale error is negative and outside them it is positive. 

If the scale error is to be reduced in this way by the factor all 

:-y -yv,' > -y-v x : / : \ 
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measured distances, meridian distances and geodetic functions must be 
reduced by multiplying them by 

COMPUTATION OF PRECISE TRAVERSES 

Precise traverses, like triangulation, can be computed either directly 
in terms of geographical co-ordinates or in terms of some sort of linear 
co-ordinates, such as Transverse Mercator or Conical Orthomorphic 
co-ordinates. The method to be adopted will depend very largely on 
the use to which the traverse is to be put. If it is to be used as a 
control for geographical mapping on a small scale it will generally be 
most convenient to compute it in terms of geographical co-ordinates, 
but, if it is to be used to control large-scale work, it will be more con- 
venient to compute it in terms of linear co-ordinates. Linear co-ordinates 
can, of course, be converted into geographicals when the geographical 
co-ordinates of the origin are known, and, similarly, geographicals can 
easily be converted into linear co-ordinates. When a survey is of sufficient 
importance for the results to be published, and the work has been com- 
puted in terms of linear co-ordinates, the geographical co-ordinates of 
some, at least, of the more important stations should be computed and 
tabulated with the other published data. 

The main difference between the computation of triangulation and 
traverses lies in the fact that the lines are much longer in the case of 
triangulation than they are in the case of traverses. Consequently, 
certain approximations can often be made in traverse computations 
which cannot be allowed in triangulation computations. 

In what follows, it is assumed that all lengths and angles have been 
properly corrected and reduced, and that this work has been properly 
checked, as mistakes in traverse computations are exceedingly easy to 
make. 

Computation of Traverses in Terms of Geographical Co-ordinates. This 
is the method which is used by the United States Coast and Geodetic 
Survey for the computation of their first-order traverses. The formulas 
used are Puissant’s, as modified for use with short lines (page 296). 
Before the final computations can he made, it is necessary to make a 
preliminary computation to determine the reverse azimuth of each line, 
the closing errors between azimuth stations and the closing error in 
position. After these preliminary calculations have been completed, the 
traverse is adjusted and corrections to the measured lengths and computed 
azimuths determined. These corrections can then be used to compute 
the corrections to the approximate differences in latitude and longitude 
by means of the following formulae, which are obtained by direct differen- 
tiation of the first terms in Puissant’s latitude and longitude formulae : — • 
Correction to d<f> in seconds 

— CQS ^ s s * n 

~~ 7^ sin 1" R 

^ dsd4 N'dAdL sinU 
s JR sec 
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Correction to dL in seconds 


where ds is the correction to the length of the leg, dA the correction to 
the azimuth in seconds of arc and dcj> and dL are the approximate differ- 
ences in latitude and longitude 
between the terminal points of a 
the line as obtained from, the pre- 

liminary computation, both ex- ? — -7 — ^ 

pressed in seconds of arc. X r -2 

The Canadian Geodetic Survey / / / s' 
has evolved and uses a method / //S' 
different from the above. Taking f///^ — 

an azimuth station 0, Eig. 114, ^ * 

as a pole or origin, the traverse o 
is treated as a traverse on a 114# 

plane surface and plane rectan- 
gular co-ordinates are computed with reference to the origin and 
the meridian through it. Now imagine lines drawn from the pole or 
origin to the ends of the different legs. A series of triangles will be 
obtained, each with the pole as one apex. The spherical excess of each 
triangle can now be computed from the formula : — 


2r 2 sm r L J 

where AX r , A Y r ; AI M , AY r __ lf are the latitudes and departures of the 
rth and (r ~ l)th legs respectively. Corrections to the approximate 
bearings are then worked out from : — 

Correction to the bearing of the rth leg : — 

= i(fi + € 2 + € 3 * • * + e r-l) — 

where € x , € 2 , €3 . , . are the spherical excesses of the 1st, 2nd, 3rd , . . 

(r — l)th etf polar ” triangles. From these corrections to the bearings 
corrections to the latitudes and departures are computed from : — 

Correction to latitude of rth leg = — A Y r dj3 r sin V 
Correction to departure of rth leg = + AX r df$ r sin 1* 

where dfi r is the correction, in seconds of arc, to the bearing of the rth 
leg. These corrections are then applied to the preliminary latitudes and 
departures of the different legs and the corrected latitudes and departures 
obtained. Let X and Y be the corrected co-ordinates of the end of the 
rth leg. Then : — 

Y 

tan $ ~ jr 

and 

s = Y cosec £ ; s — X sec ft. 
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The value of s obtained in this way is the true length of the line joining 
the pole to the end of the rth leg, and the azimuth of this line will be : — 

A = ft + + e 2 + e 3 + . . . + a ). 

Hence, knowing the azimuth and true distance from the origin, whose 
geographical co-ordinates are assumed to be known, the geographical 
co-ordinates of any point can be computed by Clarke’s or Puissant’s 
formulae (pages 290 and 294). 

Particular care must be taken with the signs of the spherical excesses. 
These signs are governed by the signs of the latitudes and departures 
from which the spherical excesses are computed. 

The method is more fully described, and examples, showing arrange- 
ment of computation, are given in Canadian Survey Publication No. 25, 
entitled “ The Conversion of Latitudes and Departures of a Traverse to 
Geodetic Differences of Latitude and Longitude,” by W. M. Tobey. The 
chief advantage of this method appears to be that the geographical 
co-ordinates of any individual point may be obtained without having to 
work out the geographical co-ordinates of the intermediate points, 
although corrected latitudes and departures have to be obtained for 
evexy leg. 

Computation of Traverses in Terms of Transverse Mercator Co-ordinates. 

As Transverse Mercator co-ordinates are now probably more extensively 
used than any others in connection with surveys of large areas in which 
ordinary plane rectangular are not suitable, and as somewhat similar 
methods, but with different formulae, can be employed for the computation 
of other kinds of linear co-ordinates, we shall describe here those to be 
adopted when the traverse is to be computed in terms of Transverse 
Mercator co-ordinates. 

The first step is to calculate the convergence at the initial azimuth 
station and to apply it to the observed azimuth so that the first bearing 
is a bearing referred to a plane parallel to the central meridian. Using 
this bearing and the observed angles, the approximate bearings of the 
other lines are computed as if the traverse were an ordinary traverse on 
the plane, and these bearings, together with the observed lengths, are 
used to compute approximate latitudes and departures. The approximate 
latitudes and departures serve to give approximate co-ordinates from 
which different corrections, and the convergence at the terminal azimuth 
station, can be worked out. 

From this point two main methods are available. The first is to 
compute by direct point-to-point working, using the measured lengths and 
the observed spherical bearings when applying formulae (10) to (12) of 
page 321. The second method is to use plane or grid lengths and bearings 
computed from formulae (13) to (16) of page 321. 

If the traverse is not to be adjusted by least squares, and the closing 
error in bearing is to be distributed evenly amongst the different traverse 
legs, the first step in either method is to determine this closing error and 
to adjust the intermediate bearings. 

If the method to be used is that of direct point-to-point working, the 
approximate preliminary co-ordinates are used to calculate the differences 
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between forward and back bearings, using formula (12), page 321. These 
differences are applied to each successive bearing and new bearings 
obtained. The difference between the final bearing and that obtained 
by applying the convergence to the observed azimuth at the forward 
azimuth station is taken as the closing error in bearing and is then distri- 
buted among the intermediate bearings. 

When grid lengths and bearings are employed, the corrections to lengths 
and bearings are worked out from the approximate co-ordinates by 
means of formulae (13) or (13a) for the lengths and (14) and (16) for the 
bearings. The grid bearing of the line at the forward azimuth station 
is compared with the bearing computed directly through the traverse 
from the observed initial azimuth, and the closing error in bearing 
obtained and distributed in the usual way. 

If the legs of the traverse are short, the grid lengths may be worked 
out by formulae (21) or (21 a), instead of by (13) or (13 a), the terms in 
F 4 being neglected in each case as they are inappreciable for 
short legs. 

In the method of direct point-to-point working with true distances and 
spherical bearings, the original latitudes and departures give the approxi- 
mate values of the first and largest term in the expansion for (X' — X) 
and ( F' ~~ Y) and these values can now be corrected by application of the 
formulae : — 

Correction to latitude = — A F . 8a . sin V 

Correction to departure = + AX . See . sin V 

where AX and A Y are the latitude and departure of the leg in question 
and Sa is the correction, in seconds of arc, to the bearing. After the first 
terms in the expansions for X and Y have been corrected in this way, 
the other terms in the expansions in formulae (10) and (11) can be computed 
and applied. 

When the method of grid lengths and bearings is employed, each of the 
preliminary latitudes and departures has to be corrected for corrections 
to both length and bearing. Let the correction to the length be 8s and 
that to bearing 8/3, where 8)3 is in seconds of arc. Then : — 

AT 

Correction to latitude = 8s . — — A F . 8/3 . sin V 

s 

A F 

Correction to departure = 8s . — + AX . 8/3 . sin 1". 

If 8/3 is the final correction to bearing, including the (p — a) and angular 
closing error corrections, the above two corrections, when applied to the 
preliminary latitudes and departures, give the final latitudes and depar- 
tures. Otherwise, or as a check, the latitudes and departures can be 
re-computed from tfie beginning using the corrected lengths and 
bearings. 

In all cases where corrections are applied to bearings which have been 
worked out from observed angles, it is important to remember that a 
correction applied to one bearing may affect all subsequent bearings. 
Consequently, care must be taken to see that final corrections to latitudes 
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and longitudes, or to latitudes and departures, are based on the total 
correction to each individual bearing (see page 343). 

Approximate Methods when Legs are Relatively Short. When the legs 
of a traverse are relatively short, say under four or five miles, various 
approximations can be made which are not justifiable in the computations 
involving longer lines such as are generally met with in triangulation. In 
many cases, also, and particularly if the legs are very short, say well under 
a mile in length, many of the stations will probably not be marked by 
permanent station marks and the co-ordinates of these unmarked stations 
will not be required. 

When the traverse is computed directly in terms of geographical co- 
ordinates by the use of Puissant’s formulae, the approximate formulae 
given on page 296 for lines less than twelve miles may be used, and, even 
in that case, the term in W in the formula for &$* may often be neglected. 
Por very short legs, each section between azimuth stations can be divided 
into several sub-sections, each of which would normally begin and end at 
stations that are permanently marked, and ordinary plane rectangular 
latitudes and departures, referred to the meridian through the initial 
station of the sub-section, computed. From the local co-ordinates so 
derived the azimuth and distance from the initial to the terminal station 
of the sub-section can be calculated and this azimuth and distance used 
in Puissant’s formulae to compute the geographical co-ordinates and 
reverse azimuth at the terminal station. In this case greater accuracy 
will be obtained if the spherical excess of the figure formed by the traverse 
and the line joining the two stations is calculated, and the azimuth of the 
line is taken as the azimuth computed from co-ordinates plus one-third 
of this spherical excess. 

In the method of computing in terms of Transverse Mercator co-ordi- 
nates by direct point-to-point working a somewhat similar short-cut 
may be employed. In this case, local co-ordinates, referred to the initial 
station, can be used as the terms s . cos a and s . sin a in formulae (10) and 
(11), page 321. If these terms are not very large, those containing s 3 
in the formulae may be neglected. 

When the method adopted is that of using grid lengths and bearings, 
there are several ways by which the labour of computing can be saved if 
suitable approximations are introduced. In the first place, the full 
formuke for scale correction, (13) or (13a), page 321, need seldom be 
used, and, for most lines that are ordinarily met with in traversing, it is 
generally legitimate to use formulae (21) or (21a) for short lines. Here 
the Y to be taken will be the mean of the Y * s of the two ends of the line, 
though in most cases it will make no appreciable difference if the Y of 
the initial station is used instead of the mean Y. 

For reasonably short lines the formulae for the correction to directions 
may also be simplified to 


j8 — a 


Y 

2 r 2 sin I" 


.AX 


where Y is the Y of the middle point of the leg. In this case there is no 
appreciable difference between the numerical values of the corrections 
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at the two ends of the line, as there is 
for long lines, but, of course, the signs are 
reversed. 

In working out the corrections to bearings 
which have already been computed from the 
angles, it must not be forgotten that the 
correction to one bearing affects those of 
subsequent bearings. Thus, in Eig. 115 let 
0 be the first azimuth station, E.O. the 
referring object, and 0 O , 0 l9 0 2 . . . the observed angles. Then : — 

Bearing 0 to E.O. = A ± 7 = «' 0 

where A is the observed azimuth 0 to E.O. and y is the convergence at 0. 
The preliminary bearings used in working out the preliminary approxi- 
mate co-ordinates are : — 

0 to 1 — a, = a 0 ' + #o 

1 to 2 = oe 2 = a, 4- 180° 4? #, 

2 to 3 0C3 == cc 2 dz 130° ~j— d 2 



r — 1 to r = a, = cc r _ l d= 130° + 0,^. 

Let (X 0 , 7 0 ) ; (X„ 7,) ; (X 2 , 7 2 ) ; . . . (X„ 7,) be the co-ordinates 
of the points 0, 1, 2, ... r and let 

AX, « (X, - X 0 ) ; AX 2 * (X 2 - X,) ; . . . AX, - (X, - X,„,) 
The plane or grid bearing 0 to I is 

AX, 


Spherical bearing 1 to 0 = 

Pi ± 

# Spherical bearing 1 to 2 = 


AX 1 (2Y 1 + Y 0 ) 


6r 2 sin 1". 


h ± 180 ° - AX fi Yl 4 r °- + h 

x or 2 sm 1 

Grid bearing 1 to 2 — 

p o , |oao | a ax 1 (2Y 1 + r 0 ) Ax 2 (2r 1+ y 2 ) 

±180 6r 2 sin T' (PIET 

.. AX&Yt+YJ AX^^+To) 

“* l±18 ° +dl 6r^V~ 6r 2 sin 1'' 

6r 2 sinl" 

SAXitYo + r x ) A X 2 (2Y 1 + r 2 ) 


6r 2 sin 1" 


6r 2 sin 1" 


344 


PLANE AND GEODETIC SURVEYING 


Similarly, grid bearing 2 to 3 = 

AZ 2 (2J : 


+ 7 t ) AX 3 (27 2 + r 8 ) 


6r 2 sin 1" 

6 r 2 sin 1" 

3AX 1 (7 0 + .7,) 

AX 2 (2J 1 + F 2 ) 

6r 2 sin 1" 

6r 2 sin 1" 

AX,(2F,+ YJ 

AX 3 (2F 2 +F 3 ) 


fta - ft 2 ± 130° + 0 2 
— cc 2 dz 180° -*j- $2 1 


6r 2 sml" 6r 2 sin 1" 

3AZj£Fo + rp 3Ax a (r 1 + r 8 ) Az a (2r 2 + r 3 ) 

a 3 6r 2 sin I" 6r 2 sin 1" 6r 2 sin 1". 

The mode of formation of the different corrections can now be clearly 
seen, and, for the rth leg, we see that the correction to the preliminary 
approximate bearing oc r is given by : — 

AZ,( Y q + Y,) AX 2 ( 7 x + To) AZ 3 ( 7 2 + Y z ) 

2r 2 sin V 
A Z f (27 M + Y r ) 


8ft 


2r 2 sin 1" 


2r 2 sin 1" 

+ r M 


2r 2 sin 1" 


6r 2 sin 1" 


— , is assumed to be the same for all legs in the 


in which the factor -r , 

r 2 sm 1 

section. 

Note here that this expression is very approximately equal to 
A 

s e* where A is the area, and <i the spherical excess, of the 

r 2 sm V 

figure contained by the r legs of the traverse, the axis of X and perpendi- 
culars drawn to it from the stations 0 and r. 

If 8ft, . and 8ft, are the (ft — * a) corrections to the approximate bearings 
of the rth and (r — l)th legs, 

AX^OU + 2Y m ) AX r (2Y f . l + Y r ) 
l r Pr ^ 6r 2 sin 1" 6r 2 smi" 

These corrections are all small quantities, and, in many cases, if the 
difference between the Y’s of the ends of the section is not too large, it 
will be sufficient to put Y x = J 2 = Z 3 . . . = Y m , where Y m is the 
mean Y for the section. In this case the correction to the approximate 
spherical bearing of the rth leg to reduce it to a plane bearing is given 
by:— 

% 1 “ + 2AX 3 + . . . + 2AX M + AX,.J 


2r 2 sin 1" 

I 

2r 2 sin 


-*o)+ax,] 


and the difference between the corrections to the bearings of the rth and 
(r — l)th legs by : — 

8A-S^,--j ? A T .[AX„ + AZ,]. 

The computation of these corrections is very simple if it is carried out 
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in a systematic manner, and, for many purposes, it will be quite sufficient 
if a good slide rule is used for the multiplications. The following is a 
simple arrangement for a case in which Y m = 575,000 ft. and latitude 

= 23° 16' 1ST., so that log g -,- 1 = iO-374 05 and g-yL*-?? = 0-000 1361. 

2r 2 sm 1 2r 2 sm 1 


Leg 

AX 

2 2 ;-’AX + AX,. 

Correction to 
Bearing 

i 

+ 8,600 

+ 8,600 

- l"-09 

2 

+ 6,300 

+ 23,500 

-3 -20 

3 

+ 4,200 

+ 34,000 

-4 -63 

4 

- 5,000 

+ 33,200 

-4 -52 

5 

- 3,800 

+ 24,400 

-3 -32 

6 

- 9,600 

+ 11,000 

- 1 -50 


+ 700 




It will be seen from this example that the entry for any leg in the third 
column is the sum of the entries in the second and third columns in the 
line above, plus the entry in the second column in the line itself. Thus, 
+33,200= +4,200+34,000 -5,000, and -4 // *52=33,200xG-000 1361. 
The check on the entries in the third column is 2£ i jAX — AX 6 =2(X 6 — X 0 ) 
-AX 6 =2 x 700 -(— 9,600) = + 11,000. 

Computation of Secondary and Minor Traverses in Terms of Transverse 
Mercator Co-ordinates. The legs of secondary and minor traverses will 
generally be much shorter than those of first-order traverses, and, in 
addition, the work is of a lower order of accuracy so that less accurate 
methods of computing can therefore be used. Hence, further approxima- 
tions are permissible. 

In the first place, since the latitudes are relatively small, the differences 
between the spherical and grid bearings will also be small and can usually 
be neglected. 

In the second place, it will hardly he necessary to correct each length 
to reduce it to grid length, and, instead of this, the traverse may be 
divided into fairly short sections and the differences in X and Y between 
the terminal points of sections corrected by means of formulae (21) or 
(21a), using the mean Y of the section as the Y to be used in computing 
the correction. Hence, the procedure is to apply the convergence to the 
terminal azimuths so as td obtain spherical bearings referred to planes 
parallel to that of the central meridian, and to use these bearings, and the 
observed angles, to compute the bearings of the intermediate legs and 
the closing error in bearing at the end. In order to determine the con- 
vergence at the forward azimuth station it may be necessary to compute 
preliminary co-ordinates but it often happens that the position of the 
forward azimuth station can he scaled from a map, or from a preliminary 
plot, or determined with sufficient accuracy by some other means. After 


346 


PLANE AND GEODETIC SURVEYING 


the closing error in bearing has been distributed, the latitudes and depar- 
tures are computed by the ordinary methods for plane rectangular 
co-ordinates. 

Let (X, 7) be the co-ordinates of the initial point and (X+AX—F-f A 7), 
the approximate co-ordinates of the end point, AX and A 7 being the 
sums of the latitudes and departures for the section. Then, if Y m is the 
mean 7, the corrected sums of the latitudes and departures will be 

AX^I + and A 7^1 + Hence the corrected co-ordinates 

of the terminal point will be : — 

X'=JT+A^1 + ^ 

r= y + Ar^i + ^. 

If greater accuracy is desired, or if the section is rather long, the 
corrected AX and A 7 can be computed from formulae (13) or (13 a). 
Normally, however, the work should be split up into such short sections 
that the difference between using the exact and the approximate formulae 
for scale correction is negligible. 

Yates * has shown that the total angular error or twist at the end of a 
traverse section with short legs, due to neglecting the difference between 
the spherical and plane angles is given by : — 



A 

r 2 sin V 



where A is the area and z the spherical excess, of the figure enclosed by 
the traverse section, the perpendiculars from the terminal points on to 
the axis of X, and the X axis itself. This expression could, of course, be 
used as a correction to be distributed throughout the bearings, but there 
is no point in doing this since the value will be included and distributed 
with the apparent closing error in the usual way. It may, however, be 
useful on occasions, particularly when 7 is very large, to compute it 
and apply it so as to get the real closing error in bearing, thus enabling a 
better estimate of the quality of the angular work to be determined. 

This formula may be compared with the approximate one for 8ft, 
derived on page 344. If AX r is very small compared with (X r — X 0 ), the 

Y (X X ) 

expression for 8ft becomes which, is the spherical excess 

of the figure formed by the axis of X, the line joining the terminal points 
of the traverse, and perpendiculars drawn from these points to the axis 
of X. The expression given on page 344 is based on a mean value for 7, 
whereas Yates* expression takes the varying values of 7 into account, 
and the difference in the two expressions is the spherical excess of the 
figure enclosed by the line of the traverse and the straight line joining 
the terminal points. Yates* formula can, in fact, be derived from the 


* Beport of Proceedings, Empire Conference of Survey Officers , 1928, page 211. 
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first equation for Sfi r on page 344 by putting AZ 1 =AZ 2 .=AZ 3 = . . . 
= AX r = dX and integrating as dX becomes infinitesimally small. 

Yates has also shown * that the Y component of the scale correction, 
when computed from point to point around a closed figure, is zero, but 
that the X component, when computed from point to point around the 

AF 

same closed figure, is given by the expression ~~ or . Y Cx sin l\ where 

A is the area of the figure, e" its spherical excess in seconds of arc, and Y G 
the distance of its centre of gravity from the 
X axis. This result can be used either to 
determine the true scale correction for a 
traverse with very short legs, taking into 
account its variation with Y> or else to 
estimate the magnitude of the error involved 
/ Y 2 \ 

by using ( 1 + —■ 1 as the scale correction 

factor for AX and AY in the formulae on 
page 346. Thus , in Fig. 116 the scale correction 
to the F’s around the closed figure is zero. 

Hence, scale correction to the Y’ s, as computed along the short-legged 
traverse BDC, is equal to the scale correction computed along the straight 
line BC which joins the terminal points of the traverse. Consequently, 
using the formula for long lines, correction to (Y* — Y) is : — 

(Y'-Y) I 



Fig. 116. 


2r 2 




For the X 5 s, we have scale correction to (X' — X) along the traverse 


BDC plus scale correction along the straight line CB 

Scale correction to (X' — X) along the traverse 
AY 

~ + scale correction to (X' — X) along line BC 
X)[ 


AY a 


Hence, 


AY* (T 

r 2 ^ 2r 2 




As an example, let the co-ordinates of B be I = 327,916-08, Y = 742,466-74 
and the approximate co-ordinates of C be X = 350,277-24, Y ~ 770,808-90, so that 

AX = + 22,361-16, AY — + 28,342-16. Lot log 1 -- = 10-374 05, so that 

2 r 2 sm 1 ' 

l°g“ — 15-360 65. Tho traverse having been plotted on a fairly large scale, it was 


found that A : 
Hence = 


: 220,948,000 square feet approximately and that Y G = 752,000 ft. 

, 0-38 ft. and + i(^)> (X* - X) 

X 0-000 65672 = 14*68 ft. The scale correction is therefore 0*38 4- 14-68 = 15*06 ft. 
and the corrected X' is X' = 327,916-08 + 22 , 361*16 + 15-06= 350,292-30. 


Report of Proceedings, Empire Conference of Survey Officers , 1928, page 209. 
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( Y 2 \ 

I -f had been used we would have 

obtained : — 

X'** 327,016-08 + 22,361-16 + 22,360 X 0-000 6566 
« 327,916-08 + 22,375-84 
« 350,291-02. 

Hence, the error in computing by the approximate formula is only 0-38 ft. in 
22,362 ft. or 1 in 59,000 in the X's. 

For the F’s, the true scale correction 

*= 2S,340 X 0-000 6567 = 18-61, 

and true Y' = 742,466-74 + 28,342-16 + 18-61 
= 770, 827-51 ft., 

the same result being obtained from the approximate formula. 

In this example, the Y is large, and it can therefore be seen that it is 
sufficient, in all minor work, to correct the sums of the latitudes and 
departures between the terminal points of a reasonably short traverse 
section by means of the approximate formulas involving the mean Y of 
the section. In such a case, the correction for height above sea level, 
when this is appreciable, can also be applied to the total latitude and 
departure of the whole section, and not to individual legs, the height 
used in the computation of the correction being the mean height of the 
section. 

The method of determining the scale correction from the area of a 
figure and the distance of its centre of gravity from the X axis is some- 
times useful for computing the total scale correction for a fairly long 
traverse without having to work through intermediate sections, or as a 
check against gross error in the computation of the scale errors of the 
individual sections. In many cases, the general route of the traverse, if 
it follows well-defined paths or roads, is shown on a map or else is plotted 
on a plan, and, in such a case, the area and the Y co-ordinate of the 
centre of gravity can be obtained with sufficient accuracy by ordinary 
graphical means. 

The derivation of the theorem given above is very simple. Take any small element 
PQ (Fig. 116) of length ds and let (x, y) be the co-ordinates of the middle point of 
PQ. Then:— 

Grid length of ds = ds^l -f J~A 


* Corrected latitude 



Taking the sum of all the elements around the closed figure BDCB we have 
Total correction to 
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where the integral is the line integral around the closed figure. Also, 

1 'ga'** = J = jj^ A 

(? A A 

in which the integral on the right is the surface integral over the figure. 

But, by the definition of the centre of gravity, 

fydA = A T 0 

A 

where A is the area of the figure and Y G the distance of its centre of gravity from the 
axis of X. 

Similarly the sum of the corrections to the departures around the figure 

= Jf>sina= jj^= - H’) = 0. 

C ■ . ' c 

Hence, the theorem follows. 

MISCELLANEOUS PROBLEMS 

Curves on the Spheroid* Although this point is not one of practical 
importance, it may not be out of place to point out here that there are 
three curves on the spheroid which are of interest from a theoretical 
point of view, and references to them occur in geodetic literature. They 
are separate and distinct curves on the spheroid but they all merge into 
the one great circle on the sphere. 

The first of these curves has already been referred to~on page 28S in 
connection with Clarke’s formulae for long lines. It is the plane curve 
traced out by the plane containing the line of sight from a point A to a 
point B and containing the normal at A. This plane, although it contains 
the normal at A and passes through B, does not contain the normal at B. 
Similarly, the plane containing the normal at B and passing through A 
does not contain the normal at A. Each of these planes traces out a 
separate curve on the surface of the spheroid, and the one containing the 
normal at A is known as the “ plane curve from A to B,” or the cc curve 
of normal section at A,” and the one containing the normal at B as the 
“ plane curve from B to A,” or “ curve of normal section at B.” For all 
lines that can be sighted over, the difference in length between the two 
curves is inappreciable and the angles between them are very small, being 
given by : — 

* _ s 2 e 2 cos 2 <j> sin 2 A 

b (1 - e 2 ) sin r* 

When both points lie north or south of the equator, the curves are 
curves of single curvature, and, if A is the point nearest to the equator, 
the plane curve from it to the point B lies nearer to the equator than the 
plane curve from B to A. This can be seen from the fact that the planes 
containing the curves intersect along the chord joining the two points, 
and the normal at the point with the smaller latitude cuts the minor axis 
of the spheroid higher up than does the normal at the point with the 
greater latitude. 

The second curve is the line of shortest distance between the two 
points and is called the “ geodesic.” For points lying on the same side 
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of the equator it is a curve of double curvature, and the relations between 
the angles contained between it and the plane curves are as shown in 
Fig. 117. When both A and B lie on a meridian, 
the geodesic and the plane curves all coincide 
with, and become part of, the meridian. 

The geodesic, at every point along it, satisfies 
the equation : — 

R p sin A = N cos ^ sin A = constant, 

where R p is the radius of a parallel of latitude 
and A is the geodetic azimuth. As a general 
rule, it lies between the plane curves, but, if the 
Fig. 117. terminal points are in nearly the same latitude, it 

may cross one of the plane curves.* Another 
characteristic property of the geodesic is that the principal normal to 
the curve at any point coincides with the normal to the surface at that 
point. 

The third curve is the curve of alignment and it is the curve traced 
out by the position of a perfectly adjusted theodolite as it moves from 
point to point and is set at each point so that, when it is properly levelled, 
the line of sight from it to the point A differs by 180° from the line of sight 
to the point B. This curve is also one of double curvature and 
it lies very close to the geodesic, and usually between the two plane 
curves. 

The differences in length between this curve and those of the geodesic 
and plane curves are inappreciable for all lines that can be sighted over 
in practice. 

Location of Boundaries. Geodetic computations are required in the 
operation of tracing out long lines, as in marking interstate boundaries 
situated along meridians, parallels of latitude, or great arcs in any 
direction. 

The best method consists in first running a triangulation chain along 
the general line and computing the geodetic positions of its stations. 
The distance and azimuth from those stations to any number of points 
on the line are then calculated, and the latter are located by traversing 
or by intersection from the triangulation stations. If the expense of 
triangulation cannot be incurred, or the distance is comparatively short, 
the procedure is as follows. 

Meridians . To trace a meridian, the terminal stations are approxi- 
mately located, and their longitudes are determined by means of wireless 
time signals. The errors in longitude of the assumed positions are elimi- 
nated by moving the stations by the linear equivalents of the longitude 
errors. At the initial station the direction of the meridian is obtained 
by azimuth observations, and a forward instrument station is established 
on it. The line is extended by backsighting and foresighting at successive 


* The mathematical theory of the geodesic is very fully discussed by McCaw in 
papers on “ Oblique Boundaries ” and on “ Long Lines on the Earth ” in the Empire 
Survey Review , Vol. I, No. 4, April, 1932 ; Vol. I, No. 6, October, 1932, and Vol. II, 
No. 9, July, 1933. 
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instrument stations, and the distances p p 

of intermediate points are directly \ \ \ \ 

measured. Observations for azimuth i \ \ \ 

are made at intervals. The error 1 \ \ \ 

discovered on reaching the terminal V \ \ \ 

station is proportioned to the inter- \ \ \ 

mediate points. \ \ 

Arcs of Parallel . In locating a K \ 
parallel of latitude, the position of °\ 

the initial point A (Fig. 118) is estab- as b 

lished by astronomical observations. Fig. 118. 

The direction AP of the meridian 

is obtained, and a perpendicular AB is set out. The parallel AC is 
located from this tangent. 

Since the azimuth of AB is 90° or 270°, the change of latitude in a 
distance s along AB is, by Puissant’s formula, 

7 , s 2 tan $ s 2 tan <j> 

d<p = ^ 2NE ’ W1 ^ am P* e P recisi0n » 

The offset o is the linear equivalent of d<f>, so that 

„ _ ^ - s ' 2 tan i 


The direction of the offset differs from that of a perpendicular to 
AB by dA, the convergence of the meridians, and 

dA = clL sin <j), with sufficient accuracy, 

. 7r s sec<£' 
where dL = — . 


To keep the offsets short, 5 should not exceed 50 miles, a new tangent 
CD being then set out. The work is controlled by latitude observations 
at intervals, and will be found to require some adjustment because of 
local deflections. 

Instead of using offsets, a series of chords to a parallel of latitude may 
be laid out by means of deflection angles. In Fig. 118 let angle BAG = 8 
in seconds of arc and let s be the length of the chord AC. Then 

o = s tan 8 = ^.8. sin 1" 


2 N sin 1 r 

Hence, if a line of length s is laid out making an angle 90° — 8 with 
the meridian at the initial point, the end of the chord will lie on a parallel 
of latitude through the first point. When C is reached, the next chord of 
length s can be set out by turning off an angle of 180° — 28 from A. The 
process is therefore very similar to that of setting out a railway curve by 
means of deflection angles, but, of course, the chords used in setting 
out a parallel of latitude will be very much longer than those used in 
setting out railway curves. 
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A convenient chord length for setting out a parallel of latitude is about 
six miles, which gives a deflection angle of 2' 36"' 4 in latitude 45°. 

At any intermediate point the offset from the chord AC to the parallel 
of latitude is given by : — 

s x (s — 5 j) tan <j> 

x== M 

where is the distance of the intermediate point along the chord from A. 
Hence, intermediate points are easily laid out from the chord. 

This method may be preferred to the method of offsets from the tangent, 
especially if the line has to be cut through bush, as it follows the actual 
line of the parallel more closely than the tangent does, and the offsets are 
shorter. Moreover, it produces a cut line free from sharp bends, which is 
an advantage from a traversing point of view, as short angular sights can 
thus be more easily avoided. 

Oblique Arcs. In locating an oblique arc, the positions of the terminals 
are first found by astronomical observations. The azimuth between 
these points is computed, and a line is run on this azimuth from the initial 
station. Intermediate points are marked at known distances, and the 
azimuth is checked at intervals, observed azimuths being corrected for 
convergence. The discrepancy found on reaching the end of the line is 
distributed to the intermediate points. 


EXAMPLES 

(1) Ass umin g that a = 6,378,300 m. and b = 6,356,860 m., compute the mean 
radius, 'sfR.N., of the earth at a point in latitude 50° N. 

2. A line AB from the above point has a length of 48,532 metres and an azimuth, 
reckoned clockwise from north, of 344° 17'. Compute the latitude of B. 

3. Find the lengths of 1 second of meridian and of parallel at the equator and in 
latitude 50°. 

4. Assuming that a — 6,378,249 m. and b = 6,356,515 m. (Clarke’s 1880 figure), 
use the formula on page 2S2 to calculate, with seven-figure logarithms and to the 
nearest metre, the meridional distances 50° to 51° and 51° to 52°. 

5. The following are the observed angles of a triangle : — 

A = 49° 17' 23"*2 
B — 75 32 46 .7 
C = 55 09 53 -1. 

The log length of the side AC in feet is 5*202 3964. Compute the spherical excess of 
the triangle, adjust the angles and use Legendre’s theorem to solve the triangle. 

Take log — — L-— = To-374 16. 

2BN sin 1" 


6. Assuming that the latitude and longitude of the point A of the triangle in the 
last example are 21° 40' 18"*2 South and 15° 18' 16"*4 East and that the azimuth 
of the line AC is 221° 14' 16"*94, reckoned clockwise from north, use Clarke’s formulae 
for medium lines to compute the latitude and longitude of 0 and the reverse azimuth 
of AC. Take 


log 


sin 1" 


: 10*374 16, 



1 

B m sin 1' 


3*996 0860, 



1 


N c sin P 


3*993 5273. 
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7. Given that the co-ordinates on the Transverse Mercator system of a point A 
are : — 

X (Northing) — 268,462-32 ft., Y (Easting) -= 338,692-14 ft., 
and that the observed bearing and distance in feet to a point B are : — 
a =* 242° 16' 08**09 ,* .? * 156,429*2 ft., 

the bearing being reckoned clockwise from north, find the co-ordinates of the point B 
by using the formulae for point-to-point working given on page 321 and then cheek 
by computing and using the grid bearing and distance. 

Take log 2 -^5TF= W-374 I6. 

8. It is required to navigate an aeroplane from a point near Freetown, Sierra 
Leone, in latitude 7° N, longitude 13° W to a point near Khartoum in latitude 
16° N, longitude 33J°J7 so as to follow the great circle joining the two points. 
Assuming the earth to be spherical, use spherical trigonometry to evolve suitable 
formulae for calculating the distance between the two points and the azimuths of 
the great circle at each. Taking the radius of the earth as 3,950 miles, calculate 
the distance to the nearest tenth of a mile and the azimuths to the nearest decimal 
of a minute. 

9. Use the equation of the ellipse to prove that 

R= 

(1 - e 2 sin 2 # 

A7 - ^ i 

(1— - e 2 sin 2 <f>f 

where e 2 = (a 2 — b 2 )Ja 2 . 

10. Given that the geodetic latitude of a place is 38° 15' 35* and that 
a = 6,378,388 m., b = 6,356,909 m., find the geocentric latitude. Use the equation 
of the ellipse to prove the formula employed. 

In the following examples the meridional distances and geodetic factors used in working 
out the answers given at the end of the book have been taken from the War Office Publica- 
tion “ Geodetic Tables for the Clarke 1880 Figure in Feet {or Latitudes 0° to 70V' 
{H.M.S.O., London. Price 9 d.) 

11. Calculate the distance and azimuth from a point in latitude 56° 06' 21* AL, 
longitude 4° 54' 52" W. to one in latitude 56° 20' 17* JV., longitude 4° 58' 31* W. 

12. Given that the origin of co-ordinates is the point 10° North, 8° West, find the 

co-ordinates in feet on the rectangular spherical system of a point whose geographical 
co-ordinates are latitude 12° 16' 12**98 North, longitude 9° 52' 31*-64 West. Trans- 
form these co-ordinates into others on the Transverse Mercator System and check 
by computing the Transverse Mercator co-ordinates directly from the geographical 
co-ordinates. ■ - ■ 

13. The logarithm of the distance and the observed azimuth of a point B from 
the point whose co-ordinates are given in the above example are 


163° 16' 28*-04. 


5-104 6218. 


Calculate and apply the convergence at A and find the co-ordinates on the Transverse 
Mercator system of the point B, The azimuth is, as usual, to be reckoned clockwise 
from north. 

14. Calculate the geographical co-ordinates of the point B in the last example by 
using Puissant *s formula. 

15. From the point A in example 12 a traverse, made up of short legs, is carried 
to a point C. The initial bearing used in the computation of the latitudes and 
departures was the bearing calculated in example 13. The plane rectangular latitude 
and departure of C with reference to A were found to be ; Latitude = -f- 82,342*16 ft., 
departure = — 60,118*90 ft. Find the Transverse Mercator co-ordinates of C. 

16. Given that a point A is in latitude 45J° N. and longitude 107° W. f calculate 
its conical orthomorphic co-ordinates in feet and the convergence in seconds the 
origin being the point 44° N. t 105° W. 
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17. A series of chords of 50,000 ft. each were used to lay out a parallel of latitude 
along the 40th parallel. Calculate the deflection angle to be used at the beginning 
of each chord and the offset midway along the chord. 

If the method of offsets from the tangent were employed, what would be the length 
of the offset at 50,000 ft. along the tangent ? 

Take log A , A p = 3-993 1234. 
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CHAPTER VI 
GEODETIC LEVELLING 

The operations of geodetic levelling are directed to the determination 
of the elevations of a number of vertical control points from which 
those of any other points throughout the survey may be obtained. The 
elevations required are absolute elevations from the datum of mean 
sea level, and, unless the levelling can be connected to that of an 
adjoining system, it will be necessary to establish the datum by tidal 
observations. 

Methods. The elevations of control points are determined either by 
precise spirit levelling or trigonometrical levelling, or by both. 

Precise spirit levelling represents the highest development of the 
methods of ordinary levelling, every precaution being taken in the 
construction of the instruments and in the field work to reduce errors 
to a minimum. By running lines of precise levels along the most favour- 
able routes through the survey, primary bench marks are established 
for its ultimate vertical control. Eroin these points subsidiary lines are 
run and bench marks established for the control of detail, and, in State 
surveys, for the information of the public. Precise levelling is also 
required to provide data for geodetic research relating to gravity, secular 
upheaval or depression, and the comparison of ocean levels. Investiga- 
tions in connection with certain classes of engineering work, particularly 
those relating to the flow of water over considerable distances, also 
demand levelling of a high order of accuracy, and the engineer is 
sometimes required to produce work comparable to the best precise 
levelling. 

In trigonometrical levelling, differences of elevation are determined 
from vertical angles and geodetic or horizontal distances. The measure- 
ment of vertical angles between triangulation stations is usually under- 
taken at the same time as that of the horizontal angles. The same stations 
therefore control the survey both horizontally and vertically, and the 
elevations can be determined economically. In point of accuracy trigono- 
metrical levelling is much inferior to precise spirit levelling, particularly 
in flat districts. In rugged country the method is of great value, and the 
results are comparatively more accurate. 

Determination of Mean Sea Level. In order to obtain a measurement 
of the average elevation of the sea, a continuous record of its varying 
level is required for as long a time as possible. The period of observation 
should cover an integral number of lunations, and unless it extends to 
at least a year the effect of the solar components will not be truly repre- 
sented. The employment of a self -registering tide gauge is almost 
essential, and its zero must be connected and periodically checked by 
precise levelling to a permanent bench mark near at hand. Tide gauges 
are discussed on pages 539-543 of Yol. I, and questions relating to 
mean sea level as a datum plane for levels on pages 543-546 of the same 
volume. 
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PRECISE SPIRIT LEVELLING 

There is no difference in principle between precise and ordinary levelling. 
In the latter, the distances run between checks are relatively short, and, 
with the usual precautions, the results are sufficiently accurate for every- 
day purposes. Since very small errors cannot be detected, the relative 
coarseness of the determinations may, through compensation of errors, 
give a fictitious idea of accuracy. In precise levelling, on the other hand, 
the circuits may be of considerable length, and the operations must be 
conducted so that the uncertainty of each individual determination as 
well as the actual closing error is reduced to a minimum. This necessitates 
the employment of high-class instruments of superior sensitiveness and 
their manipulation in such a manner that instrumental and observational 
errors are eliminated as far as possible. Success in precise levelling 
depends upon a due appreciation of the nature and relative importance 
of those errors and their treatment. 

Precise Levels. Precise levels belong in their essentials either to the 
wye or the dumpy type. Many different designs have been employed, 
and constructional details vary considerably. 

Stability is an important erquirement, and is promoted by the provision 
of a broad levelling base and by having the height above the base and 
the exposed area as small as practicable. Fittings subject to wear are 
formed of hard cast steel or iron, and adequate protection must be given 
to parts exposed to unequal temperature changes. 

The telescope is an important feature, and it must afford superior 
definition, illumination, and flatness of field. The focal length of the 
objective ranges from II in. to over 20 in., and the effective aperture 
should be at least 1| in. The eyepiece is generally non-erecting, and the 
magnifying powers range from 25 to 50 diameters. Stadia hairs are 
fitted. Focussing is performed either by movement of the eyepiece end 
or by an internal lens, and the motion must be truly axial. 

The level tube is of very uniform curvature, and is furnished with an 
air chamber (Vol. I, page 34), so that a fairly constant length of bubble 
can be maintained. The liquid should be sulphuric ether in preference 
to alcohol on account of its superior mobility. In the more recent instru- 
ments of the highest class the angular value of a 2-mrn. division of the 
level tube ranges from about 1*2 sec. to 3 sec. The tube is either attached 
to the telescope, as in ordinary levelling instruments, or is arranged as a 
striding level to permit of its reversal without moving the telescope. 

The three foot screws are used only in the preliminary approximate 
levelling of the instrument, for which a circular spirit level or two small 
bubble tubes at right angles to each other are fitted. An important 
feature of precise levels is the provision under the telescope of a micro- 
meter levelling screw whereby the telescope can be tilted about a horizontal 
axis. By rotation of this screw the main bubble is brought to the centre 
of its run for each observation, the verticality of the vertical axis being 
neglected. To enable the operator to maintain the bubble central while 
he is observing, or to inform him of its position at the instant of reading 
the staff, a reflecting device is essential. This may consist of a mirror or 
an arrangement of prisms. 
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The Parallel Plate Micrometer. The parallel plate micrometer is a 
device designed by Wild to reduce errors of estimation of readings on a 
levelling staff, and it is now generally fitted to most precise levels. It 
consists of a plate of glass, with opposite faces carefully ground so as to 
be exactly parallel to one another, mounted on a horizontal axis and 
fitted in front of the object glass of the level. The level being maintained 
in a horizontal position, inclination of the glass plate from the vertical 
displaces the image of the readings on the staff by an amount depending 
upon the angle of tilt. In taking an observation, the plate is turned 
by a rod connected with a screw carrying a graduated drum (13 and 14 in 
Pig. 123) until the image of the nearest graduation is brought into contact 
with the horizontal hair, and the fractional part of a staff division is 
read on the drum. By this means readings may be made direct to the 
nearest thousandth part of a foot and estimated to the nearest ten- 
thousandth part. 

In Fig. 119 ARCD is a plate of glass with carefully ground parallel 
faces AD and BC. Let this plate be tilted through an angle i with the 

vertical. Let OM be a horizontal ray of 
light falling on the face AD at M. Then 
this ray will be refracted into the glass, 
following the line MN, and will emerge at N 
parallel to OM but displaced vertically below 
it. If PMP' is the normal to the face AD 
at M, the angle PMO = i will be the angle 
of incidence of the ray and it will also be 
equal to the angle of tilt of the plate from 
the vertical. Line MN will make an angle 
Fig. llfl. r == P'MN with the line MP' and this angle 

will be equal to the angle of refraction of 
the ray into the glass. Hence, by Snell’s law of refraction : — • 



sin % 
sinr 


! P 


where jj, is the index of refraction from air to glass. 

Through N draw Q'NQ perpendicular to BC at N and meeting AD at QV 
Then angle MNQ' = r, and, since NR is parallel to OM, angle QNR = i. 
Let 8 be the vertical displacement of NR below OM. Then : — 

8 = MN sin MNR' 

= MN sin (i — r). 

But, MN = Q'N sec r 

= £ sec r. 

where t is the thickness of the plate. Hence : — 

8 = t sec r sin ( i — - r) 
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= t Sin if 1 = 1, 

\ v A 1 * 2 — sin 2 i J 

i is always a small angle and we may therefore pat sin i 
sin 2 i as negligible. We then have : — 


Consequently, the deflection of the horizontal line of sight is directly 
proportional to the thickness of the glass plate and to the angle of deflec- 
tion of the plate from the vertical. If, therefore, when the glass plate is 


Fig. 120. 

{By permission of Messrs. Cooke, Troughtm & Simms. 

vertical with the drum adjusted to read zero, the line of sight appears to 
come between two divisions on the staff, it can easily be brought into 
coincidence with one of the divisions by rotating the plate, and the 
amount of the rotation required can be used to measure the difference in 
elevation between the division and the position of the line of sight. The 
method of reading will now be clearly understood from Fig. 120, the 
displacement due to the rotation of the plate being read directly on the 
graduated drum provided for the purpose. 

Use o£ Colour Filters on Levels and Theodolites. During the last few 
years the Coast and Geodetic Survey have used a detachable colour filter, 
placed at the eye end of the telescope of a precise level, to help to 
eliminate the effects of the scattering of light of short wave length and 
of “ boiling ” due to irregular changes in atmospheric refraction caused 
by heat radiation. The filter found most suitable for general use on a 
level is a Kodak Wratten No. 26, Stereo Red. In ordinary circum- 
stances, on dull days or even in light rain, the filter is a disadvantage 
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rather than an advantage, as it tends to absorb too much wanted light ; 
but, in bright sunlight, it has been found to be a great advantage, not 
only as regards increasing the accuracy attained but also by enabling a 
longer length of sight to be used, as it reduces “ boiling ” to a minimum. 

The use of colour filters on surveying instruments appears first to have 
been suggested by J. EL Churchill in an article in the Empire Survey 
Review , Vol. II, No. 7, January, 1933. He suggested that the lengths 
of sights observed with a theodolite might be increased in hazy weather if 
a colour filter were used to cut out unwanted scattered light of short wave 
length. The existing evidence about the advantages of filters on theo- 
dolites tends on the whole to be rather contradictory, some surveyors 
claiming that a filter improves vision in certain circumstances, but others 
saying that it is no advantage and only reduces the amount of useful 
light entering the telescope. The general consensus of opinion, however, 
seems to be that a filter may improve observing in certain atmospheric 
conditions, and the Coast and Geodetic Survey have now fitted a light 
amber Wratten Filter No. 8, K-2 Orthochromatic, to a number of their 
theodolites. 

The Binocular Precise Level. The type of level designed by the United 
States Coast and Geodetic Survey embodies several admirable features, 
and marked a decided advance in precise levelling instruments when it 
was introduced in 1900. 



j 6. Pivots. " 
f 7. Leather Hoods* 
10* Mirror. 

11. Bubble Sighting 

Tube. 

12, Lifting Leoer. 


1. Tripod Head. 6 

2. Clamp. 

3. Tangent Screw. 

4. Telescope Support. 

5. Fine Levelling Screw. 


Fig. 121. Binocular Precise Level. 

The instrument (Figs. 121 and 122) is of the dumpy type with non- 
reversible bubble tube. As made by various firms in America and 
England, the telescope objective has a focal length of 16 in. to 18 in., 
with an aperture of about 1-7 in. Two orthoscopic eyepieces are provided* 
the powers ranging from 25 to 32 and 40 to 50 respectively. The level 
tube has a sensitiveness of from 1*2 to 2 sec. per 2 -mm. division. 
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To minimise errors arising from unequal temperature of the instru- 
ment, all parts influencing the constancy of the relationship between 
the line of sight and the level axis are made of nickel iron and nickel 



steel. For the same reason, the bubble tube is placed as near as possible 
to the line of sight. The vertical axis is long , and carries the cylindrical 
tube 4 , in which the telescope is supported by the micrometer screw 5 
and two nickel steel points 6 diametrically opposite each other. The 
telescope is pivoted about the latter by rotation of the micrometer screw. 
The annular spaces between the telescope and the ends of the supporting 
tube are closed by leather hoods 7 , which shut out air currents without 
affecting the action of the micrometer. The upper portion of the telescope 
and encasement is cut away opposite the level, and the outer tube is 
provided with a glass cover 9 for its protection. 

To present to the observer a view of both ends of the bubble with the 
graduations in their vicinity, the mirror 10 reflects their images into two 
prisms fitted in a tube 11 alongside the telescope. The distance between 
these prisms is adjustable to suit the distance between the ends of the 
bubble. The images are reflected along the tube by the prisms, and 
the optical arrangement is such that they are presented to the left eye of the 
observer at the normal distance of distinct vision. A lens suited to 
the requirements of an observer may be fitted at the eye end of the tube 
to adapt the normal distance to abnormal vision. The distance between 
the axes of the telescope and of the bubble-sighting tube is adjustable to 
suit the pupillary distance between the observer’s eyes. A tall tripod is 
used so that the observer can stand upright, and, while observing, he has 
merely to examine the staff and bubble alternately without moving any 
part of the body . 

The preliminary levelling is performed with reference to a circular level 
fitted on the right-hand side of the telescope, and the final levelling by 
means of the micrometer screw 5, which has a pitch of 1/100 in. A cam 
with a lever handle is fitted at 12 for lifting the telescope off the micrometer 
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in order to avoid possible disturbance of the adjustment during transport 
of the instrument. 

Adjustment of the Binocular Level The intersection of the vertical 
hair with the middle horizontal hair having been placed by the maker 
in the optical axis, the user has to attend to one adjustment only, viz. to 
make the level tube axis parallel to the line of sight. The adjustment, is 
made in the same way as for the engineer’s dumpy level (Vol. I, page 124), 
the level tube having a vertical adjusting screw at the end next the eye- 
piece. 

Exact adjustment is difficult, and, instead of attempting to eliminate 
very small errors, the error of parallelism may be determined daily and 
corrections applied to observed differences of elevation. The United 
States Coast and Geodetic Survey routine in testing the instrument 
consists in driving two pins about 100 m. apart and setting the instrument 
about 10 m. beyond one. The average of the readings of the three hairs 
is taken on a staff held on each point, and the instrument is then moved 
to about the same distance beyond the second point, and the readings 
are repeated. A bubble error constant, <7, is evaluated from 

C — aum near staff readings — • sum of distant staff readings 
sum of distant staff intercepts — sum of near staff intercepts. 

For the best determinations the two distant staff readings are corrected 
for curvature and refraction. The level is not adjusted if 0 is less than 
•005, and it is not advisable to adjust unless O exceeds *01, the stadia 
ratio being 1/333. After an adjustment the value of G is at once re- 
determined. If O is positive (negative), the line of sight is depressed 
(elevated) from the horizontal. In deriving one elevation from another, 
the correction applicable to the observed result is O times the difference 
between the sum of the backsight staff intercepts and that of the foresights 
between them. The correction is of the same sign as C if the backsight 
intercepts are in excess and of opposite sign if the foresights are in 
excess. 

The Zeiss Level. This modern example of a European level (Fig. 123) 
has been employed by the Ordnance Survey on the Geodetic Levelling 
of England and Wales. As in the pattern used for ordinary levelling 
(Vol. I, page 117) the most distinctive features are the methods of 
mounting the telescope and level tube, the design of the telescope, and 
the arrangement for showing the observer if the bubble is central while 
he is sighting. 

The level tube 5 is fixed on one side of the telescope. The metal tube 
carrying it is cut away both on top and bottom, and the whole is protected 
by being encased in a glass cylinder. The bubble is illuminated by means 
of the reflector 4. The telescope with the level tube is capable of rotation 
through 180° about its own axis, so that the level can lie either on the left- 
or right-hand side. The level tube is not graduated, but the observer can 
tell when the bubble is central by means of a combination of prisms 
contained within the casing 5, the view presented in the upper prism 11 
being as illustrated in Vol. I, Fig. 102. 

The instrument is generally used with a parallel plate micrometer of 
which the operating mechanism is clearly shown in the figure* 
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8. Prism Case . 

9. Prism Case 

Adjusting Screw . 

10. Lock Nut 

11. Upper Prism. 

12. Casing for Glass 

Pi ate of Wild's 
Attachment. 

13. Connecting Rod of 
| Wild's Attachment. 

14. Graduated Drum of 
1 Wild's Attachment. 


1. Circular Spirit Leu el. 3*® 

2. Fine Levelling Screw. 

3. Clamp and Tangent Screw. 

4. Adjustable Mirror. 1- 

5. Level Tube. 

6. Level Tube Collars. IgS 

7. Level Tube Adjusting 

Screw. fcpf 


Fig. 123. Zeiss Precise Level. 


The instrument described above is the one that has been in use for 
some years in the Ordnance Survey and is still in use in many of the 
Colonies. Very recently, however, Messrs. Zeiss have brought out an 
improved model which has an effective objective aperture of in., 
with a magnification of 44 diameters. The principal improvement is 
that the image of the bubble is made to appear in the left-hand side of 
the field of view of the telescope, in a manner similar to that adopted in 
the Cooke, Troughton & Simms geodetic level (Eig. 125), and the drum 
of the parallel plate micrometer can be seen and read through a special 
fixed magnifier from the observer’s position at the eye piece by moving 
the head a, little to one side. 

Adjustment of the Zeiss Level. In addition to the means for reversal 
of the telescope about its own axis, the telescope fittings are such that 
the ends can be reversed, the eyepiece being inserted in the objective cap. 
Observations can therefore be taken in four positions, viz. : 

1, 2. Eyepiece direct, bubble tube on left (right) of telescope ; 

3, 4. Eyepiece reversed, bubble tube on left (right) of telescope. 

The prism is reversed for positions 3 and 4. 
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If from one position of the instrument a staff is read in each of these 
four ways, the mean of the readings is free from instrumental error. 
The angular error for each position can therefore be determined, as well 
as the combined error of positions 1 and 2, which may be used in con- 
junction with each other for precise work. To adjust for any position, it 
is only necessary to manipulate the fine levelling screw 2 to bring the 
horizontal hair to the mean of the four readings. The images of the 
ends of the bubble are then made to coincide by releasing the locknut 10 
and displacing the prism case 8 by the screw 9 . To adjust for positions 
1 and 2 together, the mean of the readings in those positions must be 
made to agree with the mean of the four test readings. 

The bubble has provision for lateral adjustment to secure parallelism 
between the vertical planes containing its axis and that of the telescope 
respectively. The test and adjustment are performed as for the wye 
level (Vol. I, page 127), and any error should be eliminated before pro- 
ceeding to the principal adjustment. 

Geodetic Level by Cooke, Troughton & Simms. This level, designed 
for primary work, has now been adopted for use by the Ordnance Survey 

for work on the primary 



Fig. 124 . Precise Level by Cooke, Troughton 
& Simms. 


levelling of England. Its 
distinctive features are : — 

(1) A large aperture (2 
in.) objective which per- 
mits of 0*01 ft. being 
resolved at a distance of 
1,350 ft. 

(2) Roth bubble and 
staff are seen simul- 
taneously in the eye-piece 
of the telescope. 

(3) The introduction of 
a scale on the bubble 
vial which renders precise 
levelling of the telescope 
unnecessary, with a con- 
sequent saving of time in 
the field. 

The telescope barrel of 
this level, which is shown 
without the parallel plate 
micrometer in Fig. 124, 


is made of nickel iron 


which has approximately the same coefficient of expansion as glass, a 
point that is of some importance when large lenses are involved, and the 
whole telescope can be rotated through 180° about the optical axis. 
The tube of the spirit level attached to the telescope is barrel shaped 
longitudinally and of circular section at any point throughout its 
length, so that any longitudinal section is symmetrical about the 
longitudinal axis. Hence, the instrument can be used first with the 
spirit level to the left of the observer and then with telescope rotated 
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through 180° about the optical axis, so that the bubble is on the right 
of the observer. 

As a precaution against temperature changes, the bubble is enclosed 
in a glass tube, which, in turn, is protected by a metal shield. The vial 
itself is held in a “ geometric mounting ” so designed as to prevent the 
possibility of strain. When the bubble is near the centre of its run 
images of both ends are brought into the field of view of the telescope as 



Fig. 125 . Field of View of Telescope Eyepiece. 


The line appearing in both halves of the coincidence system (immediately 
under the division numbered 0) represents the two index marks on the 
spirit level. 

(By permission of Messrs. Cooke, Troughton & Simms.) 

shown in Fig. 125. A scale is engraved on the bubble vial, one division of 
this scale corresponding to approximately 2 seconds of arc, so that 
accurate measurements of actual dislevelment can be made. 

Readings on the staff can be taken in one or other of four ways : — 

(1) By levelling the telescope precisely and estimating staff fractions. 

(2) As in (1) but using the parallel plate micrometer for determining 
staff fractions. 

(3) By directing the cross hairs on the staff division nearest to true 
level and recording the position of the bubble, so that the true horizontal 
reading can be calculated later. 

(4) By levelling the instrument approximately and recording the 
bubble readings and the staff division fraction given by the plate micro- 
meter. 

Methods (1) and (2) involve precise levelling of the instrument but 
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give direct results. Methods (3) and (4) avoid exact levelling of the 
instrument and estimation of staff division fractions, so saving time in 
the field, but cause additional computational work. The fourth method 
is the most accurate and is the one used by the Ordnance Survey. Roth 
it and method (3) also involve taking stadia readings, but in precise 
levelling it is usual to take these readings in any case in order to check 
approximate equality of back and fore sights. For the most precise 
work with this level, readings should in all cases be taken with the bubble 
in the two positions, once with it on one side of the observer and then 
with it on the other. 

The makers have also placed on the market a cheaper model of the 
geodetic level in which the bubble is viewed through a separate 
eyepiece. 

Adjustment of C. T. & S. Geodetic Level. The adjustment of this 
instrument is very simple and consists in placing the longitudinal axis of 
the bubble parallel to the line of sight. First of all, the instrument is 
set up and levelled approximately, with the bubble on, say, the right of 
the observer. The telescope is then pointed at the staff, and, using the 
fine levelling screw, the images of the bubble are brought into coincidence 
and a staff reading taken. This procedure is then repeated with the 
telescope rotated through 180° about its longitudinal axis so that the 
bubble is on the left of the observer. This will give another staff reading 
which, in general, will differ from the first. The mean staff reading is 
then taken and the instrument set so that it reads this amount on the 
staff. The ends of the bubble will no longer coincide but can be made 
to do so by turning the milled screw at the rear of the bubble housing. 
The instrument should then be in adjustment for observation with the 
bubble on the left-hand side of the observer. This adjustment, however, 
may cause the calibration marks on the bubble (the line appearing in 
both halves of the coincidence system immediately under the zero division 
in Fig. 125) to separate. This does not matter if the instrument is to be 
levelled exactly for each reading by making both ends of the bubble 
coincide. If, however the instrument is to be used bubble right and 
bubble left the calibration marks must coincide and can be made to do so 
by means of the milled screw at the end of the bubble casing. Any 
resulting error in collimation will be automatically eliminated by taking 
the means of the readings with bubble right and bubble left. 

Watts Precise Levels. Messrs. E. R. Watts & Sons make two precise 
levels that are suitable for geodetic levelling. Each of these instruments 
is provided with a Watts “ constant ” bubble (Vol. I, page 38) which is 
mounted at the side of the telescope in such a way that, as the latter is 
rotated through 180° about its longitudinal axis, the bubble moves with 
it and can be read in either position. Hence, as in the Cooke, Troughton 
Sc Simms instrument, readings can be taken with bubble left and bubble 
right, and collimation error can thus be adjusted or its effects eliminated. 

The telescope of the smaller of the two levels has an equivalent focus 
of 15*75 in. and an aperture of 1*6 in., the magnifying power being 
35 diameters. The constant bubble, which is accurately reversible to 
1*75 secs, and has a sensitivity of 10 to 15 secs, per 2 mm., is read from 
the eyepiece end of the telescope through a reading lens and a prism. 
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This instrument is suitable for day-to-day work in precise levelling and 
0-01 ft. can be clearly read at 1,200 ft. distance. 

The larger level — known as the 21 -in. self-adjusting level— is rather 
heavy for ordinary day-to-day working and is suitable more particularly 
for levelling across wide gaps, such as wide rivers, or for setting out work 
where the greatest possible precision is required. One of these instru- 
ments, for instance, was used in the laying out and construction of Sydney 
Harbour Bridge, and the makers claim for this particular model that, to 
the best of their knowledge and belief, it is the most accurate levelling 
apparatus of its kind that has yet been made. 

The telescope is of 21-in. focal length, with a clear aperture of 2\ in., 
and is fitted with two eyepieces which give magnifications of 45 and 
65 diameters respectively. With this instrument, 0*01 ft. can be read 
at a distance of 1,600 ft. or more, according to atmospheric conditions. 



Fig. 126. 21 -in. Self-adjusting Level by Messrs. E. R. Watts & Son. 

The main bubble is accurately reversible to 1*5 secs, of arc, and its 
sensitiveness is 6 secs, to 7 secs, per 2 mm. run. The final setting of the 
level before reading is made by means of a patent slow motion differential 
screw and a special handle is provided for reversing the telescope and 
bubble about the longitudinal axis of the former. 

Both of the Watts precise levels can be supplied with parallel plate 
micrometers. The readings on these micrometers are not, however, 
taken on a graduated drum, which is the more usual arrangement, but 
on a graduated arc fitted at the objective end of the telescope. The ends 
of this arc can be seen in the illustration (Eig. 126). The graduations are 
to thousandths of a foot, but the scale is a reasonably open one so that 
readings can be estimated to ten thousandths of a foot (0*0001 ft.). 

Precise Staffs. The various forms of staff employed are of the self- 
reading type and are usually made in a single length of from 10 to 14 ft. 
To afford the necessary rigidity the cross section is either rectangular 
with stiffening side pieces, tee-shaped, cruciform, or a hollow triangle. 
The staff is usually made of strips of well-seasoned yellow pine, and, 
before being painted, is subjected to immersion in boiling paraffin or to 
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other similar treatment in order to minimise the variation in length caused 
by change of humidity. Small metal plugs are sometimes inserted at 
intervals for use in determining the actual length. Handles are usually 
provided, and to ensure steadiness it is desirable to have the staff fitted 
with two back legs hinged either at its top or at an intermediate point, so 
that in use the whole forms a rigid tripod. Most types of staff have the 
base ending in a cylindrical pin of hard metal, the centre of which should 
lie in the plane of the graduation. Verticality is determined by means of 
a circular spirit level, or two level tubes, attached at the back. The level 
adjustment is tested a t frequent intervals by a plumb bob, for which a fitting 
is provided. Temperature is measured on an attached thermometer. 

When metric graduation is adopted the division must be sufficiently 
fine to enable readings to be made to the nearest millimetre, but the 
pattern must be bold, enough to facilitate rapid reading and prevent 
mistakes. The smallest division ranges from 1 mm. 
to I cm. 

When the graduations are in feet and decimals of a 
foot the smallest graduations are usually in hundredths 
but sometimes they are in fiftieths (0*02 ft.), the drum 
of the parallel plate micrometer being graduated 
accordingly. Readings are taken either to thousandths 
by estimation or to ten-thousandths by means of the 
micrometer. 

The staff originally adopted by the Ordnance Survey 
or use on the second geodetic levelling of England 
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Fig. 12S. TJ.S. Coast 
and Geodetic 
Survey Rod. 



Fig. 129. Prof. 
Molitor’s Rod. 
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and Wales was made by the Cambridge and Paul Instrument Co. and is 
illustrated in Fig. 127. The length is 10 ft., and, to eliminate uncer- 
tainties arising from temperature and humidity changes, the graduations, 
to 0*02 ft., are cut on a strip of invar. This is fixed to the foot of the 
staff, but is otherwise free to slide in a groove in the woodwork without 
side play. 

In more recent years the Ordnance Survey has adopted a folding staff, 
10 ft. long, made by Messrs. Cooke, Troughton & Simms. This staff is 
constructed of two sections of yellow pine into which are let graduated 
strips of “ Nilex ” steel, a steel with a low coefficient of thermal expansion. 
Side pieces of mahogany form a protective edging for the face of the staff. 
The two sections are hinged so that they can be folded together with the 
divided strips facing inwards, the hinge being locked in the open position 
by a clip, which, in the folded position, fits into special recesses in the staff. 
The steel strips are let into recesses in the face of the staff but are supported 
clear of the woodwork on brass pads. The lower end of the strip is 
attached to the staff but otherwise the strip can expand and contract 
independently of the woodwork. A brass plunger, mounted in a brass 
box at the back of the staff, causes the strips in the upper and lower 
sections to maintain contact along a butt joint at the centre of the hinge 
when the staff is extended. The strips are graduated to 0*02 ft., with 
black markings on a white background, the wood face being graduated 
to 0*1 ft. 

A plummet, steadying rods, circular spirit levels and holding handles 
are provided with each staff. 

American designs are illustrated in Figs. 128 and 129. The former 
represents the U.S. Coast and Geodetic Survey rod, which is cruciform in 
section and carries a strip of nickel steel 10 ft. 2 in. long. The rod is divided 
to cm., the graduation being marked on the edge of the cross. Fig. 129 
shows the rod designed by Prof. Molitor. It is tee-shaped in section, has 
a length of 8*5 m., and is divided to 2 mm. 

For the rigid support of a staff at change points either a footplate or 
pin is used. The former is a cast iron disc of about 6 in. diameter with 
spikes on the underside. A steel pin driven nearly flush with the ground 
is found to be more generally satisfactory, and a suitable form is that 
designed by Molitor and illustrated in Fig. 129. 

General Methods of Field Work, For the purpose of providing a 
check on all bench marks and of ascertaining the quality of every portion 
of a line of precise levels, the work is invariably duplicated. For the 
best results, the two lines must be run in opposite directions between 
the bench marks and preferably at different times of the day or on different 
days. If the discrepancy between the resulting differences of elevation 
exceeds a fixed amount, both lines are repeated until the required con- 
sistency is obtained. In the best work the allowable discrepancy varies 
from less than 3 mmV K to about 4 mm.^/ K, or, say, *010 it.\/ M to 
*017 ft. \/ M, where K and M represent the distance between the bench 
marks in kilometres and miles respectively. 

In place of running two entirely separate lines, simultaneous duplicate 
lines have been much used. These are less accurate, but can be usefully 
applied to refined engineering levelling when speed is important. The 
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usual procedure consists in employing two staffs and having two sets of 
change points for each position of the instrument. The two lines are 
affected nearly equally by settlement or heaving of the instrument and 
by errors due to natural causes, so that the degree of consistency between 
them is not a good index of their real precision. A simultaneous duplicate 
line may with advantage be divided into sections run alternately in oppo- 
site directions. 

Bench Marks. The lines of a large system of precise levelling are of 
at least two classes — primary and subsidiary — and the bench marks 
established on them are similarly distinguished. Primary bench marks 
form the fundamental control points. They are comparatively widely 
spaced, and are marked in a thoroughly permanent manner. In the 
revision of the primary levelling of Great Britain, commenced in 1911 by 
the Ordnance Survey, these fundamental marks are established at intervals 
of about 25 miles.' Their sites are selected with reference to the geological 
structure so that they may be placed on sound strata clear of mining areas. 
They are placed at about 3 ft. below the surface, and are embedded in 
the floor of a covered concrete chamber formed in the solid rock. The new 
secondary bench marks, about 1 mile apart, are on plates, which are 
fixed flush on vertical surfaces of walls, etc., with solid foundations. The 
tertiary marks, averaging about 400 yards apart, consist of copper plugs 
inserted in horizontal surfaces. 

The areas within and between lines of primary levels are dealt with 
by subsidiary lines closing within shorter distances. The allowable 
discrepancy between forward and back lines may be greater than in the 
ease of primary lines. The general methods, however, are the same, since 
the instruments and methods of observation used in primary work are 
not prejudicial to good progress. The interval between subsidiary 
bench marks depends upon local circumstances, and should be suited to 
the needs of the detail surveys. A complete record must be made of the 
position and description of all bench marks. 

Precautions in Running Lines. In running a line of precise levels, the 
surveyor must consistently adhere to a definite routine of observation. 
The routine depends upon the instrument used, and should be designed 
to reduce all possible errors to a minimum. 

To limit the effect of instrumental errors, the requirement of equality 
of backsight and foresight distances is all important. These distances 
are given by the stadia hair readings, and a limit, of from 1 m. to 10 m. 
is set to the maximum allowable difference between a backsight and the 
associated foresight. It is especially necessary that the sum of the 
backsight distances should balance that of the foresights between benches. 
The observed staff intercepts should therefore be kept summed by the 
recorder, and the total difference between the backsight and foresight 
intercepts should be maintained throughout within narrow limits and be 
balanced out on reaching a bench mark. 

In first order work the standard graduation error of each staff has to 
be carefully determined. In the Ordnance Survey levelling this was done 
in the standard room by means of a standard invar tape for which the errors 
at every 0*1 ft: were known. Having brought the 0*l-ft. graduation on 
the tape into coincidence with the 0*1 -ft. graduation on the invar strip, 
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the errors e at every OT-ft. mark were recorded on a calibration sheet 
and 100 observation equations of the form 

* + Ry = 6, 

in which x = index error of the zero mark, y = average graduation error 
per foot run of staff and the readings R vary from 0*1 ft. to 10*0 ft., were 
formed and solved by least squares for each staff. In this equation, 
however, x is the index error of the zero mark on the graduated strip but 
this does not coincide with the zero error of the base of the staff, which is 
really the one required. Consequently, the true index error for each pair 
of staffs was found by setting up each staff of the pair alternately on the 
same mark and taking readings to it from a fixed position of the instru- 
ment. After the corrections from the two calibration sheets had been 
applied, the difference between the results gave the index error for the 
pair. 

For less precise work the graduation error per foot run may be obtained 
by measuring the distance between the zero and end graduations by 
means of a standardised invar tape. This should be done at least once 
a month and also after considerable changes in humidity. The adjustment 
of the staff level must also be tested regularly. 

The staffs should always be used in pairs with the index error of each 
pair determined as described above. The coefficient of expansion of the 
invar strip must be known and temperatures should be observed in the 
field while work is in progress. These temperature observations can be 
taken at every change point, but, if the coefficient of the invar is small, 
or if temperature conditions are fairly stable, observations at less frequent 
intervals will usually be sufficient. 

Errors of reading are kept low by limiting the length of sight. The 
allowable distance depends upon the atmospheric conditions as well as 
the quality of the telescope and the sensitiveness of the bubble. On the 
Ordnance Survey the length of sight rarely exceeds 40 yards and never 50. 
In some surveys it exceeds 100 metres under favourable conditions, 
but some fairly recent experiments in Ceylon indicate that, for tropical 
conditions such as are met with there and using Watts and Cooke, 
Troughton & Simms’ precise levels, the ideal length of sight is about 
70 ft.* Headings are taken against the three horizontal hairs and 
averaged. Errors of estimation are thereby reduced, and comparison of 
the stadia hair readings with that of the centre hair affords a most useful 
check on the sighting and booking and helps to prevent gross errors. 

When a Cooke, Troughton & Simms or other similar type of level is 
used, one set of readings is taken with bubble left and then a similar set 
with bubble right. 

To minimise errors caused by settlement or heaving of the instrument 
between observations, as little time as possible should elapse between 
them, and from every second station the foresight should be read before 
the backsight. Two staffs should be used to economise time, and therefore 
the same staff is always observed first after setting up the instrument. 
The precaution of alternately reading the backsight and foresight first 

* See “ The Ideal Distance for Precise Levelling ” by W. W* Williams in The 
Empire Survey Review, Vol. I, No. 5, 1932. 
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would eliminate the effect of settlement or heaving if the same change 
always occurred between observations. Errors caused by change of 
elevation of a change point, although they are unlikely to be serious 
when pins are used, are reduced by running the duplicate lines in opposite 
directions and distributing the discrepancy. 

Errors from natural causes may contribute largely to the closing error. 
The instrument must be shielded from wind, and work suspended when 
the vibration of the staff interferes with the estimation of readings. 
Sources of error due to temperature are threefold : (a) variable atmospheric 
refraction ; ( b ) irregular refraction near ground level ; (c) unequal expan- 
sion and contraction of the instrument. The effect of change in the 
coefficient of refraction occurring between backsights and foresights is 
reduced by taking them in rapid succession. Refraction changes most 
rapidly in the morning and evening, and is steadiest during the middle of 
the day (page 384), but, unfortunately, irregular refraction, or shimmer, 
which causes an apparent trembling of the staff, is then at its worst. This 
atmospheric disturbance is frequently such as to necessitate a suspension 
of work during the midday hours, but its effects can be greatly reduced by 
shortening the length of sight and by avoiding readings near the ground. 
Unequal heating of the instrument may give rise to serious error, and in 
sunshine it is essential to shade the instrument during both observation 
and transport. 

The effect of curvature and refraction is generally very small because 
of the balancing of the backsight and foresight distances. When an 
unusually long sight is unavoidable, as at a river crossing, reciprocal 
levelling (Vol. I, page 328) is preferable to equalising the sum of the 
backsight and foresight distances later, probably under different atmo- 
spheric conditions. In the most refined method of reciprocal levelling, 
possible error due to change of refraction while the instrument is being 
taken across the river is eliminated by simultaneous observations from 
both banks. Two instruments are used, and the two staffs are read from 
each, the long sights being simultaneous. The positions of the instruments 
are then interchanged, and the observations are repeated. The mean of 
the four differences of level so obtained is the required difference. 

Note-keeping. The columnar arrangement of the field book may 
take various forms, but at least the following quantities are tabulated 
in five columns for the backsights and five for the foresights. 

1. The readings of the three hairs. 

2. Their mean. 

3. The two partial staff intercepts and their total. 

4. The sum of the whole intercepts up to each observation. 

5. The number of the staff observed. 

The record also includes, either in tabular form or as remarks, a note 
of the bench marks between which levelling is being conducted, whether 
the line is the forward or backward one, the hour of day, the staff tempera- 
tures, the state of the weather as regards sunshine, wind, and clearness of 
atmosphere, and the direction of the line relatively to the sun and wind. 
The respective sums of the backsight and foresight mean readings between 
bench marks are brought out, their difference being the observed difference 
of elevation. 
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Computation of Levels* Differences of elevation sliown in the field 
book are only approximate since they are subject to various corrections. 
To facilitate checking, corrections are best set out and applied in tabular 
form in a book into which are transferred from the field book the quantities 
required for computation. These include, for both the forward and back- 
ward lines, sums of backsights and foresights between bench marks, sums 
of staff intercepts for backsights and foresights, average staff temperatures, 
state of weather, and direction of line. The corrections to the approximate 
difference of elevation are for : (1) instrumental error ; (2) staff length and 
temperature ; (3) curvature and refraction ; (4) orthometric elevation. 

(1) Constant instrumental error, consisting of collimation error and 
other errors peculiar to particular types of instrument, is corrected by 
multiplying the difference between the sums of the backsight and foresight 
staff intercepts, or the corresponding actual distance, by the appropriate 
constant. 

(2) The staff correction to standard and for temperature is proportional 
to the observed difference of elevation, the temperature correction being 
derived with sufficient accuracy from the average temperature during 
the observations between bench marks. 

(3) The curvature and refraction correction is applicable only to the 
difference between the sums of the backsight and foresight distances, and 
this should be so small that an average value of the refraction coefficient 
may safely be adopted. 

(4) The orthometric correction need not be applied to ordinary levelling 
but becomes appreciable when precise levelling is involved. It is described 
in the following paragraphs. 

Ortbometric and Dynamic Heights and Corrections. The orthometric 
elevation of a point above mean sea level is the length of the vertical 
between that surface and the point. Its dynamic elevation is measured 
by the work required to raise unit mass from mean sea level to the point. 
A line of constant orthometric elevation is parallel to the mean sea level 
surface, but, because of the variation of gravity with latitude (page 158), 
a line of constant dynamic elevation is parallel to mean sea level only 
when it lies along a parallel of latitude. 

The free surface of a still liquid is a dynamically level surface. Eleva- 
tions obtained by spirit levelling are therefore dependent upon gravity, 
and observed differences of elevation require corrections to transform 
them to orthometric differences of elevation. The amount of the correction 
becomes appreciable for lines at a considerable height above sea level 
and lying roughly north and south. Let c be the correction to be applied 
to an observed difference of elevation, as determined from a series of staff 
readings with a level, to convert it to an orthometric difference of eleva- 
tion, H the mean elevation of the two points above mean sea level, <j> 
their mean latitude and §<f> their difference in latitude in seconds of arc. 
Then, with c and H in the same linear units : — 

c = 0*005302 H . sin 2<£ . . sin V. 

The correction is subtractive (additive) to the observed difference of 
elevation when the fore -point lies north (south) of the rear-point. As a 
general rule it is applied to differences of elevation between successive 
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bench marks, not to differences between individual foresights and back- 
sights, and in southern latitudes the above rule of signs is reversed. The 
correction, of course, takes no account of local deviations in the direction 
of gravity caused by irregularity of the distribution of mass in the 
earth’s crust (page 40). 

The difference between orthometric and dynamic heights, and the 
necessity for the orthometric correction, may, perhaps be better under- 
stood from a consideration of Fig. 130. Here A and B are two points 

at sea level and C and D are two others 

^ p ^ which are vertically above A and B and 

lie on a dynamically level or equipotential 
surface DC. Owing to the variation of 
gravity with latitude and height of station, 
the two equipotential surfaces DC and AB 
tend to converge together towards the 
pole and to diverge from one another 
towards the equator. Hence, the height 
BC is less than the height AD. Dyna- 
mically, the height of C is equal to the 
height of D, so that, if the two points were connected by a pipe line, 
both would coincide with the water level in the pipe. The orthometric 
elevations, how r ever, are the heights AD and BC. Hence, although the 
dynamic heights are equivalent, the orthometric elevations are not equal 
to one another. 

Now suppose a level set up on the surface DC at a point half way between 
C and D with staffs erected at each point. Neglecting the convergence 
between the level surface through the cross hairs of the instrument and 
the surface DC, the readings on both staffs would bo the same. According 
to this result, the heights of C and D would appear to be identical, whereas 
the orthometric height of C is less than that of D. Consequently, a small 
quantity has to be subtracted from the ortbometric height of D to give 
the orthometric height of C. 

From the point of view of hydraulics, the heights which are of most 
interest are the dynamic heights. To define the values for these in terms 
of foot-pounds of work is highly inconvenient in practice. Accordingly, 
they are often defined as follows : In Fig. 130 let A be any point at sea 
level nearer than BC to the equator and on some parallel of latitude 
which is chosen as a standard parallel. Through C draw a level or equi- 
potential surface to intersect the vertical through A at D. Then BC is 
the orthometric elevation of the hill but AD is taken as its dynamic 
height. In this way it is possible to compare the dynamic heights of 
different points since they all become both dynamic and orthometric 
heights on the standard parallel. This standard parallel is usually 
chosen so that it is situated about the mean latitude of the area under 
survey. In England it is the parallel 53° N. 

Orthometric heights may easily be converted into dynamic heights by 
applying the correction 

7 tj Tjf 1 + 0-005302 sin 2 <j> A 

, ‘- g “ g (, f+0-b053CBsi..X -l J ) 



Fig. 130. 
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where h = the dynamic height of the point, 

H = its orthometric elevation, 

<f> = its approximate latitude, 

<f> Q = the latitude of the standard parallel. 

A table giving this correction for H == 1,000 ft. and for different values 
of (f> can easily be compiled and the application of the correction then 
becomes a very easy matter. 

The formulae given above are easily derived from the expressions for 
the variation of Ci g” with latitude and with height above sea level 
given on page 158. 

The orthometric and dynamical corrections are usually very small 
but still within the limits of observation when precise levelling methods 
are used. The heights given on the Ordnance Survey maps, when these 
are based on the new geodetic levelling, are orthometric heights. 

For further information on this subject see “ The Second Geodetic 
Levelling of England and Wales 1912-1921 ” or a paper by Jolly in the 
Empire Survey Review, Vol. II, No. 12, 1934. 

Propagation of Error in Precise Spirit Levelling. Apart from gross 
errors, against which every possible precaution is taken, precise spirit 
levelling, like ordinary taping, is subject to errors which may be acci- 
dental, systematic or constant. The accidental errors arise from various 
causes — errors in estimation of staff readings, errors in sighting, effect 
of wind on instrument or of settlement of staff, etc. — but, although con- 
stant and systematic errors are known to play their part, the causes 
from which they arise are not so clear and home experience tends to 
indicate that the predominant systematic error is such as to make the 
end point of a single line of levelling too low with respect to the starting 
point. This, however, is not always the case, as was found in the geodetic 
levelling of Ceylon, where systematic error showed considerable variation 
in direction or sign. 

In order to obtain an estimate of systematic error, the Ordnance 
Survey has adopted the French graphical method in which differences 
between the forward and backward levellings, as carried through from 
the same initial bench mark, are plotted against length of line. If no 
systematic error existed, these differences would tend to oscillate evenly 
on either side of the horizontal axis of distances, so that a give-and-take 
line drawn to even them out would coincide with this axis and the oscilla- 
tions on either side of the line would represent errors that are purely 
accidental. In practice, however, the give-and-take line seldom coincides 
with the axis of distance but shows a decided tendency to slope in one 
particular direction, and this slope is taken as an indication, and a measure, 
of systematic error. Thus, if 8 is the intercept in feet on the axis of error 
for the ends of the give-and-take line, and L is the length of the line of 
levelling in miles, then <r Ki the probable systematic error of a single line 
of double levelling in feet per mile, is given by : — 

S 

L' 

In many cases a single give-and-take line,? which will follow the plotted 
differences between back and forward levellings reasonably closely. 
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cannot be drawn from one end of the curve to the other, and it may be 
necessary to divide the curve into several parts and draw separate give- 
and-take lines for each part. In this case, if S l9 S 2> S Z9 . . . are the 
differences between the end ordinates of the individual give-and-take 
lines, L v L 2i L z> . . . the corresponding lengths in miles, then 8 for the 
whole line may be calculated from : — 

_ £1? . ^ , 

L L x + L a + L s + * • • 

where L = L x + L 2 + L s + . . . . 

Eig. 131 shows a plot of forward minus backward levellings in which 



Fig. 131 . 


four give-and-take lines have been drawn at points where the general 
direction of the curve changes more or less abruptly. 

On very long lines, or in an extensive network of lines, systematic error 
tends, on the whole, to vary in direction in such a manner that it takes on 
most of the characteristics of accidental error. 

For a single line of levelling, the probable accidental error derived 
from the discrepancies between the forward and backward levellings is 
given by the formula : — 

~ 92 /{^ ~ ^% 2 } 

where L is the length of the line, [A 2 ] is the sum of the squares of the 
differences between forward and backward levellings over the spaces 
between neighbouring bench marks, and [r 2 ] is the sum of the squares of 
the distances between bench marks. This formula, together with the one 
just given for probable systematic error, is known as Lallemand’s formula. 

When lines are combined to give general values for rj K and a K we get 
the first two of the formulae adopted by the International Geodetic 
Association, which are as follows : — 


Vr .9 1 [£] [Lf 




i rgn 
mlLj’ 


for lines not forming a net. 
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In these formulae, [ ] denotes summation over all the lines or network 

forming the whole survey. In the last formula, / denotes the closing error 
of a polygon and L refers to the sides of the different polygons. In British 
practice, 8 and A are usually expressed as decimals of a foot and L in 
miles ; if metric units are used, 8 and A are usually expressed in milli- 
metres and L in kilometres. 

The International Geodetic Association, when adopting these as stan- 
dard formulae, also laid it down that “ in future there be classified as 
‘ Levelling of High Precision ’ the levelling on a line, group of lines, or 
network which has been run in both the forward and backward directions, 
on different dates if possible, and for which the probable errors, uniformly 
computed by the given formulae, do not exceed ± 1*0 mm. per km.* and 
dr 0*2 mm. per km/y* 8 If probable errors are expressed in decimals of a 
foot and the lengths in miles these expressions become : — 

Probable Accidental Error not to exceed dz 0*00416 ft. per mile*. 
Probable Systematic Error not to exceed rb 0*00106 ft. per mile. 

On the English geodetic levelling the values actually obtained were : — 

Vr = zb 0*00182 ft. per mile*, 
c 7, = dr 0*00119 ft. per mile. 
a R = dr 0*00063 ft. per mile. 

Allowable Discrepancies between Forward and Backward Levelling. 

While the rules just given afford a useful measure of the quality of the 
completed work as a whole, they do not give the surveyor in the field a 
convenient working rule by means of which he can know whether his work 
is acceptable or not. For this purpose, other working rules have been 
devised which are based on the assumption that the errors of levelling 
are accidental only, and thus obey the usual square root law. According 
to the rules of the International Geodetic Association just quoted, the 
probable accidental error of a single line of levelling should not exceed, in 
feet, dz O-OOI^y/ M , where M is the length of the line in miles. This 
limit should not normally be exceeded if the maximum allowable dis- 
crepancy of the forward and backward levellings between a_single pair of 
neighbouring bench marks is taken to he, say, dz 0‘01(>\/ M where M is 
the distance between the two bench marks in miles. Usually, the 
discrepancy actually measured should be less than this, but, if it is more, 
the line should be relevelled. 

In the Ceylon levelling, the rule adopted was that the section was to be 
remeasured if the difference between forward and backward levellings 
was more than dz* 0*005-\/ F, where F is the length of a section between 
adjacent bench marks in thousands of feet.f This is equivalent to 
dz 0*0115\/ M , where M is the length of the section in miles. 

Adjustment of a Network of Precise Spirit Levels. In theory, the 
difficulty in the adjustment of a network of precise spirit levels is the 
assignment of proper weights to the observed differences in elevation 
between the ends of the different lines. It would, of course, be possible 

* Comptes Rendus de la Conference Geod&sique Internationale , 1912, II, p. 252. 

f See “ Geodetic Levelling of Ceylon,” by T. P. Price, Empire Survey Review, 
Vol. I, No. 5, 1932. 
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to calculate the probable errors by the rules given above, taking into 
account the systematic errors by the methods already described, and 
then to weight the observations inversely as the squares of the probable 
errors. In any long line, however, the systematic errors vary in such a 
way over the different parts of the line that it is legitimate to consider 
them, in the aggregate, as being of the same nature, or rather having 
much the same characteristics and obeying the same laws, as accidental 
errors, and this assumption becomes even more justified when a network 
of different lines is considered as a whole. Thus, in the English levelling, 
it was found that, for lines exceeding 35 miles in length, the errors were 
of an accidental nature as regards their effect on the line as a whole. 
This being so, the probable error tends to be proportional to the square 
root of the length and hence the weight to be assigned to the observed difference 
of elevation of the end points of any particular line should be the reciprocal 
of the length of the line. When lines are very short, and polygons are 
consequently small, this rule may not be entirely valid and it may be 
advisable to take into account the effects of systematic error. Usually, 
however, the simplest procedure is to adopt the ordinary rule for a 
preliminary adjustment, and then, if the corrections seem to be out of 
proportion, to adopt new weights and make a new adjustment. This 
should seldom be necessary, and it may be noted that, after the ordinary 
adjustment with weights inversely proportional to the lengths of the lines, 
no further adjustment was considered necessary on the English, Indian 
and American networks, even although the two latter showed much 
larger systematic errors on long lines than the English levelling did. 

After the weights to be used have been decided, the solution is best 
carried out by least squares, though, for work that is not of the first order, 
a system of weighted means may be used if necessary. 

The whole question of the propagation of error in precise levelling, 

and of the adjustment of networks of lines 
2 of levels, is discussed in considerable detail 
by H. L. P. Jolly in “ The Second Geodetic 
J \ Levelling of England and Wales, 1912-21/’ 

} ) to which the reader is referred for further 

/ \ / information. 

j 5 As an example of a solution by least squares 

take the small network shown in Fig. 132 for 
^ which the data are set out below. 

x Elevation of Point 0 = 1,434*9253 ft. above 

Fig. 132. M.S.L. 


From 

To 

Difference of Elevation 

Length 

Correction. 



Feet 

Miles 


0 

1 

4* 130*0409 

151*6 


1 

2 

+ 311*9118 

95*4 

x 2 

2 

3 

- 236-9448 

87*2 

x 3 

3 

0 

- 205*0201 

74*5 

x* 

0 

4 

+ 52*1962 ' 

81*4 

x B 

4 

5 

+ 12*9760 

32*1 

x 6 

5 

1 

-f 64*8295 

46*2 

x 7 

3 

4 

- 152*7774 

36*0 

x 8 

2 

5 

- 376*7344 

59*1 

x 9 
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All the above differences of elevation, which are purely imaginary, are supposed 
to have had the orthometric correction already applied to them. 

There are 9 observations, so that if observation equations, with assumed approxi- 
mate heights for the points 1, 2, 3, 4 and 5, were used, there would be 9 observation 
equations and 5 normal equations. If condition equations are used there are 9 lines, 
each of which will fix a point, and there are 5 new points to be fixed. Consequently, 
there will be 9 — 5 — 4 conditions, giving 4 normal equations only. Hence, it will 
be quicker to use condition equations.* 

The first condition equation is for the circuit 01540, and hence the equation is 

130*0409 +. x x - 64*8295 - a? 7 - 12*9760 ~> 6 - 52*1962 - ar 5 * 0 


or x L — x & — x$ — x? -f* 0*0392 = 0 ....... (A) 

Similarly, for the three other circuits, 1251, 23452 and 3043 : — 

#2 + x 7 4- Xq 4* 0*0069 = 0 ...... (B) 

x$ 4* x 6 + x B — .r s — 0*0118 =0 ...... (C) 

x ^ -f x 5 — x t — 0*0465 = 0 . . . . . (D) 


The weights are inversely as the lengths of the lines, so that the reciprocals of the 
weights will be the lengths of the lines themselves, and, in order to avoid large 
numbers, it will be convenient to express the lengths in terms of a hundred miles. 
Hence, we have the following tablo for forming the correlative equations : — 


X 

l 

w 

A 

B 

C 

D 

Sum. 

*1 

1*52 

+ 1 




+ 1 

^2 

0*95 


+ 1 



+ 1 

*3 

0*87 



+ 1 


4 * 1 

*4 

0*74 




4 * 1 

+ 1 

X $ 

0*81 

- 1 



! + i 

0 


0*32 

- 1 


+ 1 


0 

*7 

0*46 

- 1 

-f 1 



0 

*8 

0*36 



+ 1 

- i 

0 


0*59 


+ 1 

- 1 


0 


In this table the length of each line has been divided by 100, so that the unit of 
length is 100 miles. 

The correlative normal equations are : — 


A £ 

C 

JD 

Abs. 

■ ■ ■ Sum.' . ■ 

+ 3*11 - 0*46 

- 0*32 

- 0*81 

4- 0*0392 

4- 1*5592 

4 2*00 

— 0*59 

0 

4- 0*0069 

+ 0*9569 


+ 2*14 

- 0*36 

- 0*0118 

4* 0*8582 



+ 1*91 

- 0*0465 

4- 0*6933 

which give the correlatives :~ 

- 




A = - 

- 0*00613; 

C- + 

0*00780 ; 


£« - 

- 0*00256 ; 

p — -b 

0*02321 ; 


and : the :: ' : corrections-:— ' 





x x = — 0*0093 ; 

■■ 

4- 0*0172; 

x 7 = 4- 0*0016 ; 

x 2 — — 0*0024 : 


*4 0*0238 ; 

*8= ~ 

0*0055 ; 

= + 0*0068 ; 

*6 = 

4* 0*0045 ; 

- 

0*0061. 


* The condition that the number of conditional normal equations should be less 
than the number of observation normal equations is that l — n should be less than 
n ; that is, l < 2 n, where l is the number of lines and n the number of new points 
to be fixed. ' - . , ■ ' 
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Hence, the corrected differences of elevation are : — 


0 — I — -j~ 130*0316 ; 

0 - 

4= + 52-2200; 

1 - 2= + 311*9094; 

4 - 

5 = + 12-9805 ; 

2 - 3 = - 236*9380 ; 

5 - 

1 = + 64-8311 ; 

3 - 0 = - 205*0029 ; 

3 - 

4 = - 152-7829 ; 

and the corrected elevations are : — 

2 — 

5= - 376*7405, 

0 = 1434*9253; 

3 = 

1639*9283 ; 

1 = 1564*9569; 

4-= 

1847*1453 ; 

2 = 1876*8663 ; 

5 = 

1500-1258. 


Since the differences between forward and backward levellings are not given it is 
impossible to use the International formulas for the calculation of probable errors, 
but we can compute a probable error from the formulae giving the probable errors of 
conditioned observations. Taking 100 miles as the unit of length so as to keep the 
weights somewhere in the neighbourhood of unity, these weights are obtained by 
dividing unity by the quantities tabulated in the second column of the table on 
page 381. Hence, the weights become 0*66, 1*05, 1*15, etc., and their sum [«;] is 
15*17. Multiplying the square of each correction by its appropriate weight and 
taking the sum, we get [w.-y 2 ] = 0*00142434. Then, using the formula given on page 
250, we have : — p.e. of an unadjusted observation of unit weight 


± 0-6745. 


( 0*00142434 
4 


± 0-0127 ft. 


and p.e. of an adjusted observation of unit weight 


= ± 0-0127 y' — = ± 0-0073 ft. 

These are the probable errors for a line 100 miles long, and, as probable errors 
are proportional to the square roots of the lengths, the p.e. for a line M miles long 
will be given by : — 

p.e. of an unadjusted observation = ± 0-001 

p.e. of an adjusted observation = ± 0*00073'\/-&f. 


TRIGONOMETRICAL LEVELLING 

Although even the best trigonometrical levelling will not give results 
that are any more accurate than those obtained from ordinary spirit 
levelling, and, from the point of accuracy, cannot thus be put in the same 
category as precise spirit levelling, yet trigonometrical levelling forms an 
important part of geodetic surveying and serves to fix elevations of high 
points that could not easily be reached by lines of precise spirit levels. 
Hence, for the sake of convenience it is treated in the present chapter as 
part of the general subject of precise levelling. 

The postulate that precise spirit levelling is not suitable for determining 
the elevations of high points holds mainly for the common case where 
these points are on high hills that rise abruptly above the surrounding 
plain, so that the approach to them is very steep. In such circumstances, 
the one essential condition for obtaining accurate results by precise 
levelling methods — the necessity for maintaining equality of foresights 
and backsights — cannot conveniently be maintained. In any event, 
extremely accurate determinations of the elevations of high isolated 
points are seldom, or never, required in practical engineering work, but, 
with care, trigonometrical levelling will give results which are of sufficient 
accuracy for all ordinary mapping purposes. Moreover, when extreme 
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accuracy is not essential, elevations determined by trigonometrical means 
serve to cover quickly a definite belt of country with control heights, 
whereas a line of levels is confined to a single line only and several lines are 
required to cover an area of any width. In addition, precise spirit levelling 
is usually commenced long after the main horizontal framework is 
complete, or well on the way to completion. Consequently, in nearly 
all cases, it is economically sound to take the opportunity of observing 
vertical angles at the same time as the horizontal angles are measured* 

Angle Measurement* Refinement in angular observation is necessary 
in order to obtain satisfactory results with long sights. For the best work 
the theodolite should have the vertical circle fitted with micrometers 
reading to single seconds and by estimation to tenths,, and the angular 
value of a division of the bubble tube attached to the micrometer arm 
should not exceed 2 sec. The instrument known as the vertical circle has 
been extensively used in trigonometrical levelling. It possesses all the 
features of the vertical angle measuring part of the theodolite without 
those for horizontal measurement, and may have the circle of repeating 
or non-repeating pattern. 

The record of an observation must include the height of the instrument 
axis above the ground point and the height of the observed point above 
the distant station, in order that, by application of the eye and object 
correction, the difference of elevation between the station marks may be 
determined. Each observation is made face right and face left, and is 
accompanied by readings of the position of the bubble for application of 
the level correction. At least two such observations constitute a measure- 
ment. The pointings may be made by means of the eyepiece micrometer* 
If the several angles to be measured at a station are so nearly equal 
that their differences are within the range of the eyepiece micrometer, 
these differences may be observed micrometrically with reference to one 
or more points, the elevation of which is either known or is measured in 
the usual way. In the case of important determinations, one or more 
measurements are made each day during the tenancy of the instrument 
station for triangulation. For points of minor importance, a single 
observation, face right and face left, is all that is required. Each elevation 
should be determined by measurements from at least two points, and if 
observations have to be made from a satellite station, the results must 
be corrected for eccentricity.* 

Large vertical angles can never be measured as accurately as horizontal 
ones because they cannot be observed on different zeroes, as horizontal 
ones can. Consequently, it is impossible to eliminate the effects of small 
errors of graduation of the circle. Small angles, however, may be observed 
with great accuracy by means of the eyepiece micrometer, as explained 
above. ^ 

Refraction. Owing to the curvature of the line of sight caused by 
atmospheric refraction, an observed vertical angle differs from the true 
angle which the straight line joining the instrument to the signal makes 
with the horizontal through the instrument. The chief source of error in 
trigonometrical levelling is that arising from uncertainty regarding the 
amount of refraction. The uncertainty is greater in the case of terrestrial 
* See Gillespie, Surveying, Part II. 
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refraction, with which we are here concerned, than for celestial or astro- 
nomical refraction, since the sights of trigonometrical levelling are never 
greatly inclined to the horizontal. 

The usual way of dealing with the question is by use of the coefficient 
of refraction. This is defined as the ratio between the refraction angle, or 
angle at the instrument between the ideal straight line of sight and the 
actual curved line of sight, and the angle which the two stations subtend 
at the centre of the earth. The line of sight is assumed to be a circular 
arc, and the coefficient of refraction to be independent of its elevation or 
inclination, but these assumptions are not strictly correct. Dr. Hunter, 
of the Survey of India,* has shown that refraction depends very largely 
on the rate at which the temperature changes with height and with the 
change of this rate, and that it also depends on the height above the 
horizontal plane through the observing station to which the ray extends. 
Thus, the refraction on a ray of given length differs according as the ray is 
ascending or descending. 

It is well known that refraction varies in amount throughout the day. 
It is greatest in the morning and evening, and least and steadiest during 
the middle of the day. Its variation from day to day is found to be less 
during the period of minimum refraction than at other hours. Vertical 
angle observations should be confined to this period, the duration of 
which, however, varies in different parts of the earth, and should be 
investigated in important surveys by preliminary reciprocal observations. 
Generally speaking, the period from noon to 3 p.m. is the best, but in some 
cases good observations are possible from about 10 a.m. to 4 p.m. Refrac- 
tion may thus be least when “ shimmer ” is at its worst. 

The value of the coefficient of refraction to be used in reducing observa- 
tions is its average minimum value for the district, and should, if possible, 
be determined by simultaneous observation of reciprocal angles. Other- 
wise its value must be estimated from the results obtained under similar 
conditions. Eor the British Isles, Col. Clarke obtained mean values of 
0*0750 and 0*0809 for sights over land and sea respectively .f The average 
values obtained by the United States Coast and Geodetic Survey range 
from 0*065 for the interior to 0*078 for lines crossing parts of the sea.J 
A mean value of 0*065 was found in the measurement of the Uganda arc, 
and of 0*060 for observations to the highest peaks.§ 

Methods of Trigonometrical Levelling. Two general methods are 
employed to obtain the difference of elevation of two points of known 
distance apart. In the first, it is determined from vertical angles observed 
from each station to the other. The object of such reciprocal observations 
is to remove the effect of uncertainty regarding the value of the coefficient 
of refraction. The angle of refraction is taken as being the same for both 
stations, and is eliminated in the reduction. Eor the best results the 
reciprocal observations should be taken simultaneously. Owing to the 

* See “ Formulae for Atmospheric Refraction and their Application to Terrestrial 
Refraction and Geodesy,” by J. de Graaf Hunder. Survey of India, Professional 
Paper, No. 14, 1913. 

f Ordnance Survey, “ Account of the Principal Triangulation,” 1858. 

t United States Coast and Geodetic Survey Report, 1882, Appendix No. 9. 

§ “ Report of the Measurement of an Arc of Meridian in Uganda.” Colonial 
Survey Committee, 1913. 
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difficulty of arranging for simultaneous observations, the measurements 
are sometimes made at the time of minimum refraction on different days 
but with less accurate results. 

In the second method, the difference of elevation is computed from 
the vertical angle measured at one of the stations only, and a knowledge 
of the value of the refraction coefficient is required. This method is 
available for determining the elevation of the station occupied by observa- 
tion to a point of known elevation and it must be used for determining the 
elevations of inaccessible and intersected points. 

Notation. In developing reduction formulae, it will be supposed that 
it is required to determine the elevation of a station B from that of a 
station A, assumed known. The notation adopted is as follows : 

h 1 = elevation of A above M.S.L. ; 

^2 ^ 39 ® . jj » ' y 

D = geodetic or M.S.L. distance between A and B ; 

R = radius of the earth at the mid-latitude of A and B ; 

9 = angle subtended at the centre of the earth by D ; 

a = observed vertical angle from A to B, corrected in reciprocal 
observations for the difference in height of the instrument and 
the signal above the ground ; 

b = „ from B to A ; 

h = coefficient of refraction, k6 being the angle of refraction ; 

c '= angular eye and object correction for reciprocal observations ; 

i — height of the instrument above the ground ; 

s — height of the point sighted above the ground. 

Reciprocal Observations. Eye and Object Correction. In trigono- 
metrical levelling generally, it usually happens that the height above 
the ground, or above the station mark, at which the angle is observed is 
different from that of the signal. The difference of elevation obtained 
from an observation at one end of the line is that between the instrument 
and the point sighted, and is finally corrected for their difference of height 
above the ground. In the case of reciprocal observations, however, 
when the point observed to at each station is not that from which the 
observations are made, the observed angles 
must be reduced to true reciprocity before they 
are used in computing the difference of eleva- 
tion. The amount of this angular correction to 
the observed angles may be deduced as follows. 

In Fig. 133, let A represent the centre of the 
instrument at one station. Let B at the other 
station represent a point at the same height 
above the ground point as A, and let C, at a 
distance i = (s — i), from B, be the point 
sighted. It is required to obtain the value of 
the angle c subtended by t at A. Mark A x on 
OC at the same elevation above mean sea level 
as A, and join AA t . AH X is the horizontal at A, 
and (a + c) is the angle of elevation actually 
observed at A. 
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In triangle ABC, 
but ABC 


sin c t 
sin ABC ~ AC’ 

AOB + OAB = 90° + a + 0(1 


k), 


A n _ * A sin AA i G AA i sin (90° + \6) 

and AO - AA x g . n ACA ^ _ - s - go - 0 —— 


SHI C : 


t sin (90° -f“ cl *4" 0(1 


a — c* 
h)) * sin (90° • 


*»' 

c- 8(1- k)) 


AA X sin (90° + £0) 

Since c is a very small angle, we may write 

t cos 2 (a + c + 0(1 — k)) 

sin c = x ~r- tA 11 > 

AA t cos f0 

where AA X = 2(R + hj) sin J0. 

But, with sufficient accuracy for the purpose, D may be substituted for 
AA 1? and since 6 is small, we have, with a smaller error than that of 
refraction, 

t cos 2 (a + c) 


sin c ■ 


or c = 


D 

t cos 2 (a + c) 
D sin V 


(1) 


When the observed angle (a + c) is very small, it is sufficient to take 


( 2 ) 


~~Dsmr’ 

which is the more commonly used formula. 

The angle observed at B is similarly corrected for the corresponding 
value of t , attention being paid to the signs of the corrections. 

Difference of Elevation from Reciprocal Observations. Two cases may 
occur : (1) the difference in elevation of the two points may be sufficiently 
great that one of the observed angles is an elevation and the other a 
depression ; (2) the difference in elevation may be small enough in 
relation to the distance between the points that both angles are depressions. 

Case (1). Fig. 134 illustrates the case in which 
B, the point of unknown elevation, is higher than 
A. The angles a and b are the observed angles 
corrected for difference in height of eye and 
object, and may be treated as the angles which 
would be observed at and to A and B, the 
respective ground points. 

The required difference of elevation (h 2 — • h x ) 
is obtained by solving triangle AOB, of which 
the known quantities are OA = (R + h x ) 9 AOB = 
0 = DjR in circular measure, and (OAB — OBA) 
» (90° + a — k6) — (90° - b - k0) = (a + 6). 
Solving, we have 

a + b (R + k 2 ) 



tan • 


(R -f~ ^ 1 ) , 0 

W+K) + (R + hJ COt "2 5 


Fig. 134. 
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or (h 2 — h ± ) = tan - * tan ~ * (2 R + h x + h 2 ). 

0 D D z 

Substituting for tan-^r- its expansion, fcT5 + — + . . . , 

Z ZR Z4:M 6 

(*! + K) D 2 

2i? + 12i? 2 


(A a -fc l ) = 2)tan^±^l + 


) ' 


(3) 


In applying this formula, a first approximation is derived from 

dr | 

{h 2 — &i) = D tan — ^ — , and the value of h 2 so obtained is used for a 

second approximation by the formula. 

An alternative method of solution consists in first obtaining the true 
vertical angles H X AB and H 2 BA by eliminating the refraction angles. 


B^AB = (a — k&), and H 2 BA — (5 + hd), but H 2 BA * 

0 — b -f* a 


B^AB = 0, 


£0 = 


(4) 


Let the values of H X AB and H 2 BA so obtained be denoted by a' and b'. 
Then, solving triangle AOB, we have 

R -f- h 2 __ sin (90° + a r ) 

R + h x ~~ sin (90° - b'Y 

cos d' — cos b r 


cos b' 


whence (h 2 — hj) = (R + &i) 

- <* + - 0 • • • 
Case (2). (Fig. 135). For the first method of 
solution, 

(OAB — OB A} is now ~ (b — a), and 


(5) 


(h 2 ~~ h x ) = D tan • 


! 0 


(Jh±M i 

2 ^ 12 R* 


■) 


( 6 ) 



In the second method, (H X AB + H 2 BA) == 0, so 
that % 

M - (7) 

and the expression for (h 2 — h x ) is the same as before. 

Difference of Elevation from Observations at One 
Station* In the case where observations are taken at FlG * 
one end of the line only, a value must be assigned to h . A likely value 
may be assumed, but it is preferable to determine it by means of equation 
(4) or (7) from simultaneous reciprocal observations taken in the same 
locality. Otherwise the coefficient may be deduced from an observation 
to a point of known elevation. 

Let A (Fig. 134) be the station occupied, and let a be the uncorrected 
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angle of elevation observed to B. The previous formulae are applicable if 
the corresponding angle b at B is deduced. From (4) or (7), 

b = a + 6 — ■ 21c 0, 

a being positive for an elevation and negative for a depression : a negative 
value of b indicates an angle of elevation at B. The value of b so deduced 
includes all errors of observation and in the assumed value for k. On 
substituting this value of b, we have, corresponding to (3) and (6), 


(K - J h ) «= D tan (a + (J - k)d)(^l + . . . (8) 

2)2 

in which a is given a negative sign if a depression. The yyjg> term may 

safely be omitted, and may* be treated as negligible, in rough 

JjJti 

determinations. 

For the second method of solution we have b' = (a' + 0), a' being 
given the negative sign for a depression, and 


K) = (-B + ^i)( 


cos ( a ' + #) 


Eye and Object Correction. When reciprocal observations are not taken, 
(h 2 — hj) represents the difference of elevation between the instrument 
axis and the point sighted, and must be corrected to give the difference 
of elevation between the ground points. If i and s denote the respective 
heights of instrument and signal (if any) above the ground, the required 
difference of elevation 


— (^2 5 ) (^1 i) — (^2 ^i) + (i ~~ $)• 

Rough Determinations. When, as in plane tabling, the angular observa- 
tions are not made with a high degree of precision, the reductions are 
commonly made with the aid of a table of curvature and refraction 
(page 127). The value of the correction is 

2) 2 

(1 — 2k) =5 *574D 2 ft. for k = 0*07 and D in miles. A rough value 
for (h 2 — & x ) in ft. is therefore given by 

(k 2 — hi) — 5280 D tan a + *574 D 2 , where D is in miles ; 
or, when a is small, tan a = a" tan 1" = *000004848 a ", and 
(»2 - hj) = *0256 Da" + *574 2) 2 . 

Errors of Trigonometrical Levelling. The probable error computed 
from the differences of elevation given by repeated vertical angle observa- 
tions is not likely to be a trustworthy index of the precision of a result. 
Even in simultaneous reciprocal observations, constant errors are intro- 
duced in the assumptions made regarding the effect of refraction. The 
quality of a system of trigonometrical levelling is best ascertained by 
connecting it at intervals to lines of spirit levelling or by reference to its 
own errors of closure. 
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If expression (3) on page 387 is differentiated with respect to a and 
the last two terms in the bracket are neglected, we have : — 

3 h = |D sec 2 + h) . 8a, 

in which 3 li may be considered to be the error in (h 2 — hj) resulting from 
an error 8a in the measurement of the angle a. Hence, if the angular 
errors are assumed to be independent of the length of the line, the 
error in the computed difference of elevation will be directly proportional 
to the length of the line. 

In actual practice, the angle + b) is generally small so that 
sec 2 |(a + b) in the above equation may be put equal to unity. Accord- 
ingly, if we assume that all errors are of the accidental type, and if r h is 
the probable error of (h 2 — 7^), r a is the probable error of the angle a and 
r b the probable error of the angle b, we can, by the rules for the combina- 
tion of probable errors given on page 248, write : — 

n = ± P>(L 2 + n 2 )K 

and, if r a and r h are in seconds of arc, r h is in feet and D in miles, this 
becomes : — 

r h = ± 2640 I) . sin 1" {r 2 + r, 2 )* = ± 0-0128 . D{r 2 + r b 2 )K 

This expression gives the probable error of a single line and it varies 
directly as the length of the line. Now take a long stretch of trigono- 
metrical levelling of length L and made up of a series of N equal lines, 
each of length I). Further, assume that the probable error of each 
angle is the same and equal to r a . Then, combining the different probable 
errors, 

r L = ± 0*0128 r a [2D 2 + 2D 2 + ... to A terms]* 

= ± 0-0128 r a \/WD » 

= ± 0-0128 r„V2LD. 

Hence, in this case r L is proportional to the square root of the total 
distance L as well as to the square root of a single line. 

In practice, it is usual to express the errors of trigonometrical levelling 
as being proportional to the square root of the length of the line, although 
it will be seen from the above that this involves the rather unjustifiable 
assumption that r a is proportional to D~*. Thus, one rule of this kind 
lays it down that the probable error of reciprocal, but not simultaneous, 
observations, as computed from closing errors on fixed elevations, should 
not exceed 0*1 to 0*3^ D ft. for sights of from 5 to 20 miles and 0*2 to 
0 •B'x/D ft. for sights over 20 miles, where D is in miles. Another rule, 
given in the official publication Survey Computations , is that the 
probable error of a difference in elevation, as carried along a chain of 
triangulation, which can be expected at the end of the chain is about 
0*35 s ft. for reciprocal (simultaneous) observations and 0*5\/ s ft. for 
single rays with rough signals, s being the total length of the chain in 
miles reckoned along the shortest route between the terminal points. 

As regards errors in refraction, it is obvious from equation (8), page 388, 
that, provided they obey the ordinary laws of accidental error, these will 
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behave exactly similar to accidental angular errors when the line is 
observed in one direction only. If reciprocal observations are taken, and 
the coefficients of refraction at the two stations are not equal, it is easy 
to show that equation (3), page 387, will contain the extra term 



(k 2 + 

2 E 


+ 


P 8 1 

12P 8 J 


in which the first term will be much larger than either of the other two, 
and h 2 and Jc ± represent the coefficients of refraction at R and A respec- 
tively. Hence, if (k 2 — = 2S& is treated as an error in the refraction, 

we have 

D 2 

S/ 2 , = ™ Bh approximately, 


and, in this case, the error varies as the square of P. On replacing 2 Bh by 
r fc , the probable variation of the coefficient of refraction from its mean 
value, and combining, as before, the probable errors of N equal lines of 
length P, we get 



r* . P 2 


Vn = ± 


r*.D 

B 


. ■s/LD 


where L = N.D, and r-J is the probable error of the computed difference 
in elevation of two points at the ends of the N lines. As r k will very seldom 
be known, it is usually impossible to compute this probable error. From 
this argument, however, we see that r L f and Bh can be proportional to L 
only when r k is proportional to P"§. 

Adjustment of a Network of Trigonometrical Heights. In many cases 
it is sufficient to adjust a network of trigonometrical heights by weighted 
means, but, if the quality of the observations is known to be good and 
it is desired to make the most of them, it will be worth while making a 
least square adjustment. Either observation or condition equations may 
be used for the least square adjustment, but the labour will be least by 
condition equations if the number of lines is less than twice the number 
of new points to be fixed. Whatever the method used, it is necessary to 
decide on the weights to be allotted to the different lines. A common 
rule is to weight each computed difference of level inversely as the length 
of the line, giving half the normal weight or less to a line observed in one 
direction only. Another rule is based on the expression r h = ± 0*0128 . P . 
(r„ 2 + r b 2 )i already found. If r a is the probable error of a single observa- 
tion of an angle, and there are n a observations at A and n h at R, then 

r a — r a j-\/ n u ; r b = r a /V n b and r h — ± 0-0128 DrJ — + — )• Weights 

\ n a U hJ 

are inversely proportional to the squares of the probable errors. Hence, 
the weight to be assigned to an observed difference of level will be : — 

w _ 1 L ( \ 

h ~ r h ~ (0-0128) 2 DV a 2 \w„ + nj 
_ 6103 / \ 

■DvU + v' 
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On the trigonometrical survey of Fiji McCaw used this expression in 
the form : — 1 

h ~ D 2 U + nj- 

In this, however, he took n a and n h as the number of days on which 
observations were made at the two stations, and, if more than one 
observation was taken on one day, two were counted as If and three as 
two. For a line observed in only one direction he used the formula : — 

w h = 90%/D 2 , 

in which the much lower value of the numerical coefficient makes allowance 
for the unknown error in the assumed value of the coefficient of refraction. 

The above results involve the assumption that the coefficient of refrac- 
tion is the same for all angles of elevation. It is known that this is not 
strictly true, and, from a consideration of the likely variation of the 
coefficient of refraction with angle of elevation caused by variations of 
the atmospheric pressure and temperature with height above sea level, 
Morley has suggested that lines should be weighted (1) inversely as D, 
(2) inversely as (h% — h x ) s (3) directly as |(& 2 + h x ). (See Empire Survey 
Review , Vol. IV, No. 23). 
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.CHAPTER VII 

TOPOGRAPHICAL AND RECONNAISSANCE SURVEYING 


Topographical Surveys. Topographical surveys have for their object 
the preparation of maps as complete in detail as the scale will allow. 
They are distinct from cadastral surveys, the primary object of which 
is the location and representation of boundaries and the measurement 
of areas of land. National topographical surveys are undertaken for the 
production of maps which, while on smaller scales than those of cadastral 
surveys, will fulfil the various purposes, civil and military, for which 
reference to general maps is required. 

The representation of relief is an essential feature of a topographical 
map, and to the engineer such maps are of the greatest utility as an aid 
to the location of railways, roads, canals, reservoirs, pipe lines, etc. In 
the absence of existing maps he must employ the methods of topographical 
surveying in location surveys. Methods applicable to the production of 
large scale contoured plans of small areas have been dealt with in Vol, I, 
Chapter VIII. In the following pages are considered the field operations 
required for the preparation of maps of large areas on smaller scales. 

Topographical surveying is a subject in itself and it is only possible 
in these pages to give a general sketch of the methods used. Specimens 
of topographical maps of various countries will be found in Close and 
Winterbotham’s Text Book of Topographical Surveying , a book which 
should be consulted by anyone who is called upon to undertake topo- 
graphical work in the field. 

General Features of Topographical Surveys. To prevent excessive 
accumulation of error, a topographical survey must be based upon a 
system of horizontal control points located with such precision that their 
errors of position cannot be detected on the scale of the map. Between 
these points detail surveys are conducted by methods suited to the 
character of the country and with a standard of accuracy so related to 
the distance between their control points that the errors in location of 
detail may also be negligible. The most rigid framework is available if 
the country has been covered by triangulation of geodetic standard. 
Triangulation affords much the best control, but the principal system 
need not necessarily attain first-order precision, and may be of a much 
lower standard when the mapping is to be executed only on a small scale. 
In flat and densely wooded country, for which triangulation is unsuitable, 
a framework of primary traverse must take its place. 

In a similar manner, the survey of relief should be based upon a frame- 
work of accurate, though not necessarily precise, spirit levelling. The 
distances between the bench marks established must be such that the less 
refined dependent work may not develop errors sufficient to affect appre- 
ciably the location of the contours. The methods to be adopted both in 
the spirit and the subsidiary levelling depend not only upon the scale 
but also upon the character of the country. In regions characterised by 
flat slopes a given error of elevation will produce a more serious displace- 
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ment of the contours than in ragged country, and a higher grade of work 
is required. 

The scale adopted for a general topographical map depends not only 
upon the physical character of the country, but in greater degree upon its 
state of development and wealth. The purposes for which the map will 
be used are, however, so varied that it is impossible to select a scale to 
suit them all, and a wide range — between 1/25,000 and about 1/125,000 — 
has been adopted for what may properly be classed as topographical 
maps. The more important nations possess topographical maps on more 
than one scale ; those of the Ordnance Survey are 1/63,360 and 1/126,720, 
or one inch and half -inch to a mile. For topographical surveys in connec- 
tion with engineering schemes the requirements as to scale depend upon 
the nature of the work. The scale adopted is commonly larger than the 
above owing to the necessity for the inclusion of what would in general 
mapping be regarded as minor topographic features. 

Geographical Surveys, Where the expense of a deliberate topographical 
survey is not warranted, the survey may be executed with a view to 
reproduction on a smaller scale. Surveys on scales of less than about 
half -inch to one mile are sometimes distinguished as geographical, but no 
hard and fast distinction can be drawn between topographical and 
geographical surveys, since both aim at the production of maps as accurate 
as the scale will allow. 

Exploratory and Reconnaissance Surveys. As the name implies, an 
exploratory survey is one made to record the geography of the country 
passed through by an exploring party. The same methods are applicable 
to rapid reconnaissance executed as an aid to the planning of deliberate 
surveys, as well as to military reconnaissance conducted under active 
service conditions. They are employed by the civil engineer for pre- 
liminary location surveys and in connection with reports on proposed 
schemes. A high grade of work is not expected, since only the most 
rapid methods are available and the most portable instruments are used. 
The scale is usually small, and may be as low as 1/1,000,000. 

For locating a system of points to control the sketching, triangulation 
is to be preferred, even although it is of low grade, and time-saving 
methods are freely used. If the survey can proceed from or terminate 
on stations of an existing survey, difficulties of base measurement are 
removed, but, even so, triangulation may be impracticable on account 
of the limited time available or the nature of the ground. In this case, 
a system of points may be located by astronomical observations, or a 
rough traverse is conducted along the route followed. The disadvantages 
and inaccuracies of a primary control consisting solely of astronomical 
observations have been discussed on page 43, but the inaccuracies to 
be expected are of no great importance if the survey is to be drawn on 
a very small scale or is of an exploratory nature only. The method of 
route traversing has been greatly favoured by explorers because of its 
rapidity. This method, however, is of low precision, and errors must be 
kept in check and adjusted at intervals by means of observations for 
latitude and azimuth, and, if the route lies east and west, for longitude 
difference. A sufficient number of elevations to control the sketching 
of relief are obtained by trigonometrical levelling if a theodolite is carried. 



TOPOGRAPHICAL AND RECONNAISSANCE SURVEYING 395 


Otherwise, the barometer or the boiling-point thermometer, or both, are 
employed. 

Methods. In the absence of an existing framework for the ultimate 
control of a topographical or geographical survey, the principal factors 
which influence the planning of the work are the nature of the country 
and the accuracy required. Reconnaissance will reveal whether triangula- 
tion can be economically conducted over the whole area or whether 
primary traverse may have to be substituted in parts. The substitution 
of traversing for triangulation as primary control is justifiable only in 
densely wooded or flat country, where the latter would involve unreasonable 
delay and expense. Unless great care is taken with it, particularly with 
regard to the question of the elimination of gross error in the field work 
or of serious mistakes in the computations, traversing is inferior to good 
triangulation. The question of accuracy is, however, largely dependent 
upon the scale of the mapping. No greater refinement is warranted than is 
necessitated by the requirement that the errors will not show in scaling. 

There is a considerable choice of methods for the survey of detail, 
and experience is required to enable the topographer to select that best 
suited to a particular case. The plane table is by far the most useful 
instrument when the country is fairly open and a close network of control 
points has been established, as the advantage of being able to sketch the 
topography with the ground in view is universally recognised. Whatever 
system is adopted for the survey of relief, the sketching of topographic 
form is a highly important feature of the work, and the topographer 
must be qualified to produce a good representation of the characteristic 
physical features of the country and to eliminate the unessential. To 
this end some slight geological knowledge, particularly that relating to the 
causes and origin of common land forms, is a great asset to the surveyor. 
In exploratory surveys only the most prominent features can be recorded, 
and the sketching is controlled by fewer points. 

Like almost every other kind of survey, topographical work must 
proceed from the whole to the part, which means a reasonably accurate 
horizontal and vertical framework followed by less accurate methods of 
detail survey. The methods in use for the survey of the framework and 
detail may be summarised as follows : — 


' Class of Survey : 

Topographical and Geographical 

Exploratory and Reconnaissance 

Horizontal Control 

Triangulation 

Rapid Theodolite Triangula- 


Primary, 

tion 


Secondary, 

Plane Table Triangulation 


Tertiary, 

Latitude and Azimuth 


! or ■ 

Traverse 


Topographical Triangula- 
tion of Different Grades 
| Primary Theodolite Traverse 

Astronomical Positions 

Horizontal Detail 

Plane Tabling 

Plane Tabling 


Resection, 

Resection 


Intersection, 

Route Traverse 


[ Traversing 

Sketching 
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Class of Survey 

Topographical and Geographical 

Exploratory and Reconnaissance 

Horizontal Detail 

Secondary Theodolite 
Traverse 

Taeheometry 

Compass Traverse 
Photographic Surveying 
Sketching 


Vertical Control 

Spirit Levelling 
Trigonometrical Levelling 

Trigonometrical Levelling 
Barometric Levelling 

Vertical Detail 

Spirit Levelling 
Trigonometrical Levelling by 
Theodolite, Tacheometer, 
or Plane Table Clinometer 
Barometric Levelling 
Photographic Surveying 
Sketching 

Barometric Levelling 
Sketching 


HORIZONTAL CONTROL 

Topographical and Geographical Triangulation. Although the refine- 
ments of first-order triangulation are not required when the results are 
to he applied only to mapping, the methods employed for the principal 
control of deliberate topographical surveys of extended areas are very 
similar, particularly if it is necessary to produce maps of certain districts 
on larger scales than the general scale adopted. On the other hand, 
considerable deviation from the rigorous methods of primary triangulation 
is allowable in work to be mapped on a geographical scale only. For 
any survey, standards of accuracy must be set for the various operations, 
and rules are formulated to ensure consistency in the quality of the work 
of different field parties. 

In the highest class of topographical survey, the conduct of the pre- 
liminary operations of reconnaissance, signal building, and station 
marking is the same as that described under geodetic surveying. The 
erection of high towers is, however, avoided, even at the expense of 
•introducing figures not as well-conditioned as would be required in first- 
order triangulation. If the work is not connected to an existing triangula- 
tion system of suitable precision, a base, at least a mile long, must be 
measured with an accuracy represented by a probable error of 1/100,000 
to 1/250,000, the latter for the most extended work. This degree of 
precision may be attained with less labour by the use of invar tapes or 
wires than by steel tapes, but either are used. If the catenary apparatus 
(page 148) is not employed, the tape is suspended in catenary between 
mark posts with copper or zinc strips to receive the scratches, a constant 
tension being applied by a tape stretcher through a spring balance. The 
base must be measured at least once in each direction. The methods of 
horizontal angle measurement must be such as will yield a triangular 
error not exceeding 3" to 5" in the principal system, *10' to 15" in the 
second, and 20" to 30" in the third. 

In the majority of topographical surveys and in geographical surveys, 
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the standard of accuracy may be considerably lower, and progress is 
more rapid. Although the time available for the field work may be 
limited, a preliminary reconnaissance by plane fable or compass can 
never be dispensed with, unless existing maps sufficient for the purpose 
are available. During reconnaissance as many stations as possible are 
beaconed by cairns of stones or other simple means, but artificial signals 
are frequently dispensed with in the triangulation proper if well-defined 
hilltops, isolated trees, rocks, etc. can be used as station points. Bases 
necessary should be at least half a mile long, special attention being paid 
to securing a well-conditioned expansion. The precision of the base 
measurement is of the order 1/10,000 to 1/50,000. Invar or steel tapes 
are used suspended between mark posts, or, alternatively, the tape may 
be laid on the ground, which is first graded between the posts. The 
allowable triangular errors of the angular measurements may be increased 
to twice those cited above. 

Computation of Topographical and Geographical Triangulation. In 
the highest class of extended topographical triangulation the methods of 
adjusting the angles and calculating the sides and station positions 
follow those given in Chaps. IV, V, the approximate methods and 
formulae being sufficient. In topographical surveying generally and in 
geographical surveying no attempt at elaborate adjustment is required. 
Spherical excess can generally be neglected, and the angles of each 
triangle are adjusted for its total error without reference to side conditions 
but the check provided by computing each side in two ways should not 
be omitted. 

Theodolite Traverse. The methods of first-order traversing described 
in Chap. Ill are more particularly applicable to geodetic work, to the 
control of a survey which is to be plotted on a large scale, or to other 
work in which great precision is required. For purely topographical 
or geographical work, a very high degree of accuracy is not necessary, 
and the methods already described may therefore be modified accord- 
ingly. If the area to be covered is very large, an accuracy of about 
1/30,000 should provide a good primary control for topographical work 
and the methods used can be based on those described on pages 216 to 218 
for the survey of second-order traverses. For medium or smaller areas — 
say less than about 2,500 square miles — ordinary good theodolite travers- 
ing, carried out by the methods described in Vol. I, can safely be used 
as a primary topographical control, provided angles are measured with 
a theodolite reading direct by micrometer to 10" of arc and by estimation 
to 1" or 2" and distances are measured with carefully standardised steel 
tapes, used in catenary as described on pages 155 to 158 of Vol. I. For 
this class of work, angles may be observed on two zeros, with change of 
face between each zero. This last class of traverse may also be used to 
break down large blocks formed by a network of traverses surveyed by 
second-order methods. If the traverse is a long one, azimuth observations 
should be taken at intervals not exceeding twenty miles, or fifty instru- 
ment stations, whichever is the shorter. 

Minor Theodolite Traverse Work. The main control traverses for a 
topographical survey should divide the country into blocks in which 
these main traverses are not more than thirty or forty miles apart, and 
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these blocks should, where possible, be sub-divided into several smaller 
blocks by means of minor theodolite traverses. Short minor traverses 
can be surveyed, if necessary, by vernier instruments, with angles 
observed on two zeros and change of face between each zero, distances 
being measured with a steel tape used either in catenary or stretched 
along the ground. Slopes on these minor traverses, unless needed for 
working out heights, need not be observed in flat country, but should be 
read, or distances very carefully stepped (VoL I, page 142), in broken or 
hilly country, and, unless they are likely to be exceedingly variable during 
working hours, temperatures need not be observed. 

Computation of Theodolite Traverses, Topographical surveys may 
either be plotted in terms of some system of rectangular co-ordinates or 
by means of geographical co-ordinates, but, even if geographical are 
used for plotting, it is generally convenient to compute a theodolite 
traverse in terms of some system of rectangular co-ordinates in which the 
rectangular values of some, or all, of the fixed permanent points can 
easily be converted into geographical® later. If a special system of 
co-ordinates, such as spherical rectangular or Transverse Mercator, is 
already in use in the area under survey, the primary traverses should be 
computed in terms of it, using, if necessary, any approximations, such 
as those described in pages 342 to 348, which are justified when the 
work is not of first-order accuracy. Indeed, if such a system of co- 
ordinates is not already in use, it is advisable to select the one most suitable 
for the area under survey, and to work in terms of it, because triangulation 
and traverses executed as a primary control for purely topographical 
work may, in a later state of development, often be incorporated as 
second- or third-order work in a framework intended for more general 
purposes. Roth the rectangular spherical and Transverse Mercator 
systems are more suitable for traverse work than the conical ortho - 
morphic one, and should he used in preference where the choice exists. 

Approximate methods of computing traverses in terms of the Trans- 
verse Mercator system are explained in pages 345 to 348, and, when legs 
are short and azimuths are properly corrected for convergence, they merely 
involve application of scale correction to the plane latitudes and departures 
between the permanently marked stations or between azimuth stations. 
If spherical rectangular co-ordinates are used, convergence is applied in 
the usual way to the observed azimuths to give bearings referred to the 
central meridian, and, after the intermediate hearings have been adjusted 
for closure, plane rectangular co-ordinates are computed from one azimuth 
station to another. As the spherical rectangular co-ordinates of the 
starting point are known, the latitude and departure between the azimuth 
stations can be used as the s . sin a and s . cos a terms in formulae (7) and 
(8) on page 310 for point-to-point working. After corrected rectangular 
co-ordinates have been obtained, the geographical co-ordinates can easily 
be computed. 

An alternative method is to use plane rectangular co-ordinates which 
are local for each traverse section and are based on the true meridian 
at the initial station of the section as axis of X . Application of local 
convergence to the observed azimuth at the second station will give a 
bearing referred to the meridian through the first station which can be 
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used for the adjustment of the intermediate bearings. Plane rectangular 
co-ordinates will then give the total latitude and departure of the second 
station with reference to the first, and these become the quantities 
$ . cos A and s . sin A to be used in Puissant’s formulae (page 294) for 
computing differences of latitude and longitude from azimuth and 
distance. 

When the geographical co-ordinates of the end azimuth station of the 
section have been obtained, those of intermediate points can be computed 
by assuming them to be proportional to their latitude and departure, 
as compared with the total latitude and departure of the end point with 
respect to the initial point. 

, In the case of minor theodolite traverses a still simpler method of 
obtaining geographical co-ordinates can be employed. The initial bearing 
to be used in this case is the true azimuth, and intermediate bearings are 
adjusted to the true azimuth at the terminal point of the section, and not 
the azimuth corrected for convergence, so that all intermediate bearings 
are very approximately true azimuths. Latitudes and departures are 
then computed in the usual way and it is now assumed that the resulting 
latitudes are meridional distances and the departures approximate arcs 
of parallels of latitude. Hence, if the traverse latitude is divided by the 
number of feet in one second of arc measured along the meridian, the 
result will be the difference in geodetic latitude, in seconds of arc, between 
the two points concerned. Similarly, if the departure is divided by the 
number of feet in one second of longitude, taken out for the mid-latitude 
of the line, the result will be the difference in longitude in seconds of arc. 

In general, the geographical co-ordinates of fixed permanent points or 
of the terminal points of the section only need be computed in this 
manner ; if those of intermediate points are needed they can be obtained 
from simple proportion from the rectangular co-ordinates, although the 
labour of computing them in the manner above described is not very 
great. This method is described more fully in Close and Winterbotham’s 
Text-book of Topographical Surveying, which also gives an example and 
contains the necessary tables (Tables III and IV). Only short minor 
traverses, which are not intended to reach an accuracy greater than about 
1/3,000 to 1/5,000, should be computed in this way as it is only approxi- 
mate. Major compass traverses, in which magnetic bearings are corrected 
for declination, so as to reduce them to true azimuths, can also be com- 
puted in this manner. 

In the case of all theodolite traverses, the calculation of the latitudes 
and departures should be thoroughly checked by an independent computa- 
tion involving the use of auxiliary bearings (Vol. I, page 262). 

Rapid Tziangidation. In applying theodolite triangulation to the 
control of exploratory and reconnaissance surveys, the required rate of 
progress can be maintained only by considerable deviation from the 
methods of rigid triangulation. Time is saved not only by omitting 
refinements of measurement, but in greater degree by the adoption of 
devices for continuing the chain of triangles which would not be allowable 
in deliberate work. Less attention is paid to the proportions of the 
triangles, and greater dependence is placed upon stations fixed by inter- 
section, or astronomical observations. 
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Methods comprised under rapid triangulation vary greatly according 
to the speed required, the strength of the party, and the equipment 
carried. Under favourable circumstances they merge into those of 
geographical surveying, and the results are then much superior to these 
which can be expected from an explorer using the most portable of 
instruments under conditions demanding the utmost speed. 

Triangulation may proceed simultaneously with the sketching of 
topography. Otherwise the triangulation is executed by a party working 
in advance of the detail surveyors. In the latter case, the geographical 
co-ordinates of the stations fixed are worked out as soon as possible, and 
this information, along with a description of the sites, is sent back at 
frequent intervals for insertion on the plane table sheets. Preliminary 
reconnaissance and beaconing of stations before occupation are, as a 
rule, impracticable, except perhaps for the base net. The surveyor will 
have only a general idea of the direction in which the triangulation will 
develop, so that success depends greatly upon his skill in selecting and 
using elevated features which come into view as the party advances. 

Rapid Base Measurement* When the survey is isolated from existing 
systems, a base, at least half a mile long, is measured, but it may be a 
difficult matter to find a suitable site unless time is spent in reconnoitring. 
Since a refined measurement is not attempted, a very level site is not 
required, and the inexactness of the measurement makes it more than 
ever necessary to have a good extension net. If the base is well-con- 
ditioned, the error of a rough base affects only the scale of the survey, 
and can be corrected by the measurement of a check base when a suitable 
site is reached. 

Whenever possible, the base should be measured by tape. Usually 
the best that can be done is a double measurement by steel tape with 
the slopes measured or the tape held horizontally. When a suitable 
site for a taped base cannot be obtained, the measurement may be made 
tacheometrieally with an improvised subtense bar. Otherwise, an astro- 
nomical base, lying roughly north and south, may be computed in the 
manner of a latitude and azimuth traverse (page 403) from the observed 
latitudes of its end stations and the observed or computed azimuth of the 
line joining them. Because of the uncertainties arising from local devia- 
tion, the greater the distance between astronomical base stations the 
better, and this method should be regarded only as a temporary expedient 
until a base can be measured. 

Angle Measurement of Rapid Triangulation. In some classes of rapid 
triangulation a 5-in. micrometer theodolite is used, but when weight- 
must be reduced to a minimum a light reconnaissance or mountain transit 
is all that can be carried. Remarkably good work can be done with modern 
3-in. and 4-in. theodolites. These may be obtained with vernier reading 
to r for the 3-in. instrument and to 1', 30", or 20" in the case of the 4-in., 
the latter having a weight as low as 14 lbs., including tripod, cases, and 
accessories. A compass, preferably of trough form, is essential. 

The azimuth of the base and the latitude of one end must be observed. 
If possible, a telegraphic longitude or one based on wireless time signals 
will be obtained : otherwise, a value is assumed for the longitude. The 
error of the assumed value affects all the positions equally, and may be 
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corrected out when the longitude of any station can be obtained tele- 
graphically or by wireless time signals. • 

In measuring the angles of the base net, only very definite marks 
must be used for observing upon because of the comparative shortness 
of the sights. Whenever possible, base extension, stations should be 
beaconed. It is then justifiable to observe four rounds of angles, with 
change of face and zero between each round, but otherwise it is sufficient 
to take face right and face left readings, with change of zero between 
each face. 

Prom the stations of the base net the surveyor must observe to all 
prominent natural features which may prove suitable for theodolite 
stations. Directions are also measured for the future fixing by intersection 
of such additional points as are likely to serve either as plane table 
stations or as guides to the sketching. Pace right and face left rounds 
should be taken more to guard against mistakes of reading and booking 
than to eliminate instrumental error. In judging as to which of the 
points before him will serve as future theodolite stations, the surveyor is 
usually faced with the difficulty that he will be unable to visit points 
unless near the route to be followed. The future course of the journey is 
probably not definitely known, and must be estimated from information 
obtained as to easy routes of travel and positions of camping grounds 
and water. It is therefore advisable to observe as many prominent 
objects as possible in the time available, as it frequently becomes necessary 
to occupy a station which was intended only as an intersected point. 

Having completed the observations at a station and descended to the 
route of the march, the surveyor will find that many of the points to 
which sights have been taken are no longer visible, and their changing 
aspect cannot be watched as the journey proceeds. When the next 
station is occupied, it will be found no easy matter to recognise them 
from the new point of view. 

Identification of Points. To avoid a breakdown in the continuity of 
the triangulation through failure to identify stations, the triangle sides 
must be kept shorter than would be necessary if the stations were regularly 
beaconed. The lines of the chain should seldom exceed twenty miles in 
length, although longer sights are allowable to intersect points outside it. 
In observing, a good general rule is to sight only to the highest points of 
hills, but if the top is rather flat and presents no definite mark for sighting, 
the observation is made on an isolated tree or prominent rock near the 
summit. Such marks, however, are apt to prove especially troublesome 
to recognise from different standpoints. 

Additional precautions affecting the routine of observation must be 
regularly adopted. At each station the theodolite should be oriented 
by compass, so that the observed directions are magnetic bearings. On 
proceeding to occupy a point, reference to the back bearing of a preceding 
station affords a valuable check against gross mistakes of position. The 
record at each station should include notes and sketches of the appearance 
of the marks bisected and of the outline of the surrounding ground as 
seen through the telescope. 

As an aid to the identification of points, a plane table proves of great 
service, and, if at all possible, the triangulator should carry one of light 
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pattern, even although he may not he required to take topography. By 
its means a small scale diagram of the triangulation is kept up by drawing 
a ray to every point observed with the theodolite. The diagram, besides 
affording a ready means of identifying points, also exhibits the state of 
the work at any time, and enables the surveyor to judge the quality of 
intersections. Points which have been observed for the first time are 
approximately located on the sheet by the intersection of rays drawn 
from the theodolite station and from a subsidiary plane table station 
fixed by resection two or three miles distant in a direction transverse to 
the triangulation chain. The forward points should be easily recognised, 
as their appearance will not have changed greatly in the limited distance 
between the two positions of the plane table. During the journey, when 
opportunities occur of obtaining good views of the forward points, the 
plane table is set up, and its position is plotted by resecting on back 
stations or intersected points. Then, by pointing the alidade through 
the plotted points representing either intended theodolite stations or 
points to be further intersected, their changed appearance may be 
examined as an aid to their future identification. At the same time, 
points to which only one ray has previously been drawn are approximately 
located, and a new set of points may be plotted during the journey for 
use in resecting the surveyor’s position when finding his way towards a 
station. Plane table resections provide a check against setting up the 
theodolite on the wrong peak, but the identification of the actual spot 
to be occupied must be based upon the sketches of the site made at back 
stations. 


Use of Intersected and Resected Stations in Rapid IMangulation. When 
it is impracticable to observe all three angles of each triangle, the system 



can be carried forward by the aid of intersected 
points. In Fig. 136, A, B, C, D, and E are stations 
lying along the route followed, and only these are 
occupied. Points a, b, c, d> and e are among those 
intersected, and, because of their favourable situa- 
tion and natural marking, are selected for use in 
continuing the chain. The length of side AB 
having been computed through the preceding 
figures, triangle ABa is solved for Ba, and the 
result is used in solving BCa for BC. Distance CD 
may now be obtained by solving BC6 for C6, and 
CD6 for CD, but it may also be derived from the 
results of the observations to c by solving BCc for 
Cc, and CDc for CD. The mean of the two values 
for CD is to be adopted for continuing the com- 
putation. Whenever possible, a pair of intersected 
points should be thus used : these may lie on the 
same side of the line of occupied stations or on 


Fig. 136. opposite sides, as at d and e. 

It is sometimes necessary to occupy a point to 
which no forward sights have been taken. Observations must then be 
made upon previously located points to enable the position of the 
instrument station to be computed by the method of trigonometrical 
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interpolation or resection (VoL I, page 564) . A sufficiently good result 
may be seemed if attention is paid to the quality of the fix, and this can 
first be tested on the plane table. The accuracy of the method is much 
improved by observation of an astronomical azimuth to one of the back 
stations. 

It may be found impracticable to maintain a continuous system of 
triangulation, particularly when the route passes through belts of wooded 
country. Triangulation is then confined to the more favourable ground, 
each section having its own base line determined by latitude and azimuth 
or measured roughly along the ground. The intervening gaps may be 
bridged by latitude and azimuth traverse, or, if the route lies nearly east 
and west, longitude may be determined by wireless, by transport of 
chronometer watches, or by an absolute method. 

Graphic Triangulation- Triangulation by means of a small plane table 
is sometimes employed for the main control of reconnaissance surveys. 
The general features of the field work are similar to those of rapid triangu- 
lation by theodolite. The method is best adapted for running subsidiary 
chains in topographical and geographical surveys, the sketching of detail 
proceeding simultaneously. The conduct of the work and its adjustment 
between known positions are described in Vol. I, Chap. VII. 

Latitude and Azimuth Traverse. If the route lies approximately north 
and south, the method of latitude and azimuth traverse is available for 
the rapid location of a system of rather widely separated but intervisible 
points. If A and B are two such points, a latitude determination is made 
at each, and the azimuth of the line between them is observed at A or B 
or from both stations. From these data the length of AB and the longitude 
difference are computed. 

The accuracy of the method is controlled not only by that with which 
the latitude and azimuth determinations are made, but also by the 
value of the azimuth. Errors of observation have least influence when 
the course lies north and south, and their effect increases as the direction 
deviates from the meridian. The method is impossible of application in 
the case of a course lying east and west, and should not be used for 
azimuths within 45° of that direction. Since errors of astronomical 
observation and the unknown effects of local deviation are independent 
of the distance between the stations, the latter should be as great as 
possible compatible with good visibility. 

Although not capable of a high grade of accuracy, the method is useful 
for rapid work in rough country. The circumstance that a forward 
sight is not essential proves an advantage when it is found necessary to 
depart from the intended route of march. When, after conducting a 
latitude and azimuth traverse so far, the general direction of the route 
turns towards the east or west so that the azimuths cannot be kept 
within 45° of the meridian, triangulation or ordinary traverse must be 
substituted until the method can be resumed. 

The method of calculating distances and differences of longitude is 
described on pages 301 and 302. 

Control by Astronomical Positions. In this method the latitudes and 
longitudes of rather widely spaced points are obtained, the subsidiary 
work consisting of rough traverse. The method is suitable for the rapid 
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survey of flat country, in which latitude and azimuth traversing cannot 
be employed. The application of wireless telegraphy to longitude deter- 
mination has removed the difficulty of obtaining satisfactory longitudes, 
and with its aid the method has been found particularly useful in regions 
barren of detail. In such circumstances the route traverse need not be 
continuous. 

' VERTICAL CONTROL 

The methods of precise and trigometrical levelling have been described 
in Chap. VI and those of ordinary spirit levelling in Vol. I, Chap. VI. 
Where possible, precise levelling should be employed as the basis for the 
primary vertical control of important or extended topographical surveys, 
but ordinary spirit levelling may be used for less important or smaller 
surveys. It may, however, be impracticable to run more than a few lines 
of precise or ordinary spirit levels, from which trigonometrical levelling 
may proceed, and very often the latter is exclusively used. Barometric 
levelling, although much less suitable for control than for detail "work, is 
frequently applied to the entire levelling of reconnaissance surveys. 

Barometric Levelling. In barometric levelling the relative altitudes 
of points are determined by ascertaining the difference of their depths 
below the upper surface of the atmosphere, an operation analogous to 
sounding in hydrographical work. The measurement is performed by 
observing the atmospheric pressure at the several points and deducing 
the corresponding relative elevations. The pressures are measured by 
(1) mercurial barometer, (2) aneroid barometer, (3) boiling-point thermo- 
meter. The mercurial barometer measures the height of a column of 
mercury which balances the column of air above the instrument. The 
aneroid records the pressure exerted against a hermetically sealed elastic 
box. The temperature of boiling water as ascertained by the boiling-point 
thermometer affords an indirect method of barometry, since water boils 
when the elastic force of the vapour equals the external pressure on the 
water surface. 

Scope. The great merit of barometric levelling lies in the rapidity 
with which measurement may be made of the difference of elevation of 
points at considerable horizontal or vertical distances apart. On this 
account it is greatly used in preliminary reconnaissance and exploratory 
surveys, but the degree of accuracy to be expected is much inferior to 
that of spirit levelling. 

Mercurial Barometers. The mercurial barometer consists essentially 
of a vertical glass tube about 33 in. long, closed at the top and having 
the bottom placed in a bath of mercury. The tube being exhausted of 
air, and the bath exposed to atmospheric pressure, mercury will stand 
in the tube at a height sufficient to balance the pressure of the atmosphere 
on the free surface of the mercury in the reservoir. 

The arrangement of a vertical tube standing in a bath of mercury is 
that adopted in the cistern barometer. In the syphon barometer the 
tube is bent up at the lower end to form a short vertical branch, the 
mercury in which is exposed to atmospheric pressure by the admission 
of air through a small opening near the top. The cistern barometer is 
the better type of mercurial instrument. 
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> Cistern Barometer. Figs. 137 and 138 show the arrangement of a 
cistern barometer on the Fortin system, the particular feature of which 
consists in having the bottom of the cistern formed of fine-grained leather. 
1 he leather is permeable to air, and the mercury is subject to the action 
a/tmosphere without danger of leakage. The leather bag is attached 
to tim bottom of the cistern, and is supported by the screw 5, by means 
of which the level of the free surface of the mercury can be adjusted. 
At the top of the cistern there is fitted a glass sighting cylinder held 



Fig. 137. Fortin Barometer. 


against packings at top and 
bottom by four screws. The glass 
barometer tube enters the cistern 
through a collar where a secure 
joint is formed by leather or silk 
and glue. This collar carries the 
ivory gauge peg 7. 



Fig. 138. Reading 
Arrangement. 


The barometer tube is enclosed in a brass casing, the upper part of 
which is slotted on both sides to expose the mercurial column (Fig. 138). 
Graduations to *05 in. are marked on one side. A tube, fitting the inside 
of the external casing, carries a vernier index, and, by means of a rack 
actuated by a pinion through the milled head shown, the lower edge of 
the vernier is brought to coincidence with the top of the mercury, and 
readings can be carried to *002 in. About midway up the barometer tube 
a thermometer is attached inside the external casing and close to the glass 
tube. For levelling work the instrument is mounted on a tripod, the head 
of which is arranged to ensure that the instrument maintains a vertical 
position. 

To read the barometer, the surface of the mercury in the cistern is 
viewed through the glass 6, and is adjusted by the screws 5 until it just 
touches the point of the gauge peg. To effect this with the necessary 
precision, the eye should be placed level with the surface of the mercury 
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and the cistern tapped gently to overcome adhesion between the mercury 
surface and the glass. The vernier index must then be set to the top of 
the mercurial column. The glass tube is first tapped near this point, 
and the index is racked until its front and back lower edges appear 
tangential to the convex surface of the mercury. The heading can then be 
observed. At each reading of the barometer it is necessary to record 
the temperature registered by the attached thermometer, and this 
reading should be taken first. 

Other forms * of mercurial barometer are also used in levelling. Some 
of these are designed to afford maximum portability with minimum risk 
of breakage. 

The great disadvantage of the mercurial barometer is the ease with 
which it is broken and its consequent lack of portability. When a 
barometer of the Eortin type is being transported from one place to 
another, the adjusting screw 5 should be screwed up until the mercury 
completely fills the barometer tube, and the instrument should always 
be carried in a vertical position with the cistern down. 

The Aneroid Barometer. The features essential to all aneroids are 
(1) a thin metal box exhausted of air and hermetically sealed, (2) some 
mechanical or optical means whereby the small displacements of the 
surface of the box due to changes of atmospheric pressure may be magnified 
and read. 

The form almost exclusively used for levelling purposes is of the Vidi 
type, in which the movement is multiplied by delicate levers and is shown 
by a pointer travelling over the graduations on a dial of from 2 in. to 6 in. 
diameter (Fig. 139). The interior arrangement is shown diagrammatically 
in Fig. 140. The vacuum box is made in the form of a flat cylinder, and 



Fig. 139. 

Aneroid Barometer. 



4. $pring. 13, Spiral Hair Spring. 

5. Vacuum Box Axis. 14 Pointer. 


d.Cotter or Knife Edge, IS.Oraduated. Face. 

Fig. 140. Diagrammatic 
Section of Aneroid Barometer. 


is corrugated at top and bottom to increase its sensitiveness. The 
bottom of the box is fixed at the centre to the base plate, and the post, or 
axis, 5 is attached to the top and communicates the tension of the spring 4, 
which is as broad as the casing. Increase of atmospheric pressure causes 

* See flints to Travellers , Vols. I and II. 
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the knife-edge 6 to descend and vice versa , and this motion is transferred 
by the levers 7, 8, 9 , and 10 through the watch chain 11 to the pointer. 
The hair spring 13 keeps the chain taut by pulling against it with a force 
just sufficient to overcome axial friction. 

The graduations on the dial represent inches of mercury, the spacing 
being obtained by subjecting the aneroid to known pressures under an 
air pump or by^ comparison with a standard mercurial barometer. By 
means of an adjusting screw at the back of the instrument the pointer 
may be moved over the scale, and the instrument thereby set to agree 
at any time with a standard barometer under the pressure then prevailing. 
A scale of altitudes is usually provided, the divisions being spaced by 
conversion from the scale of inches by the use of a formula, but the indica- 
tions of the altitude scale cannot be accepted for the best work unless a 
correction for the temperature of the air is applied. The altitude scale is 
commonly engraved upon a movable ring so that the graduation repre- 
senting the known elevation of a station occupied can be set under the 
pointer. The absolute elevations of other points to which the instrument 
is carried can then be read directly. This is a convenient arrangement 
for rough observations, but introduces an additional source of error, 
since rate of increase of altitude is not equal to rate of decrease of 
pressure. 

In reading the aneroid, it should always be held in the same position, 
vertically or horizontally, and the case tapped lightly to overcome any 
friction in the recording mechanism. In estimating the position of the 
pointer, care must be exercised to avoid error due to parallax. In order 
to enable this to be done some aneroids are provided with a thin 
reflecting circular strip placed near, and concentric with, the graduated 
scale. Readings on the scale are then taken when the pointer and its 
reflected image appear to coincide. 

On account of its portability and the greater speed with which observa- 
tions may be made, the aneroid is preferred to the mercurial barometer in 
taking topography. With the necessary precautions, results may be 
obtained with sufficient accuracy for the plotting of 25 ft. contours on 
small scales, but in point of precision the aneroid ranks considerably 
below the mercurial instrument (see page 416). 

One trouble with the ordinary aneroid barometer is a certain amount 
of friction in the working parts, and of sluggishness or “ hysteresis 55 in 
responding to rapid changes in pressure. To overcome this, the Paulin 
Co. of Stockholm, for whom Messrs. E, R. Watts So Sons are the English 
agents, have produced an improved type of aneroid for which it is claimed 
that the effects of friction and hysteresis are virtually eliminated. In this 
instrument, the movement of the diaphragm of the vacuum box is 
balanced by the tension of a precise spring, this tension being controlled 
by a knurled knob to which a pointer is attached. When a reading is 
to be taken, the knob is turned until the pointer coincides with a fixed 
index line. Turning the knob also rotates a cam, and a second pointer, 
working against this cam, then indicates the pressure or height on a 
graduated scale. Since the whole apparatus works on the principle of a 
balance, there are practically no moving parts, such as there are in an 
ordinary aneroid. 
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Observations, The barometric determination of elevations would be 
comparatively simple and accurate if the atmospheric pressures were 
always equal at points of equal elevation. In reality, since the air is 
continually in motion, this is far from being the case, and, although the 
assumption of static equilibrium of the atmosphere forms the basis of the 
barometric levelling formulse in practical use, the observations should 
be made in a manner designed to eliminate as far as possible errors due 
to variation in pressure throughout level layers of the atmosphere. 

Changes of atmospheric conditions may be classified as those due to 
(1) gradient, (2) temperature, (3) humidity. 

Gradient . If the atmosphere were in static equilibrium, surfaces 
passing through all points at which the pressure is the same would be 
level surfaces. Actually, surfaces of equal pressure are irregular, .and are 
subject to continual change of form. Under normal conditions such a 
surface may within a limited area be regarded as a plane, the inclination 
of which to the horizontal is termed the barometric gradient. The direc- 
tion and amount of the barometric gradient are subject to continual 
changes, which may be analysed as periodic, due to diurnal * and annual 
fluctuations in temperature, and non-periodic, arising from local condi- 
tions as to weather and topography. 

Temperature. The weight of the column of air of depth equal to the 
difference of level between two stations being compared depends upon 
its temperature. Observations for temperature should be taken at both 
stations, but the mean of these may be considerably different from the 
mean temperature of the air column, since the thermometer is read in the 
stratum of air at the surface of the earth, which is warmer than the air 
column throughout the day and cooler at night. The consequent un- 
certainty with regard to the mean temperature of the air column forms 
an important source of error. The lapse-rate formulse given on pages 
413 to 415 are designed to reduce this source of error as much as possible. 

Humidity. The proportion of water vapour present in the atmosphere 
is continually changing, and, as its density is much less than that of dry 
air, change of humidity is a second factor in varying the weight of the air 
column. In the best work, observations for humidity are taken by means 
of the wet bulb hygrometer, but as these are necessarily made near the 
ground, where the proportion of vapour is greatest and most variable, 
estimation of the mean humidity of the air column is as uncertain as that 
of its temperature. 

Field Work, A good determination of the difference of level between 
distant points can be obtained barometrically only from an extended 
series of observations at both stations by means of mercurial barometers. 
The greater the distance between the stations, the greater is the number 
of observations required for averaging. In the ordinary operation of 
taking topography by aneroid the usual problem, however, is to find 
the elevations of points at moderate distances from a station, the elevation 
of which has been otherwise ascertained. The determinations are then 
based upon either (1) single observations, (2) simultaneous observations. 

Single Observations, This is the commoner but less accurate method. 

* See “ Diurnal Atmospheric Variation in the Tropics, and Surveying with the 
Aneroid/* by T. G .Gribble. Min . Proc. Inst . C.E., Vol. CLXXI. 
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The instrument is read at the reference station, and is then carried from 
point to point, and a reading is taken at each. When speed is of greater 
importance than accuracy, use is made of the altitude scale, which is first 
set at the base station to the known elevation of that point, and the 
elevations of the other points are read directly. The results of single 
observations may be very considerably in error if no attempt is made to 
eliminate errors arising from variations in atmospheric conditions. 

The accuracy of the method may, however, be improved without 
much extra trouble. Change of gradient may be roughly ascertained by 
arranging the route so that a return to the reference station is made at 
intervals. By observing the aneroid on such occasions, the rate of 
change of pressure is ascertained, and intermediate readings can be 
roughly corrected by time intervals on the supposition that the variation 
at the base represents that throughout the surrounding area. Otherwise, 
the rate of change may be roughly obtained during a circuit by remaining 
at one point for half an hour or so and noting any variation which may 
occur. If the route extends between two stations of known elevation, 
any change of pressure which has occurred during the journey will be 
evidenced at the second station by a discrepancy in the difference of level 
obtained, and can be roughly distributed to the intermediate points. 
The atmospheric temperatures are taken at the several points for correc- 
tion of the barometer readings. 

Simultaneous Observations. In this method two instruments, which 
have previously been compared, are employed. One is kept at the base 
station, and is read at regular intervals throughout the day : the second 
is carried to the various points to be levelled, and each reading is taken 
simultaneously with an observation at the base. Otherwise, the trans- 
ported instrument is read at irregular intervals as required, and the 
simultaneous pressure at the base is deduced by interpolation from the 
values observed there. 

The method is designed to reduce the effects of atmospheric changes 
to a greater degree than is possible by single observations, and is to be 
preferred, particularly where reference stations are widely separated. 

The barometer used at the base station may be a good self-recording 
micro-barograph, with a suitable range of reading, as this will obviate 
the necessity for a special observer at the base. The scale on the chart 
of an ordinary barograph is not large enough for this class of work and 
hence a micro-barograph must be used instead. 

Aneroid Observations in the Tropics. It has been found that in some 
parts of the tropics great variations in the readings of the barometer do 
not occur at any particular place, and that the main variation is one 
which occurs during the course of the day and repeats itself with great 
regularity from day to day, with slight variations from season to season. 
Readings taken at one station throughout the day tend to show maxima 
about 3 to 4 p.m. and minima about 8 to 9 a.m., but the variations from 
the mean curve are least between about 7 a.m. and 2 p.m., although 
these times may vary slightly in different localities. This fact is sometimes 
taken advantage of to introduce corrections to aneroid readings, even 
when systematic observations are not taken at regular intervals during 
the day at a central station. 
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The procedure in this case is to take half-hourly readings on each 
instrument at a fixed station for several successive days, the time of each 
reading being carefully noted. Each day’s readings for one instrument 
are plotted against time on a single piece of squared paper and curves are 
drawn through each set of readings. A mean curve is then drawn to 
represent the average of all the curves, and this mean curve is used as a 
basis for drawing up a table of corrections to be applied to readings at 
any times of the day to reduce them to the equivalent readings at a 
certain time chosen as standard. In the field, therefore, the work consists 
of observing the time at which a particular reading is taken and applying 
the correction necessary to reduce it to the equivalent height at the 
standard time. 

Correction curves should be obtained at fairly frequent intervals in 
case there should be any very appreciable change in the form of the 
diurnal wave. Time will be saved if each surveyor of a group is supplied 
with several aneroids, so that some can be used in the field while others 
are sent to have their individual waves determined at a central camp. 
Alternatively, a battery of several aneroids may be kept at the central 
camp and corrections, based on the readings of all the aneroids in the 
battery, sent out for field use. 

This system is only used when a good framework of control heights, 
established by spirit levelling, already exists, and each line of aneroid 
heights begins and ends on a bench mark established by spirit levelling. 
Such lines are not generally allowed to exceed 15 miles in length, and 
the closing error on the end bench mark is distributed between the 
intermediate readings proportionately to the distance from the initial 
bench mark. The method is used extensively in West Africa, where it 
forms the basis of the detail levelling for contouring for the standard 
official maps on the 1/62,500 and 1/125,000 scales with contours at 
50-ft. or 100-ft. vertical intervals. It is only applicable in countries 
where the diurnal pressure wave is known to be regular and steady. 

It is obvious that this method demands a reasonably accurate know- 
ledge of time. If an ordinary wireless set is not available, or for some 
reason cannot be used, local time can be obtained very simply by observing 
the sun, either with an Abney level or with a simple clinometer, when it 
is at a standard elevation — say 15° — above the horizon. For this purpose, 
a table giving these times to the nearest minute at half monthly intervals 
can easily be computed for any particular latitude and longitude. Exact 
times are not needed, as errors of several minutes in the time will make no 
practical difference to reduced heights, and, once computed, a table of 
the kind described will be valid for several decades. The formulae for 
computing it are : — 

tan 2 - = sin (± ~ rl sin ~ A ) 

2 sin s sin (s — z) 3 
where t = sun’s hour angle in angular measure, 

p = sun’s polar distance = 90° — sun’s declination, 
z = sun’s zenith distance = 90° — sun’s altitude, 

A = co-latitude of place — 90° — latitude 
S ^p + £ + A). 
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Then, mean time of observation when sun’s zenith distance is z = 12* ± t 
(converted into time) ± equation of time. If the sun is observed at an 
altitude of 15°, z may be taken as 75° 03J', as the refraction for an altitude 
of 15° is about 3£'. 

For a change in latitude of d<j>, the. corresponding change in t, in time, is 
given by . * ^ cosec A cot A /15 

in which A , the sun’s azimuth, is computed from 

tan 2 - » sin (g — z) sin (s ~~ A) 

2 sin . s . sin (s — jp) 

An auxiliary table, giving di in minutes of time for dcj> = 1° or 60', can 
easily be computed for the middle day of each month, and this table used to 
obtain the correction for a small difference (up to 2° or 3°) from the latitude 
for which the main table has been calculated. 

Reduction of Observations. From the nature of the case, a simple 
formula for difference of elevation is not available. The surveyor uses 
tabular values prepared from one or other of the various formulae which 
have been proposed. 

Theoretical investigation of the subject was first made by Laplace, 
who showed that 


Difference of elevation == C (log H t — log H') x a X b X c . . (1) 

where H x , H f = barometer readings in inches at lower and upper stations 
respectively, both reduced to 32° F., 

= a constant, variously estimated as 60,159 to 60,384 for ft. units, 
a factor allowing for the mean temperature of the air column and 

U + t' — 64* 

average ’ ' l 


G 
a ■ 


an 


amount of moisture = ^1 + ~ 
in degrees Fahr. 


at 


900 

lower 


0 : 


where 
and upper 


i v f = air temperatures 
stations respectively, 
b = a factor allowing for the variation of gravity with latitude 
= (1 + *0026 cos 2<£), where <f> === mid-latitude of the stations, 
c = a factor allowing for the diminution of gravity with altitude 
z=x ^ l + X + 52,252 + 2h^ 

as obtained without this factor, h t = elevation of lower station, 
and B = radius of earth in ft. ~ 20-89 X 10 6 . 

The reduction of barometric readings to the temperature 32° F. requires 
a knowledge of the temperature, T, of the instrument as given by the 
attached thermometer. The reduction formula is 


where X = difference of elevation 


Reading reduced to 32° F. = Actual Reading (1 — oc(T — 32) ), . . (2) 

where a = differential coefficient of expansion of mercury and the metal 
(brass) of the scale = say -00009. 

Readings of compensated aneroids are not subject to this reduction, and 
the term 52,252 in the c factor is omitted in their case. 

The Laplace formula has been tabulated in various ways. Loomis’ 
Tables are frequently used, and are published in the Indian Survey 
Auxiliary Tables, the Smithsonian Miscellaneous Collections, Hints to 
Travellers, etc. 


412 


PLANE AND GEODETIC SURVEYING 


Several modifications of the formula have been made. That by Baily is 
Difference of elevation in ft. == 60,346 (log H t — log H') X d X a x b. . (3) 


where H v H' — unreduced barometer readings at lower and upper 
stations respectively, 

d = temperature correction to barometer == o o l"(' y" ~ ~T f y w ^ ere 

T l9 T’ = readings of the attached thermometers at lower and upper 


stations respectively, 


a = as before, 


b = latitude factor = (I + “002695 cos 2 <f>), where <f> = mid-latitude. 


Daily’s Tables are given in the Indian Auxiliary Tables, the Smithsonian 
Collection, Close and Winterbotham’s Text Booh of Topographical and 
Geographical Surveying , etc. 

The formula now adopted as a standard for international use takes 
into account the actual humidity of the air at the times of observation, 
and although not so convenient as those given above, may be employed 
for the most precise work. With heights in feet, pressures in inches of 
mercury and temperatures in degrees Fahrenheit, it is : — 

Difference of elevation in feet = 


60370 (log E x - log H') x ( 1 + 0*00264 cos 2 <f> + 


hi -j~ h * 


(1 + 0*002036(^ 


where H m is the mean barometric pressure in inches, t m the mean tempera- 
ture at the two stations and P is the mean water vapour pressure. 

F is calculated from : — 


P = p w - 0-00045J? m fe - Q, (5) 

where t d and t w are readings on the dry and wet bulbs of the hygrometer, 
in degrees Fahrenheit, and. P W} the saturation pressure of water vapour, 
must be taken from tables such as those given in Hints to Travellers , 
Vol. II. 

For logarithmic work this formula takes the form : — 

log (A 1 - h x ) = 4-780 82 + 0-00264 M cos 2<f> + - Jh-tF) 

Jtt 

+ Mr +log( 1 + 0 ' 002036 (< “" 32 ))+log L Iog &J • • (5) 

where M is the modulus of th common logarithms (log M = 1-637 78). 

The classical Laplace formula for difference of barometric pressure with difference 
of height is easily derived as follows : the change of weight per unit area the 
change of pressure) dp for a change of elevation dh is given by dp = — gpdh, where p 
is the density of air at pressure p and absolute temperature T and g is the acceleration 
due to gravity. But, by the Boyle-Gay-Lussac law for a perfect gas, p . v = Q . T., 
where Q is the gas constant, v being the volume of the gas. Let v 81 p 8 and p * be the 
volume; density and pressure of the gas at a standard absolute temperature T 6 . Then 

pv _ p 8 v 8 
T T s * 

- L 

- p ’ T * 
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For the same mass of gas, vp =. v s p s , 
p = 


__ 

£ 


V ~~ 

p s ' 

ps T * 

- gp 

Ps ' 

'Ps' 


P* 

T 

dp 

•£> 

‘ T* 

* ~P ' 


dp 


Assuming the same absolute temperature T for both upper and lower stations, 
and integrating between the limits h x and h 1 and p x and p 1 , we get 

/(,! - A, = . l[Iog p l - Iogp 1 ]. 

■' ■ yp 1 » 

Putting p 1 = Jc ,H 1 and p l = k . H 1 and 

- = ~ (X + 0-002695 cos 2<j>)(l + r _- + - 52 ’| 52 .. t. 2A V , 

9 9o \ dl J 

where g 0 is the value of gravity at the equator, we have 

p« T n™ V . jog H 1 ) (1 + 0-002695 cos 2£)(l + X + 52 -^ 52 + 2fe i^ 


h 1 - h. 


(logH, 


ffop/T s '-°~^ " c " r, V ' A 

If and are taken to be the pressure and density of unit volume of air at the 

freezing point of water, then is a constant which we can put equal to C. If we 

9<>p$ 

also take T as the means of the absolute temperatures at the two stations, and T s 
as the absolute temperature of the freezing point of water, we have T = — 32° 

4- T# + t l — 32° + T. s .) = T 8 -f -f t l — 64°). Hence the expression becomes: — 

h 1 - A, = MC(log H l - log H‘) x (1 + 0 002695 cos U) X (l + - 1 64 ^ 


X 


( 1 + 


X + 52,252 + Iv t 
A 


) 


in which the modulus M of the common logarithms has been introduced to reduce 
Naperian to common logarithms. 

But freezing point on the absolute scale corresponds to 491 Fahrenheit degrees, 
so that 2T S = 982°. In order, however, to allow for average humidity, the figure 
900 has been taken instead of 982 in the formula for a in (1) above. 

Lapse-rate Formulae for Aneroid Height Scales. The formula given 
above is derived on the assumption that the temperature of the air 
column is uniform at all heights. This, however, is contrary to normal 
experience as it is known that, up to a certain limiting height, the tempera- 
ture of the air decreases with increase in elevation. The fall in temperature 
does not obey an absolutely linear law but normally it does not depart 
greatly from one. The whole question of the variation of barometric 
pressure with elevation, with which is connected the altitude scale on 
aneroids, has assumed new importance in recent years owing to the 
needs of aviation, and this has led to a certain amount of research work 
on the subject. Accordingly, in 1930, an inter-departmental committee, 
consisting of representatives from the Admiralty, War Office, Air Ministry 
and the National Physical Laboratory, to which representatives of 
instrument makers were added later, was formed to investigate the ques- 
tion of the most suitable formula on which to base the height scale for 
aneroids. This Committee has now recommended certain formulae and 
has calculated tables * which make allowance for the variation of tempera- 

* “Aneroid Tables Based on a Standard Atmosphere and a Standard Lapse- 
Rate.” H.M.S.O., London, 1935. 
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ture with height. Both formulae and tables are based on the assumption 
of a constant “ lapse-rate ” — that is, the rate of decrease of temperature 
per unit difference of height — amounting to 3*566° E. or 1*981° C. per 
1,000 ft. 

For a dry-air lapse-rate h it can be shown that, with an absolute tem- 
perature T e at sea level and T e — kh at height h above sea level, 



where p e is the atmospheric pressure at sea level, p is the corresponding 
pressure at height h above sea level, p e is the density of the air at sea level 
and g is the acceleration of gravity. 

If p s and p 8 are the pressure and density of the air at some other 
temperature T„ which is chosen as a standard temperature at sea level, 
we have from the laws relating to a perfect gas 

Pe T e _ pJT a __ 1 

!Pe !Ps 

where c is a constant for the gas. Accordingly, we can write 



where p e and T e can be chosen at convenience. 

Assuming that g = 980*62 c.g.s. units (the accepted value at latitude 
45°), that at mean sea level the temperature is 15° C. or 59° E. and the 
barometric height, reduced to 0° C, is 760 mm. of mercury, that in these 
conditions 1 cm. of air weighs 1*2257 kilogrammes, and that the lapse-rate 
is 1*981° C. per 1,000 ft., this gives : — 

r. = [(288 - 0-001987i)/288] 5 256 
Pe 

where p, and p are in inches and h is in feet. 

This formula, which is based on one due to L. Touissant, is the one 
recommended by the Committee as a basis for the graduation of aneroid 
barometers and the figures in the second column of the following table 
have been computed from it on the assumption that p e = 29-921 inches 
and T e = 59° F. 


Height. 

Feet above Mean 
Sea Level. 

Pressure. 

Inches of mercury 
at 32° F. with g « 
980-62 dynes. 

- 1,000 

31-018 

0 

29-921 

+ 1,000 

28-856 

+ 2,000 

27-821 

+ 3,000 

26-817 

+ 4,000 

25-842 

+ 5,000 

24-896 

+ 10,000 

20-528 


Diff. 


- 1-097 

- 1-065 

- 1-035 

- 1-004 

- 0-975 

- 0-946 

- 4-368 


Temperature. 

Fahrenheit. 


62°-6 
59 -0 
55 -4 
51 -9 
48 -3 
44 -7 
41 -2 
23 -3 
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Temperature correction may be obtained from 
h c — h = 0*001929A(£ - y 

in which h c is the corrected height, h the height at standard temperature, 
both in feet, t the observed temperature in degrees Fahrenheit and t u the 
standard temperature in degrees Fahrenheit for height h — that is, the 
temperature given in the last column against height h or computed from 
t u = ( 59 ° - 0-003 566 . h). 

In the tables published by the Committee, the correction for tempera- 
ture is combined with one for humidity and it is advisable to use the 
tables when it is desired to apply these corrections, especially as the 
humidity correction is not one that can be computed very easily. The 
explanation at the beginning of the tables gives the procedure to be 
followed when selecting a scale to be adopted for an aneroid that is to be 
used throughout at an average temperature differing greatly from the 
standard temperature of 15° C. or 59° F. 

The corrections for variation of gravity with height and latitude are 
both small, and, if required, can be computed in the ordinary way, but 
it is much easier to take them from the official tables where they are 
combined together in Table A. 

The formula given above for the relation between the pressures at sea level and 
at height h above it may easily be derived in a manner similar to that used in 
deriving the Laplace formula. Taking T e as the absolute temperature at sea level, 
the temperature at height h above sea level will be T e — h . h. Hence, if p e , p e and 
v e are the pressure, density and volume of the gas at sea level, we have as before : — 

PV _ p e V e ; 

T e — k .h~~ nv 

and this leads to 



Integrating, we get 

log p = ~-T e log (T e — kb) 4- constant. 

. , ■ ■ . kpe 

But p — p e when h = 0, and p = p when h — h. Hence, 



As regards the temperature correction, let p 7 be the observed pressure. Corre- 
sponding to this pressure, the height in the standard atmosphere (that is the height 
registered on the aneroid or given in the table) will be h and the pressure at sea level 
in this atmosphere will be p m> the temperature there being the standard temperature 
T m , Assuming the same sea level pressure at the time of observation but a new 
sea level temperature T e * the observed temperature at height h c will be (T e — k . h c ). 

* The assumption that the pressure at mean sea level is the same at the time of 
observation as it is in the standard atmosphere leads to the omission of a term which, 
for absolute determinations at a single station, may not be negligible, but which is 
eliminated when the difference of height between two stations is being determined. 
Assuming that there is no change of pressure at sea level between the observations 

at the two stations, the value of this term is - . T . where Bp = (p e — p 8e ). 

See paper by G. T. McCaw on ** New Aneroid Tables ” in the Empire Survey Review^ 
Vol. III, No. 16, 1936. . V ; V : V- - -W /v 
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Accordingly, wo may write 



(T se -hh\$. / 

f T e - hh 

v A i~ 

- ike 

Vm 

\ T m r~ \ 

< T e , 

r 


which reduces to 

-*■ se 

Also, assuming that T e — T Ae is the same as £ — t u , and, as T ss = 518°, this gives : — • 
h c - h « *» 0*001929/i(£ - * tt ). 


Sources of Error, These may be classed as : 

(1) Errors due to Natural Causes ; 

(2) Instrumental Errors ; 

(3) Errors of Observation ; 

(4) Errors of Reduction. 

(1) Errors due to atmospheric conditions are the most important. 
The most difficult of elimination are those arising from the existence of 
permanent gradient and the impossibility of accurately estimating the 
temperature and humidity of the air column. Observations must, of 
course, be suspended during storms, and should not be made in situations 
where wind eddies will cause abnormal readings, as may occur on the 
leeward side of obstructions. 

(2) Instrumental errors are of minor importance in the case of a good 
mercurial barometer if the necessary precautions are taken in using and 
transporting it. The instrument with its attached thermometer must 
have been compared with a standard, and a table of corrections obtained. 

The aneroid, on the other hand, cannot be regarded as a precise instru- 
ment. Accurate graduation is a matter of considerable difficulty, and 
the readings should be compared under various temperatures with those 
of a standardised mercurial instrument, and the corrections noted. These 
corrections do not, however, remain constant with the lapse of time. 
The variations arise from changing elasticity of the vacuum box and the 
mainspring, wear, and temperature effects (in <c compensated ” as well as 
uncompensated instruments). Refined reading is impracticable. The 
fineness of reading possible depends upon the range of the instrument, 
as the graduation is, of course, more open in an instrument designed for 
reading elevations from 0 to 1000 ft. than in one ranging from 0 to 
10,000 ft. For work covering large variations in altitude, aneroids of 
different ranges are carried, e.g. 0 to 5,000 ft., 4,000 to 10,000 ft., etc., 
overlaps being necessary since the . indications are uncertain towards the 
extremes of the scale. 

(3) In observing, precautions are necessary to avoid anomalous indica- 
tions arising from unrepresentative temperature conditions and sluggish- 
ness or drag in the instrument. Barometers should therefore be carefully 
shielded from the rays of the sun. The existence of drag is evident after 
a sudden change of elevation, as the instrument does not respond imme- 
diately. After ascending or descending a steep slope, a stoppage should 
be made for a few minutes, and the barometer then gently tapped and 
read. 

Errors of parallax in reading the instruments are always present. In 
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the mercurial instrument they occur in inaccuracy of contact between 
the gauge peg and the surface of the mercury, in setting the vernier index, 
and in reading the thermometer. Parallax error in reading the aneroid is 
considerably greater, and depends upon the distance between the pointer 
and the dial. Errors of reading are reduced to negligible limits by repeti- 
tion of observations. 

(4) The formulae by which differences of barometer readings are reduced 
to differences of elevation are not of an exact nature, but it may be taken 
that errors thus introduced are negligible in comparison with those due 
to the foregoing causes. 

Limits of Error. Looking to the uncertainties inherent in barometric 
levelling as performed in taking topography, it is very difficult to set a 
value on the degree of accuracy which may be expected. Some remarkably 
close agreements with the results of spirit levelling have been obtained 
by prolonged observations with mercurial barometers, but such methods 
are usually impracticable in ordinary topographical surveying. The 
errors arising from the use of an aneroid are, of course, greater than those 
arising from the use of mercurial barometers, and, with a single aneroid 
in the field controlled by simultaneous observations at the 
base station, the error of any single observation may be 
anywhere between 10 and 100 ft., but this error may be 
reduced to from 5 to 20 ft. if batteries of not less than 3 
aneroids are used at a time and atmospheric conditions are 
relatively stable. In some parts of the tropics, duplicate 
runs, or even single runs over lines already levelled by 
spirit levelling, with corrections applied from the diurnal 
wave, have shown comparatively small discrepancies of from 
2 to 20 ft., but it is known that single errors much larger 
than this will sometimes occur. Adjustment between fixed 
points of known height will, of course, do something to 
reduce error taken on the whole but it will not appreciably 
reduce errors of large amount. 

Errors in levelling will, in general, tend to be greatest 
at high altitudes and at latitudes near the poles and 
equator. 

The Boiling-point Thermometer. Eig. 141 illustrates the 
usual portable form of boiling-point thermometer or hypso- 
meter. Sensitiveness is an essential requirement in the 
thermometer, which is graduated from about 180° to 215° 

F. and divided to 0*2°. The thermometer is held by the 
rubber washer 4, so that the bulb is immersed in the steam 
in the boiler, and the stem is subjected to a current of 
steam in the telescopic jacket 3. 

In using the instrument, the boiler is about one-third 
filled with rain-water. The thermometer is introduced 
through the tube leading from the boiler, and is adjusted 
so that the bulb is just clear of the water. The spirit lamp 
is lit, and the thermometer is read when the mercury 
becomes stationary. When not in use, the thermometer is 
carried in a brass tube with a rubber lining. 

P, & Q. 8. 
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Observations and, Reduction. The general procedure in observing is 
the same as that with the barometer. Simultaneous observations give 
the best results, but are often impracticable. In the method of single 
observations, if the surveyor is remote from the reference station, he must 
rely upon estimated values for the atmospheric pressure there at the times 
of his various observations. Mean pressures at different seasons are given 
in published charts. 

Before reducing, the thermometer readings are corrected for index 
error, which should be ascertained periodically. Difference of elevation 
may be obtained from barometric tables if the barometer readings equiva- 
lent to the boiling-points are computed. Several tables of elevations 
corresponding to boiling-points are, however, available. Examples will 
be found in Hints to Travellers and Close and Winterbotham’s Text Booh 
of Topographical and Geographical Surveying . 

In the absence of a table, the following empirical formula may be 
used : 

E = t (521 + -75 t) X a, 

where E = elevation in ft. above that at which water boils at 212°, 
t = degrees Fahr. of boiling-point below 212°, 
a = air temperature factor of the barometric formulae. 

Only rough results are possible since the thermometer can be read 
only to the nearest *01 in., which corresponds to over 50 ft. of elevation. 

THE SURVEY OF DETAIL 

With the exception of photographic surveying, the methods for the 
survey of detail tabulated on page 395 have already been dealt with in 
this volume and in Vol. I, Chap. Ill, IV, VI, VII, VIII and XI. Features 
of the work special to small scale mapping are given below, but the 
subjects of theodolite traverse and tacheometry are not treated further. 
Although excellent for close contouring, tacheometry, on other than the 
subtense bar system, is of minor utility for rapid work on small scales. 

Plane Tabling. In view of the great importance of plotting detail in 
the field, plane tabling is the most extensively used method for the survey 
of topography. It is particularly useful in open ground, but for surveying 
through tracts of bush the plane table is employed only to a limited 
extent in small scale mapping, and compass traversing is preferred. The 
methods of plane table surveying have been treated in Vol. I, Chap. VII, 
and it remains to outline here the routine followed in the mapping of 
detail on topographical and geographical scales. 

Field Sheets. The sheets on which the field mapping is performed are 
called field sheets. The scale adopted is commonly that on which the final 
map is to be made, but if it is intended to reproduce the survey on 
more than one scale, the largest must be used for plotting the field sheets. 
In country favourable for plane tabling the field sheets are completed on 
the plane tables. If, however, the survey includes compass traversing in 
parts, such work is usually better plotted on a larger scale in the first 
instance. These subsidiary surveys are laid down on auxiliary sheets, 
and are subsequently reduced and incorporated in the field sheets in 
camp. 
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Each field sheet is to contain a definite part of the survey, bounded 
by meridians and parallels, and commonly embraces a quarter of the 
area included in the final map sheets. A degree of latitude and of longitude 
can be taken on the 1/250,000 scale, and proportionately less on larger 
scales. This leaves sufficient margin on a medium-sized board. 

Preparation of Field Sheets. Before proceeding to take topography, 
the surveyor must prepare his sheet, after it has been properly seasoned, 
by drawing the graticule and plotting the positions of the trigonometrical 
points by which his mapping will be controlled. The graticule, or network 
of meridians and parallels, for the area embraced by the field sheet is 
constructed as described on page 453. The graticule interval must be a 
simple fraction of a degree, the smaller the greater the scale. It is generally 
made 15' for mapping on geographical or topographical scales, and may 
be subdivided to 5'. The graticule must extend beyond the limits of the 
area to be surveyed to give a surrounding margin of sufficient breadth 
to contain trigonometrical points which, although outside the section, 
will be used to control detail near the edge. 

As soon as the graticule is inked in, the positions of triangulation and 
traverse stations and of intersected points are plotted thereon as described 
on page 455. In addition to checking the plotting by scaling between 
the points, their plotted positions are verified in the field. The table is set 
up at one of them which occupies a commanding position, and is oriented 
by the ray to any other. The plotting of all stations within view is then 
checked by sighting them successively. 

Field Work. Plane table stations are almost exclusively located by 
resection from trigonometrical points. The stations are situated as far 
as possible on elevated ground, but occasional fixings are required on 
the lower ground for the survey of detail which cannot be obtained from 
the hill stations. It is economical to work from high ground to low. The 
distance between plane table stations naturally depends upon the openness 
of the country, and is likely to be greater with an experienced than with 
an inexperienced topographer. On the easiest ground four or five fixings 
per square mile are recognised as sufficient for work on the 1/62,500 
scale. Eor smaller scales the number of points occupied may be con- 
siderably reduced. 

Detail is surveyed by sketching between a few intersected points. 
Elevations are taken by vertical angles with the telescopic alidade or 
the Indian clinometer (Vol. I, page 351), by aneroid, or by a combination 
of vertical angles and aneroid readings. The elevations of plane table 
stations are obtained by observing the vertical angles and scaling /fche 
distances to two trigonometrical stations, one result serving to check the 
other. The elevations of intersected points are obtained from those 
of the plane table stations b}^ similar measurements, and the contours 
or form lines are then sketched in by estimation. Barometric levelling 
is a valuable adjunct for determining spot heights around a station or on 
the route between stations. As the scale decreases, fewer points are 
fixed for the control of sketching : the requirements of geographical 
mapping are met by sketching topography entirely from the plane table 
positions and elevations. 

The art of sketching topographic form is one which demands consider- 
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able judgment. The inexperienced surveyor usually errs by including 
unimportant detail too small to show clearly upon the finished map. The 
topographer should possess a sound knowledge of land forms in order 
that he may select for representation the significant features which express 
the character of the region. The ability to sketch these with the desired 
accuracy is acquired by experience. The natural tendency to exaggerate 
the roughness of difficult country and the smoothness of flat ground 
should be recognised and avoided. 

The area mapped in each field sheet should extend beyond the strict 
boundary of the section by the inclusion of an additional strip, about 
half a mile to a mile wide, round it. This overlap between adjoining 
sheets is necessary to ensure a good connection between them by the 
adjustment of small discrepancies. 

Compass Traversing. Recourse is had to compass traversing (VoL I, 
page 245) between theodolite stations for the survey of detail in thickly 
wooded regions. The lengths of the course are usually strictly limited 
by the nature of the country, and this adds to the other inaccuracies of 
the method. When a wide region has to be surveyed by compass, the 
area is divided up by systems of deliberate compass traverse forming a 
framework from which the bulk of the detail is surveyed by rapid traverses 
of short length. For economy, the framework itself usually comprises 
traverses of different grades of precision, and in extended work may con- 
sist of primary, secondary, and tertiary systems. 

Primary Compass Traverse. Routes for primary traverse are selected 
over ground favourable for linear measurement, and so that as long 
courses as possible may be obtained with a minimum of clearing. The 
instrument is either a circumferentor or a large size prismatic mounted 
on a tripod. Bearings are read to the nearest 5', both forward and back 
bearings being observed at each station. The steel tape is stretched 
under a constant tension, and the slopes are measured by clinometer. 
A double measurement is made as a check. The chainages at which 
roads, streams, etc. are crossed are entered in the field book, and important 
features of detail on either side are surveyed by intersection, bearing and 
distance, or rough offsets. Clinometric or aneroid heights are observed 
along the traverse. 

When there is a considerable distance between control points, primary 
traverses should be arranged to intersect each other and form closed 
figures capable of adjustment. Traverses must also fit between the control 
points on the theodolite framework. A graphical adjustment is usually 
sufficient in small scale work. 

Secondaxy and Tertiary Compass Traverse. Secondary traverses are 
run between stations of the main framework or of the primary compass 
traverses. Because of the smaller distance between checks, rougher 
work is allowable, and greater speed is attained. A 4-in. prismatic 
compass on a tripod or staff is suitable, and forward and back bearings are 
read to the nearest 10' or 15'. Ordinary steel taping is sufficient, the tape 
being held horizontally or the inclinations measured. Distances should 
be checked for mistakes by pacing. 

In tertiary traverse the forward and back bearings need only be read 
to the nearest degree with the prismatic held in the hand. Steel taping is 
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commonly employed, but the use of a light steel wire rope 200 ft. oi 
300 ft. long is sometimes preferred on account of its superior strength. A 
chain is objectionable in dense undergrowth. 

It is usually sufficient to plot secondary and tertiary traverses by 
protractor and to make a graphical adjustment between control points. 

Rope and Sound Traverse. This method of rough traversing is much 
used in certain heavily forested parts of the tropics for supplying relatively 
unimportant detail, such as semi-permanent forest paths, minor streams 
and the positions of spot heights. Distances are measured with light 
hempen ropes 310 ft. long and magnetic bearings are observed on small 
hand compasses — 2 -in. liquid compasses are generally used — to a sound 
made by whistle or shouting at a point three rope lengths ahead. The 
extra 10-ft. length on the rope is supposed to make allowance for average 
twist of path so that each rope length counts as 300 ft. 

It has been found by experience that a fairly experienced observer can 
estimate the direction of the sound signal to within about 2° or 3°. In 
systematic mapping on the 1/62,500 scale, rope and sound traverses are 
usually not allowed to exceed about 6 to 8 miles in length, and they 
begin and end on points established by a more accurate order of survey 
except when several traverses, which all begin at fixed points, end at a 
common central point. Aneroid readings are commonly taken at the 
same time as the bearing is read — that is, at the end of every third rope 
length — but, if the ground is very broken, or any sharp breaks in slope 
occur, intermediate readings may be taken. 

Traverses of this kind are plotted on the auxiliary sheets in the field 
as the work progresses. The aneroid readings are also corrected for 
the diurnal wave and the form lines sketched in at the same time. 

Measurement of Distance with Range Finder. The ordinary range 
finder, such as is used for military purposes, enables the lengths of lines of 
medium length to be measured with sufficient accuracy for much topo- 
graphical work, and is specially useful when a compass or minor theodolite 
traverse is being carried along a wide river, or in other similar cases 



where distances have to be measured over gaps that are inaccessible for 
ordinary chaining and are too long for observation by tacheometer. 

The principle of the range finder is very simple and is illustrated in 
Pig. 142. Here A and B are two mirrors which, in an instrument intended 
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for surveying, are set at the ends of a base about I metre long. Mirror B 
is movable but A is fixed at an angle of 45° with the base AB. Rays 
falling on A and B pass through the objectives L and M and are reflected 
by the prisms at D into the eyepiece E. When a relatively near object 
is sighted, two separated images are seen in the eyepiece, but these can 
be brought into coincidence by rotating the mirror B. The amount of 
rotation required to bring the two images into coincidence is a function 
of the distance of the object, and this distance can be read directly on a 
suitably graduated scale. What the instrument does, in fact, is to solve 
the triangle ABC, Eig. 141 (6), for the side AC, the base AB being the 
distance between the centres of the mirrors and the angle ACB twice the 
angle through which the mirror at B is rotated. 

The accuracy of the range finder falls off very quickly as the distance 
is increased ; in fact, the theoretical error varies as the square of the 
distance. Thus, R.L1. Brown gives the following figures for the approxi- 
mate uncertainty of observations under favourable conditions with 
instruments having bases 80 cm. and 1 m. long respectively : * 


Distance. 

Yards. 

Uncertainty of Observation. 

SO cm. Base. 

1 m. Base. 


Yards. 

Yards. 

500 

1-2 = 1/416 

1-0 = 1/500 

1,000 

4-7 = 1/213 

3-8 = 1/263 

2,000 

19 = 1/105 

15 = 1/133 

4,000 

76 = 1/53 

61 = 1/66 

8,000 ' 

. . . . . 

244 = 1/33 


The chief disadvantages of the range finder are its weight and expense. 

Route Traverse. Under this heading may be classed all methods of 
traverse of lower grade than tertiary. They are extensively used in 
reconnaissance and exploratory surveys, when speed is of greater 
importance than precision. Such work is sometimes controlled only 
by astronomical determinations, and the resulting map of the route 
followed is necessarily of inferior accuracy. On the other hand, rough 
traversing between frequent control points is a useful method of surveying 
thickly wooded belts in deliberate mapping. Detail on either side of the 
route is surveyed by intersection of compass bearings, bearing and 
distance, and by sketching. 

Bearings are observed as in tertiary traverse, but in thick bush it is 
sometimes impracticable to obtain sights of more than a few yards, 
and bearings are taken towards the sound of a whistle at the invisible 
forward station as in a rope and sound traverse. The linear measure- 
ments of the traverse legs and for the inclusion of adjacent detail are 
made by rough methods, such as by wheel, pacing, time, and sound. 

Measurement by Wheel. On level ground remarkably good results 
are obtained by running a wheel along the line and determining the 

* See “ Optical Distance Measurement,” by Major R.LL Brown, R.E., Empire 
Survey JReview, Vol. I, No. 4, April, 1932. 
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distance as the product of the number of revolutions by the circumference 
of the wheel. The reliability of the method is reduced on rough ground 
owing both to the presence of slopes and the effects of jolts. The revolu- 
tions may be counted by watching a piece of bunting attached to one of 
the spokes, or the count is performed automatically by odometer or by 
perambulator. The odometer is a device which is fixed to the wheel of a 
vehicle and exhibits on a dial the number of revolutions made or the 
distance run. The perambulator resembles the front wheel of a bicycle 
with fork and handle-bars : the wheel is usually of wood, and the tyre of 
hard brass. The recording mechanism moves a pointer over a small 
dial graduated to read to yards. 

Measurement by Pacing. The ability to maintain a constant length of 
pace is acquired by practice. For the same person the length of the pace 
increases with increase of speed, and decreases with increase of slope of 
the ground, whether going uphill or downhill. The surveyor should 
ascertain the length of his step by walking at average speed over a known 
distance on level ground. In measuring by pacing, he should keep to 
his natural step instead of trying to pace yards, but the stride should be 
lengthened on going up or down slopes as an attempt to cover a constant 
horizontal distance at each pace. It is usual to count only every second 
step, i.e. those of either the right or the left foot. 

The trouble of counting is eliminated by carrying a pedometer. 
Externally this instrument resembles a watch, and it is carried upright 
in the pocket. The jolt given at each step actuates the mechanism, and 
the distance walked is recorded on the face, which is graduated to £ mile 
and is read by estimation to T % mile. The instrument is adjustable to 
suit the length of pace of the user. In a very similar instrument, called 
the passometer, the readings represent the number of paces only, so 
that no adjustment is required for its use by different observers. 

If the surveyor is mounted, distances may be obtained by counting 
the paces of the animal, but the accuracy is rather less than that of 
human pacing because of the effect of slopes and varying speed. The 
value of a pace should be ascertained by riding a measured distance both 
at a walking gait and a trot, the number of strides of one of the forelegs 
being counted. A pedometer may be carried and calibrated in this 
manner for use on horseback. 

Measurement by Time. In this method distances are estimated from 
the time taken in travelling. Note is made of the times at which the 
beginning and end of each traverse course is reached as well as of the 
estimated rate of march between. The method is useful for work on 
horseback, since the speed of a particular animal is fairly constant when 
either walking or trotting. It is frequently applied in running traverse 
on rivers. Experienced oarsmen can maintain a nearly uniform stroke, 
and the speed of the boat can be determined over a known distance when 
rowing with and against the stream. If the traverse is made with the 
boat drifting downstream, the speed of the current should be ascertained 
at intervals by timing the boat over a measured distance. When a power 
launch is used, its speed should be measured for various rates of running 
the engine. 

Measurement by Sound. This consists in firing a gun at one end of 
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the line and noting at the other end the time which elapses between 
seeing the discharge and hearing the report. Two or three repetitions 
are made, and the results are averaged. It may be taken that sound 
travels at the rate of 1,090 ft. per second in still air at a temperature of 
32° F. and that the speed increases by 1*1 ft. per second for every degree 
rise in temperature. The accelerating or retarding effect of wind is 
eliminated by firing and observing at each end of the line, the mean result 
giving the required measurement. 

When the stations are not intervisible, two observers, A and B, take 
up positions at either end of the distance to be measured : each is provided 
with a revolver, and A has a stop-watch. A fires, and observes the time. 
Immediately on hearing the report, B fires, and A notes the time at 
which the sound reaches him. The interval between the two times 
observed by A is found to be greater than that required for sound to travel 
from A to B and back to A, chiefly on account of an inevitable delay by B 
between hearing A’s shot and replying. Huddart * finds that the subtrac- 
tive correction to the time interval is practically independent of the 
distance, and with experienced observers is fairly constant at 0-7 to 0*8 sec. 

Route Sketching. It is frequently desirable to make a scale sketch 
of the topography while running a route traverse. To facilitate sketching, 

various types of sketch board 
have been designed in the form 
of a miniature plane table with 
an attached compass, whereby 
bearings to side objects, as well 
as those of the traverse, may 
be observed. Fig. 143 shows 
the Verner Cavalry Sketch 
Board. The instrument is 
strapped to the left forearm 
for use on horseback, but can 
also be mounted on a Jacob 
staff when required. The 
board measures about 9 in. by 
Fig. 143 . Cavalry Sketch Board. ^ carries two rollers 

over which a continuous roll 
of paper is passed. Orientation is performed by reference to the small 
compass fitted on one side. The functions of an alidade are performed 
by a scale which is held in any required position by two rubber bands 
as shown . 

PHOTOGRAPHIC SURVEYING 

Photographic surveying, or phototopography, is a method of surveying 
in which the detail is plotted entirely from photographs taken at suitable 
camera stations. The method has been extensively employed throughout 
the Continent and in Canada. It is adapted for the small scale mapping 
of open mountainous regions, but, unless the photographs are taken from 
the air, it is useless in flat or wooded country. 

* “ Sketch Mapping with Special Reference to Southern Nigeria.” Min . Proc, 
rmt. C. J?., Vol. CLXIX. 
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In its general features, photographic surveying resembles plane tabling 
by intersection and resection, but, as the plotting is performed in the 
office, the accuracy obtained in the representation of topographic detail 
is necessarily inferior to that of field sketching. The principal merit of 
the system is the rapidity of the field work : the time spent in the field 
may be put at about one-third that of plane tabling. This proves a 
valuable feature under adverse climatic conditions. In mountainous 
country there may occur only brief intervals during which the peaks are 
clear of mist, and the operations at a camera station can be completed 
with much less delay than would occur with any other system. Moreover, 
the method can be used to survey very precipitous and mountainous 
country which it would, be quite impossible to survey by ordinary ground 
methods, and it is mainly for this reason, and because of the necessity 
for devising some means of dealing with surveys in the Rocky Mountains, 
that the practical development of the method is very largely due to the 
late Dr. E. Deville, who was Surveyor-General of Canada from 1885 until 
1924. The original inventor of photographic surveying, however, was 
Laussidat in France, who commenced experimenting in 1851, and in 1861 
completed a survey of a village near Versailles. 

General Principles. In plotting the map, the distances and elevations 
required must be obtained from the perspective dimensions on the 
photographs. The process— termed iconometry — is therefore the reverse 
of perspective drawing. 

In Fig. 144, O represents the optical centre of the camera lens. OP, 
its principal axis, intersects the vertical negative at P, the principal 
point of the picture, of 


which HH' is the horizon 
line and VV' the principal 
line. The image thrown 
on the plate is an in- 
verted perspective, but 
an upright perspective of 
the same dimensions can 
be imagined received on 
a glass plate parallel to 
the negative and placed, 
as shown by dotted lines, 
in front of O with its 
principal point on the 




! 



Fig. 144. 


axis of the lens and at a distance from it equal to OP. Since the lens 
is focussed for distant objects, OP equals /, the focal length of the lens. 
This perspective corresponds to the photographic print, which is therefore 
a perspective with view point O. 

A single photograph does not furnish the complete data required for 
plotting the features it includes. If, however, a second photograph of 
the same area is taken from another known station, and the orientation 
and elevation of the camera at the two stations are known, the points 
appearing in both photographs can be located both horizontally and 
vertically. Thus, in Fig. 145, let 0 and O' be the plotted positions of 
the stations, then the data regarding the orientation of the camera will 


p* 
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enable XX and YY, the picture traces, to be correctly placed on the 
plan at / in. in front of 0 and O' respectively. The abscissa P^, P^, 

P 2 a 2 , P 2 b 2 , etc. are transferred 
by dividers from the prints to 
the corresponding picture traces, 
and rays from 0 through the 
points a x , b x , etc. thus obtained 
will yield with corresponding rays 
from O' the required intersections 
A, B, etc. 

The elevations of intersected 
points can be ascertained from 
that of either camera station. 
The effects of curvature and 
refraction may be neglected, so 
$ that the horizon line on a print 
intersects points whose elevation 
Fig. us. is that of the centre of the 

camera. To obtain the elevation 
of any other point, such as A, the ordinate Aa x is measured on the print. 
By similar triangles, this represents an actual distance of 

4 “ 05 "! ' 0A ’ 

and the elevation of the distant point = the elevation of the camera 
station + the height of the camera above the ground ± 

The Surveying Camera, An ordinary camera may be utilised for 
surveying if it is fitted with spirit levels so that the photographic plate 
may be set accurately vertical. The instrument should have a ground 
glass screen through which the view embraced by each photograph may 
be examined to ensure that desired features near the sides are included. 
The lens should have a large field free from distortion. A knowledge of 
the distance from the optical centre of the lens to the sensitised surface 
of the plate is required in plotting, and it is therefore a great advantage 
to have a camera of the fixed focus type. 

The labour of plotting is much reduced, and the camera is adapted 
for survey work, if means are provided for exhibiting on the negatives 
the trace of the horizontal plane passing through the centre of the lens, 
as well as the position of the principal point, in which the optical axis 
meets the plate. Their positions may be marked by four needles or 
notches in the frame against which the plate rests, and these are photo- 
graphed upon the negative at each exposure. Two of the marks define 
the horizon line and the other two the principal line, and the intersection 
of lines drawn through them on the print or negative gives the principal 
point. Alternatively, these lines are reproduced on the negative by having 
the frame fitted with hairs which are stretched just in front of the plate. 

If the camera is provided with no other attachment, it must be used 
in conjunction with a theodolite, horizontal angles being taken to fix 
the positions of camera stations and to orient the photographs, and 
vertical angles to control elevations. To economise weight, the same 
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tripod and base plate may be used both for the theodolite and the camera, 
as in Canadian practice. In Europe the surveying camera has been 
combined with the theodolite to form the photo -theodolite. 

The Photo-Theodolite* Several combinations of theodolite and camera 
have been devised and used.*'’ The instrument designed by Mr. Bridges- 
Lee, and made by Messrs. C. F. 

Casella and Co., embodies some ^ 

interesting features, and is 
illustrated in Fig. 140. 1 

The camera is of the fixed I jj|» Upf 

focus type for 5 in. by 4 in. 1 

plates, and is' mounted on an 

axis in the same maimer as the y - 3 » i " T 

It carries a vernier by which ' s |Bg 

being 1 in the same vertical a j[ 

plane as the optical axis of " V ' 

the camera lens. y f '/’ A ' 

Inside the camera box is a S at 

vertical and a horizontal hair 1 woiy 

KK', situated in the same 1 | ' y; 

vertical and horizontal planes r Mill 

respectively as the optical 
axis. Attached to the same 

frame there is a horizontal 0 

transparent scale of angular 

distances, the graduations of Fig. 146. Bridges -Lee Photo-Theodolite. 
which serve to show to the 

nearest 5' the angular distances from the vertical line of points on the 
picture. The frame I is rigidly connected to a base plate which suppoits 
a circular magnetic compass M, the needle of which carries a vertical 
cylindrical transparent scale divided to half -degrees. 

When the photographic plate is in position and the shutter of the 
dark slide is drawn out, the internal frame can be racked back by the 
screws J until the cross-hairs just touch the plate. The scale of angular 
distances is at the same time brought close up to the plate, and both it 
and the hairs are reproduced on the negative. In addition, the action 
of racking back places the compass needle on its pivot, and brings the 
* See Fileiner, PhototopograpMc Methods mid Instruments . 


428 


PLANE AND GEODETIC SURVEYING 


compass scale sufficiently close to the surface of the plate that the gradua- 
tions in the neighbourhood of the vertical hair are also distinctly shadow- 
graphed. The reading of the compass scale at which it is intersected by 
the vertical line on the photograph represents the magnetic bearing of 
the pointing, so that the orientation of each view is automatically recorded. 
The bearing to any other point is obtained by applying to that magnetic 
bearing the angular distance of the point from the principal plane as 
shown on the scale of angles. 

Determination of Focal Length of Camera Lens, If the focal length / 

of the lens is unknown, it should 
be ascertained at the outset. The 
method given by Deville is as 
follows. 

The horizontal angle c (Fig. 
147) subtended at the camera 
station 0 by two distant points A 
and B is measured by theodolite. 

Fig. 147 . A photograph is taken to include 

these points, and their distances 
Pa and Pb from the principal line are measured on the negative. Then 



Pa - Pb 

Y = tan a, and ~ 


: tan b 9 


but a + b = c, 


Pa + Pb 

f 

whence tan c = p^ Tp j y a c I 13a d ra bic for /. 


1 


r 


Determination of Principal and Horizon Lines. The positions of these 
lines must be obtained and marked in the case of a surveying camera out 
of adjustment or in using an ordinary camera for surveying. A photo- 
graph of a suspended plumb line gives the directions of the lines. By 
including in the photograph three points subtending two known angles 
at the instrument, the position of the principal line is obtained as follows. 

In Fig. 148 let A, B, and C be known points 
in plan or points subtending two observed 
angles at the camera station 0. On the photo- 
graph draw any line perpendicular to the image 
of the plumb line, and project the images of A, B, 
and C upon it. Transfer the points a, b, and c 
so obtained to a paper straight-edge, and move 
the strip over the plot until a, b, and c simultan- 
eously fall upon their respective rays OA, OB, and 
00. The edge of the strip now coincides with the oriented picture trace, 
and a perpendicular OP upon it defines the position of P relatively to 
a, b, and c. The position of the principal line is therefore obtained, and 
OP should measure /. 

To find the position of the horizon line, the vertical angle a from the 
camera station, or the distance and relative elevation, of at least one 



Fig. 148. 
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pictured point A must be known. The ordinate h of the image of that 
point from the horizon line is computed from 

h = Oa tan a, 

and a point on the horizon line is obtained by setting off from the image 
of A the distance h parallel to the principal line. As a check, other points 
are obtained in the same way. 

Alternatively, the horizon line may be located by sweeping a horizontal 
plane through the camera station with a level and noting definite points 
cut by it. These are subsequently identified and marked on the photo- 
graph. 

Field Work. The entire control of a photographic survey may proceed 
simultaneously with the taking of the photographs, and the survey is 
then similar in principle to graphic triangulation. A photographic 
survey is, however, generally based upon a previously executed system 
of triangulation. Photographs are taken from such of the survey stations 
as are suitable for the purpose. Many other camera stations will be 
found necessary in order to obtain suitable views of the whole region, 
and these are located by subsidiary triangulation, the angles of which are 
observed either by the photo-theodolite or by a separate theodolite. It 
is frequently convenient to locate camera stations by resection or inter- 
polation from observations on three triangulation stations. 

The selection of camera stations is an important part of the field work, 
involving consideration of the requirements of the subsidiary triangulation 
as well as the location of detail. All features to be plotted must be 
photographed from at least two stations so situated that the lines joining 
them to the point give a definite intersection there. The more important 
points should appear on three or more photographs. Sites should be chosen 
with a view to the avoidance of as much dead ground as possible so as 
to do away with the necessity for unnecessary extra camera stations. 

For the orientation of the views, each should contain at least one 
point of known position, such as a triangulation station or a point whose 
direction is measured from the camera station. This is desirable even 
when the photo-theodolite is used and the orientation of the picture is 
read on the circle as well as being automatically recorded in terms of the 
magnetic bearing. As an additional check in plotting, adjacent views 
should overlap by an amount sufficient to make an easily recognised 
point appear in both. The elevation of each camera station is obtained by 
trigonometrical levelling, usually by observation of the vertical angles 
to two triangulation stations. In cases where no station appears on a 
photograph, the vertical angle to at least one conspicuous point in it 
should be observed. 

In arranging the work at the camera stations, consideration should 
be given to the time of day at which each should be occupied so that 
the sun may be favourably situated with respect to the camera and the 
view. A certain amount of shadow is useful, but areas totally in shadow 
should not be photographed, and, as a rule, the best results are obtained 
during the middle part of the day. 

In addition to keeping an angle book, the surveyor should make a 
sketch of the view embraced by each photograph. On these sketches 
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are shown the approximate positions of triangulation stations included, 
the points to which angular observations have been taken, and the 
names of peaks, rivers, roads, etc. 

Preparation of Photographs for Plotting. Needless to say, the negatives 
must be as sharp in detail and with as much contrast as can be secured. 
Rather slow isochromatic plates should be used, and the exposure made 
with a small aperture. The plotting may be performed either from the 
negatives or from prints. The direct use of negatives is the less convenient 
but more accurate method, since prints rarely correspond in size with the 
negatives. It is usual to work with enlargements of two to four times 
the linear dimensions of the originals in order to reduce errors arising in 
taking dimensions from the photographs. Great care in enlarging is 
necessary to avoid distortion, and the enlargements should be tested for 
perceptible distortion. The use of enlargements on glass has been 
recommended for the plotting of important features. 

Orientation of Picture Traces. The accuracy of the plotting depends 
upon the correct placing of the picture traces upon the plan just as a 
plane table plot is dependent upon the orientation of the table. The 
conditions that the principal point P should be at the focal distance 
from 0, the plotted position of the station, and that the picture trace 
should be perpendicular to OP, define the trace as tangent to a circle 
with centre 0 and radius /. The laying down of the picture traces is 
independent of the scale of plotting, dimensions from the photographs 
and the focal length being drawn full size. When enlargements are used, 
the enlarged focal length is laid down. 

The method of placing the picture traces on the plan depends upon the 
data available. 

(1) When the photo-theodolite is used, and the horizontal circle is 
read at each exposure, the bearing of the principal plane is known, and 
it is only necessary to set off this bearing, mark the point P at a distance/ 
from O, and draw the trace perpendicular to that of the principal plane. 
The result should, however, be checked by one of the following methods. 

(2) When the photograph includes a point of known position already 
plotted on the plan or one of known direction from the camera station, 
the orientation may be performed with respect to it. In Fig. 149, let A 

be the position of a known station, and let its distance from 
a a the principal plane on the photograph be Pa. On OA set 

\a off Oa x ==/, and from a x erect a x a 2 perpendicular to OA, 

a V"'" and such that a x a 2 = Pa. Oa 2 is evidently the trace of the 
principal plane, and, on marking off OP = /, a perpendi- 
\ cular through P represents the pictur e trace. A lternatively, 

\ the length Oa is calculated from Vf* + Pa 2 , and triangle 
No OPa is constructed upon it. 

Fig. 149 . (3) When the photograph includes two or more points of 

known position or direction, the orientation may be per- 
formed mechanically by means of a paper straight-edge on which are 
marked P, a, b, etc. The method for three or more points is given on 
page 428 and Fig. 148, the orientation being checked by the perpen- 
dicularity of the trace to OP and the length of OP. In the case of two 
known points A and B, the point P on the paper straight-edge must be 
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kept upon the circumference of an arc with centre 0 and radius /, and 
the strip adjusted until a and b simultaneously fall upon the rays OA 
and OB. 

Plotting* Before plotting detail, the prints are ~ “ 

carefully studied, and every salient point to be ? 

plotted is marked with a fine dot and numbered. — ^ 

The same points must be identified and similarly 

numbered on two or more photographs. To locate i . 

the marked points on the plan, a convenient method „ 
is to mark off their distances from the principal 1 
plane on the straight edge of a strip of paper, which 
is then fixed on the drawing with its edge along the 
appropriate picture trace. A similar strip is pre- 
pared from each photograph, and the lines through 
the station points and the points in the traces oc 

intersect at the required positions. 

The elevations of the plotted points may be Pig. i50, 

computed as on page 429 or may be determined 
graphically. Thus, in Fig. 150, to obtain the elevations of A and B 
relatively to that of the camera, their ordinates k ± and h 2 from the 
horizon line are taken from the 


Fig. 150, 


■Pa#** 


the plan as perpendiculars to Oa and Ob respectively. The angles a 
j8 subtended at 0 are the true vertical angles to the points, and the inter- 
cepts H x and ff 2 perpendicular to the rays from the plotted positions 
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Fig. 1 52 . Photograph 1 b. 
Fig. 153 . Photograph 6 c. 


of A and B represent to the scale of the map the required differences of 
elevation. The results should be checked by the same construction with 
reference to the other stations from which the points are intersected. 
Contours are plotted by interpolation between located points, the 
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elevation of which have been determined as above. The sketching is 
facilitated by the circumstance that the horizon line passes though all 
points on the photograph having the same elevation as the camera. 
For contouring it is therefore useful to have several photographs of the 
same area from different elevations. It is to be observed that a line 
drawn parallel to the horizon line does not mark a contour, nor do 
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points intersected by such a line have a uniform angle of elevation or 
depression from the camera. 

Pigs. 151, 152 and 153 show part of a trial photographic survey, and 
illustrate the foregoing principles. 

Stereo-photographic Surveying. This comparatively recent develop- 
ment of photographic surveying enables the office work to be overtaken 
in considerably less time than is possible with the older systems. The 
method consists in taking photographs in pairs after the manner of ordi- 
nary stereoscopic photography. The two exposures are made with the 
plates in the same vertical plane, but not necessarily at the same elevation. 
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The stereoscopic base line, or horizontal distance between the parallel 
principal planes, usually lies between 100 and 400 ft., the necessary length 
being proportional to the square of the distance to the points being 
located and the accuracy required and inversely proportional to the 
focal length. The base is measured tacheometrically or by taping. The 
photographs forming a pair when viewed through a special stereoscope 
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Pig. 155 . Zeiss Photo -Theodolite — Diagrammatic Section. 

show very bold relief because of the much greater distance between the 
camera stations than between the human eyes. The plotting is performed 
with the aid of such a stereoscope. 

Field Work, The instrument specially designed for stereo-photographic 
survey is the Zeiss photo-theodolite (Figs. 154 and 155). The method 
of locating camera stations by triangulation or resection is similar to that 
employed in the older systems. The difference in the field work arises in 
the photographing of every point twice from parallel instead of inter- 
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secting, orientations. When the camera has been set to include any 
required view at a camera station, the stereoscopic base is set off at right 
angles to the principal plane by means of a transverse telescope attached 
to the camera. The exposure is 
made, the base measured, and 
the camera transferred to the 
other end of the base and set 
parallel to its previous position 
by a backsight through the 
telescope to the point first 
occupied. 

Plotting* The principle under- 
lying the method of plotting is 
illustrated in Fig. 156. The 
points O l5 0 2 represent the 
optical centre of the lens, and 
Pi* P2> the principal point on 
the negative when the camera 
is at either end of the stereo- 
scopic base of length B. A point 
A is represented on the negatives P 2 a 2 at a* and a 2 respectively. 

Let AC = D be the perpendicular distance of A from the stereoscopic 
base. 

D f , D 



C0 2 + B 
D 

.. B 

or D ■ 


Pi»!, and C0 2 


P 2 a 2 


/ 


P i&i p2^2 

Bf 


Pi a i 


P 2 a 2 


The quantity (Piai — ■ P 2 a 2 ) is called the parallax of the point A. If 
A is a point of known position, the above expression can evidently first 
be used for the evaluation of B , and from the value so obtained those of D 
for unknown points can be derived. To fix the position of A in plan, its 
direction relatively to that of the principal plane is required, and is 

tan _1 ~~ or <j> = tan -1 ^~ 

/ / 


given by 6 


The elevation of A relatively 


to that of either camera station is obtainable from the length Ti of its 
ordinate from the horizon line on the photograph, and has the value ~j~. 

The practical value of the stereo-photographic method has been 
enhanced by virtue of the means designed for rapidly obtaining the data 
from the photographs. This is accomplished by a stereo-comparator 
(Fig. 157) which was first suggested in 1902 by Fourcade and was described 
and constructed later in the same year by Pulfrich of the German firm of 
Zeiss. This instrument consists of a special form of stereoscope in which 
magnified images of the two photographs are simultaneously examined. 
Roth eyepieces are fitted with exactly similar indices, which can be made 
to combine stereoscopically with the point to be plotted by adjusting 
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the distance between the two views. Stereoscopic combination occurs 
when the index appears to be as distant as the point, and the parallax 
is then given on a scale. The movements necessary to bring . the point 
and the index together are also recorded on two scales, which are read 
for vertical angle and azimuth respectively. The plotting then proceeds 
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Fig. 157. 

in the ordinary manner, always with reference to the left-hand camera 
station, orientation being effected with reference to one or more known 
points. 

Plotting may be performed much more rapidly by mechanical means. 
The stereoautograph, ^ invented by von Orel of Vienna, has proved 
very successful. It makes the plotting almost entirely automatic, and 

* See Engineering News, Vol. 69, No. 13, 1913, and The Geographical Journal , 
Vol. 38, No. 4, 1911, Vol. 41, No. 4, 1913, and Vol. 59, No. 4, 1922. 
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is capable of tracing the contour lines upon the map. A somewhat 
similar instrument, called the stereo-plotter,* was designed at the Chatham 
School of Military Engineering, and has been employed on the Survey of 
India, etc. 

Aerial Photographic Surveying. Aerial photographic surveying is a 
natural development of ordinary ground photographic surveying and was 
extensively employed during the war of 1914-18 for mapping on relatively 
large scales. Before the invention of the aeroplane, some work on the 
construction of maps from photographs taken from balloons or kites had 
already been done, notably by Laussedat in France in 1858, by Woodbury 
in England in 1893 and by Adams in the United States. As a means 
of obtaining the photographs, however, the balloon has given way 
entirely to the aeroplane, and methods of compiling maps from photo- 
graphs taken by special cameras suitably mounted on aeroplanes have 
now reached a high standard of efficiency which makes them of great 
practical importance in certain circumstances, particularly for rapid 
surveys of unmapped countries which are in a state of rapid development 
and for which maps are urgently needed if development is to take place on 
orderly and economical lines. 

One great advantage of aerial methods which deserves special mention 
is that the photographs may often serve many purposes besides those of 
ordinary mapping. Among these are assistance in the classification of 
land and soil, forestry and agricultural surveys, and use in connection 
with geological and archaeological investigations, etc. Consequently, in 
many cases where air survey would not be nearly so economical as ordinary 
ground survey from a purely topographical point of view, the other uses 
to which the photographs may be put may make air survey much the 
more economical method in the end. 

Among the engineering uses to which aerial photography has been 
applied are reconnaissance surveys for roads, railways, transmission lines, 
etc., town and country planning, land drainage, flood prevention, harbour 
works, river conservation, etc. 

Aerial photographic surveying is most suitable for small-scale work, 
particularly in fiat country, and is well adapted for the revision of existing 
maps. Its great advantage over ordinary ground surveying is the speed 
with which it can be carried out when flying and photographic conditions 
are suitable. It is, however, not to be regarded as a method which is 
complete in itself, but rather as one which fills in detail fitted to points 
that have already been established by ground methods to serve as hori- 
zontal and vertical control. 

In recent years, most, if not all, of the important aerial photographic 
surveys that have been carried out in the British Empire and the United 
States have been made by official organisations or by private companies 
formed to specialise in this class of work. The equipment needed for the 
work — including aeroplanes, cameras, interpretation and plotting 
apparatus, etc. — is, for the most part, highly elaborate and expensive, 
and hence, unless very large areas are involved, it is much cheaper and 
more satisfactory to get the survey made by an existing organisation 
than it is to attempt to do it on a purely private basis. In addition to 
* See The Geographical J oumal, Vol. 31, No 5, 1908. 
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this, the work itself — flying, photography, interpretation of photographs 
and plotting — is extremely technical and specialised and is best done by 
skilled and experienced personnel. Hence, a detailed description of the 
apparatus and methods employed would be beyond the scope of this 
book, and all that can be attempted is a brief sketch in most general 
terms. Those requiring further information will find it in Hotine’s 
Surveying from Air Photographs , in Hart's Air Photography Applied to 
Surveying , or in the various publications of the Air Survey Committee, 

Photography. In the case of the revision of existing maps, it is sufficient 
to obtain photographs covering the whole area. For new surveys, each 
part of the area should appear on at least two photographs, so that 
stereoscopic views may be obtained of the whole ground. In addition, 
the positions and heights of a certain number of points in the area must 
be fixed by ground survey methods. These points, which must be such 
that they will show clearly in the photographs, are called “ ground control 
points ” and it cannot be too strongly emphasised that, as in ordinary 
topographical surveying, unless a sufficient number of these points is 
available it will be impossible to produce an accurate map, and that the 
accuracy of the map will ultimately depend to a very large extent on the 
accuracy of the ground survey. In plotting, the most accurate results 
are obtained from vertical photographs ; that is from photographs taken 
with the axis of the camera pointing vertically down. The “ Arundel ” 
method, for instance, which has been developed by Hotine and which 
enables the plotting to be done by relatively simple apparatus, consists 
in taking vertical photographs in a series of overlapping strips with a 
60 per cent, overlap in the direction of flight between successive photo- 
graphs. Time and expense, however, are saved by the use of oblique, as 
well as by vertical photographs. The modern tendency, therefore, is to 
use multiple-lens cameras, which take one vertical, and up to six oblique 
photographs at one exposure. When taking photographs, the aeroplane 
should fly on a straight horizontal line, and keep on an even keel ; other- 
wise, some of the area will not be covered by the overlap of the photo- 
graphs, and the tilt of the camera will produce corresponding variations 
of scale in each photograph. An experienced pilot can generally avoid 
tilts greater than 2 degrees. 

Interpretation of Photographs. The interpretation of photographs 
taken from the air requires a good deal of experience, and the information 
to be obtained from them depends on a number of factors such as angle 
of photograph, type of country, height of sun at time of exposure, scale, 
development and printing, etc. Experience can only be gained by dealing 
with large numbers of photographs and by examining them in the stereo- 
scope, by comparing them with existing maps, and, -when this is possible, 
by examining them both on the ground and in the drawing office. 

The photograph is produced by light reflected from the surface of the 
earth, and, as the angle of reflection of the light received by an observer 
in an aeroplane will normally be very different from the angle of reflection 
of the light received by an observer on the ground, the appearance of 
ground objects will also usually be different for the two observers. For 
example, ploughed black earth, although seemingly dark to a ground 
observer, will often appear light on the photograph, whereas a field of 
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corn will appear dark. This is because the ploughed earth will reflect 
a certain amount of bright light, especially after rain, but an observer 
in an aeroplane flying directly over the corn will see the countless shadows 
cast by the individual stalks and leaves. 

Photographs should always be examined in such a manner that the 
direction of the light during examination is the same as that of the sun 
during exposure. This means that, as a general rule, the shadows should 
point towards the observer. If this rule is not observed, depressions and 
elevations may appear reversed, so that what is actually a depression 
may look like an elevation and vice versa . Correct orientation may be 
obtained by studying the direction of the shadows of high objects, such as 
telegraph poles, pylons, trees, houses, etc. 

, Plotting, If the photographs are not seriously tilted, and the country 
is not very hilly, it may be assumed that the bearings of all points from 
the principal point of the photograph are virtually true. It is then possible 
by graphical methods to plot a framework of points to the mean scale 
of the photographs, each point being fixed by the intersection of two or 
more rays from principal points. Any ground control points that lie in 
the area are first plotted in their true positions by means of their rect- 
angular co-ordinates, and the framework of intersected points is adjusted 
to fit the control points. The detail of the map is then traced from the 
photographs, and adjusted to fit into the framework of intersected points. 
The contouring of the map involves the use of a topographical stereoscope 
fitted with movable parallactic grids. If two ground control points, of 
which the heights are known, appear in the overlap which is under 
examination, then the heights of any other points in the overlap can be 
measured by use of the grid. When the heights of a sufficient number of 
points have been determined in this way, the draughtsman draws in the 
contours on one of the photographs of the pair. The stereoscope enables 
him to see the country in relief, and so to determine the shape of the 
contours ; the heights already fixed control the positions of the contours. 
The contours are traced from the photographs in the same way as the 
detail. Topographical maps of fair accuracy, on scales not larger than 
1/20,000, may be compiled in this way from air photographs. 

For larger scales, and more accurate surveys, it is necessary to take 
account of the height and tilt of the camera at each exposure. To deter- 
mine the relative heights and tilts of the camera from a series of photo- 
graphs a compound stereoscope must be employed. A number of these 
instruments have been made, to a variety of designs. The simpler form 
of the instrument provides angular measurements, from which the relative 
positions and tilts of the camera at each exposure can be computed. If 
three ground control points appear in the series of photographs, the 
absolute co-ordinates and height of any point of detail in the series can be 
calculated. In this way a rigid framework of points is provided for the 
map, but the computations are long and tedious. In the more elaborate 
instruments, computations are avoided by the provision of mechanism 
for automatic plotting. When a pair of photographs have been set in 
their correct relative positions in the instrument, the operator sees the 
ground in its true relief, and also a mark which appears to float in space. 
By manipulating the controls he can bring the floating mark down, into 
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contact with the ground at any desired point. The pencil of the automatic 
plotter then registers the position of this point on the map. Ry making 
the floating mark follow the line of a road, or a river, or any other detail, 
the feature is automatically drawn on the map. Contours may be drawn 
by fixing the floating mark at the required height, and moving it over the 
area, while keeping it in apparent contact with the surface of the ground. 
The latest instrument of this kind is made by Messrs. Barr and Stroude 
from designs by Eourcade, Thompson and Frazer. A description by 
Thompson of an early model of this instrument appears in the Report of 
Proceedings , Conference of Empire Survey Officers, 1935, and an illustration 
of it as finally constructed is included in Hart’s Air Photography Applied 
to Surveying , 
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CHAPTER VIII 

MAP CONSTRUCTION 


In this chapter are considered the various ways usually adopted for the 
plotting of extensive topographical surveys and the preparation of the 
final map or series of maps. Large scale maps are generally plotted by 
means of a system of rectangular co-ordinates, but, in small scale work, 
it is more usual to use geographical co-ordinates as a basis for plotting. 
Many different methods of plotting small scale work are available, each 
one with its own particular advantages and disadvantages, and a study 
of these different methods forms the subject of map projections, which is 
the first one now to be considered. 

MAP PROJECTIONS 

We have already seen that, when we attempt to define the positions 
of points, or to plot these positions, by means of any system of rectangular 
co-ordinates, we must, if the area involved is large, be prepared to accept 
the difficulty of representing a large area of a curved surface — the surface 
of the earth — on a flat one, and this leads to distortion of shape and varia- 
tion of scale, the amount of which increases rapidly as the area to be 
represented increases. Exactly the same thing occurs when we proceed 
to plot work on a small scale. In this case, the first thing to be done is 
to plot a £C graticule, 5 ’ or system of lines or curves to represent meridians 
of longitude and parallels of latitude, and the positions of the control 
points on which the drawing in of the detail depends are plotted with 
reference to the lines which form the graticule. The fundamental object 
of the study of map projections is therefore concerned with the different 
ways in which the geographical graticule of meridians of longitude and 
parallels of latitude can be represented on the map, and with the relative 
advantages, disadvantages and limitations of each method. 

Classification of Projections. Since it is impossible to represent correctly 
any considerable portion of the earth’s surface on a plane, there can be 
no perfect projection. The perfect projection would show the meridians 
as equally spaced straight lines converging correctly towards the poles. 
The parallels would intersect them at right angles at the correct intervals, 
and would be parallel to each other. The scale would, in consequence, 
be constant over the map, and we should have a correct representation 
throughout the map of distances and directions, and therefore of outlines 
and their contained areas. 

Although constancy of scale is unattainable, many projections have 
been devised to make the resulting map correct in certain particulars. 
Thus, the scale may be constant along certain lines ; directions from 
one point to any other point on the map may be correctly represented ; 
or outlines, although distorted, may contain their correct areas. Other 
projections do not preserve any property of the spherical surface exactly, 
but are designed to give a minimum of distortion over the map or at least 
a fair general representation. 
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In the manner of their construction, map projections range from 
geometrical projections in the ordinary sense of the word to purely 
conventional systems of representation. They may be classified as : 

(1) Perspective , in which the portion of the earth’s surface is drawn 
as it would be seen from a definite point. 

(2) Conical, in which the meridians and parallels may be supposed 
to be drawn on the surface of a cone, which is then developed. 

(3) Cylindrical , in which a cylinder takes the place of a cone. 

(4) Zenithal, in which the lines are drawn on the same system as in 
the preceding two classes, but upon a plane. 

(5) Miscellaneous. 

Projections may also be classed according to special properties they 
possess as : 

(1) Azimuthal or Zenithal, in which the azimuths from the centre of 
the map to all other points on it are correctly shown. This property is 
peculiar to the perspective and zenithal projections. 

(2) Orthomorphic or Conformal, in which the scale, although varying 
throughout the map, is the same in all directions at' any point, so that 
very small areas are represented of correct shape. This property cannot 
be extended to large areas, the shapes of which are sometimes best 
represented by a projection which has not the orthomorphic property. 

(3) Equal-Area or Equivalent, in which equal areas on the ground are 
represented by equal areas on the map. This property cannot be possessed 
by an orthomorphic projection, as the representation would then be 
perfect. 

The names given to projections are descriptive first of the method of 
construction and then of the most important property, e.g . Conical Equal- 
Area, Cylindrical Orthomorphic, etc. Many projections are, however, 
better known by the name of their inventor. 

In the following pages a brief description is given of a sufficient number 
of the more common projections to indicate the features of the different 
classes. The factors involved in the selection of a projection suited to a 
particular case can then be considered. 

PERSPECTIVE PROJECTIONS 

Projections of this class are formed by ordinary geometrical projection 
upon a plane. As the name implies, the meridians and parallels are 
represented as they would be seen from a particular view-point, the 
distance of which from the centre of the earth controls the properties of 
the projection. The plane of projection is normal to the line joining the 
view-point and the centre of the earth, its position on that line affecting 
only the scale of the resulting graticule. According to the situation of 
the view-point, the projection plane may be parallel to the plane of a 
meridian, and the result is a meridian perspective : if the plane is parallel 
to the equator, we have a polar perspective, and in any other position, a 
horizontal perspective. 

Perspective projections are unsuitable for the mapping of compara- 
tively small areas, but are of some importance for the representation of 
a hemisphere or more. 
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Orthographic Projection* In this ease the viewpoint is infinitely 
distant (Pig. 158), and the projection is that employed in geometrical 
drawing. The regions near the margin of the map are 
so greatly contracted as to make the projection of 
little use. 

Stereographic Projection. The view-point is situated 
on the surface of the earth opposite the hemisphere to 
be mapped (Fig. 1 59) . Features towards the edge of the 
map are expanded, but the projection is orthomorphic. 

Gnomonic or Central Projection. 

The view-point is situated at the f ig# 153 , 
centre of the earth (Fig. 160), and 
^ the projection shows an enormous exaggeration remote 

a from the centre of the map. The projection has the 
special property that, assuming a spherical earth, great 
circles are represented by straight lines, and, in con- 
sequence, this projection has been 
applied in the preparation of naviga- 
tional charts for great circle sailing. 

La Hire’s Projection. Since the 
Fig. 159. orthographic projection contracts 
areas near the margin and the 
stereographic expands them, these effects may be 
neutralised by the selection of an intermediate view- 
point. In La Hire’s projection its distance from the 
centre of the earth is 1*71 times the radius. 

Clarke’s Minimum Srr or, Pro- 
jection. Col. Clarke investigated 
the position of the view-point 
to give a minimum of total 
misrepresentation . In his mini- 
mum error projection the point is so placed that 
the sum of the squares of the errors of scale in 
two directions at right angles to each other at all 
points on the map is a minimum. Its distance 
from the centre of the earth depends upon the 
extent of surface to be mapped, and has the 
values 1*625 R for an area contained by a small 
circle of 40° radius, 1*47 R for the hemisphere, 
and 1*367 R for a radius of 113|°. This last 
(Fig. 161) enables about two-thirds of the earth’s 
surface to be represented, and is known as Sir 
Henry James’ projection, for which he originally 
proposed a distance of the view-point from the centre of the earth of 
1*5 1?. 

CONICAL AND MODIFIED CONICAL PROJECTIONS 

These form an important group of projections, and are greatly used 
in topographical and atlas maps, except for very high latitudes. They are 
of no. value for the mapping of a complete hemisphere. 




Fig. 160. 
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To follow the construction of the conical projection in its simplest 
form, let it be supposed that a cone, the axis of which coincides with that 
of the earth, touches the earth along a parallel of latitude <j> (Fig. 162). 
The meridians are projected from the centre of the earth upon the surface 
of the cone, and, on developing the cone they appear as equally spaced 



straight lines radiating from a point (Fig. 163). The parallel of contact, 
or standard parallel, is represented of correct length by a circular arc, 
the radius of which is B cot <f> for a sphere, or N cot <f> for the spheroid, 
where N is the length of the normal. The parallels on either side of it are 
constructed on the development. 

Simple Conical Projection with One Standard Parallel. The standard 
parallel is one passing through the middle of the area to be mapped. Its 
radius is computed from N cot <^, and the arc is drawn either by compasses 
or by locating a number of points on it by co-ordinates. The arc is divided 
off into equal parts representing to scale the linear equivalents of degrees 
or parts of a degree of longitude, the values of which for the parallel in 
question are extracted from tables. The meridians are drawn through 
these points towards the centre, and along any one of them the linear 
values of arcs of the meridian are set out. Through the points so obtained 
the parallels on either side of the standard parallel are drawn as circular 
arcs concentric with the standard. 

Features reproduced correctly in the projection are the scale along 
every meridian, and along the standard parallel, as well as the perpendi- 
cularity of the meridians and parallels. The scale along the parallels on 
either side of the standard is too great, the error becoming greater as the 
distance from the standard parallel increases. The projection is much 
used, and is suitable for the mapping of a region of any extent in longitude 
but narrow in latitude. 

Conical Projection with Two Standard Parallels. In this projection, 
sometimes known as the modified secant conical, the errors of the simple 
conical projection at a distance from the standard parallel are reduced by 
the adoption of two standard parallels, one towards the top and the other 
towards the bottom of the map. These are constructed as concentric 
circular arcs of correct length and at their true distance apart. Each is 
divided to scale in the same manner as the single standard parallel in the 
last case. The meridians are straight lines passing through these points 
of division, and therefore radiate from the centre of curvature. The radii, 
of the arcs representing the standard parallels are readily deduced from 
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sheet data, for, in Fig. 164, if 

m = the true distance between the standard parallels, 
Pi>P s' 
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, : the lengths of, say, 1° on each, 

, r 0 = their radii, 


then ^ 
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The concentric circular arcs representing the intermediate parallels are 
truly spaced as before. 

The use of two standard parallels makes the scale along the parallels 
too small between the standards and too great beyond them, but the 
error is kept within smaller limits than in the simple conical projection. 
The limits of latitude embraced by the map being known, the standard 
parallels may be selected conventionally as the parallels situated at a 
fourth of the range of latitude from the top and bottom of the map 
respectively. Otherwise they are selected so that the central and the 
extreme parallels may have the same absolute or proportional errors, or 
such that the mean length of all the parallels may be correct. 

Neither of the above two projections is equal-area or orthomorphic, 
but, while retaining one or two standard parallels, they may be constructed 
either as equal-area or orthomorphic. For maps having a small range of 
latitude there is little difference between such conical projections and 
those which have been described. The conical equal-area projection is 
seldom constructed, more especially as the equal-area property may be 
obtained with less difficulty by means of certain of the modified conical 
projections. The orthomorphic property, however, is used in the conical 
orthomorphic projection, the main properties of which have been described 
in Chap. V in connection with systems of linear co-ordinates. 

Simple Polyconical Projection* This is a modified conical projection 
in which each parallel has the same characteristics as the standard parallel 
of a simple conical projection. The radii of the parallels are given by 
N cot <£. The straight line representing the central meridian is inter- 
sected by the parallels at the correct intervals, and therefore the arcs 
representing the parallels are not concentric, but diverge from each other 
on either side of the central meridian. Each parallel is divided truly, 
and the meridians, other than the central, are curves through the points 
of division, and do not intersect the parallels at right angles. 

The scale along each parallel and along the central meridian is correct, 
but is too great along any other meridian, the error increasing with 
distance from the central meridian. The projection is neither equal-area 
nor orthomorphic, but is suited for the mapping of countries having a 
small range of longitude. The ease with which it may be constructed 
from tables has led to its wide adoption, notably by the United States 
Coast and Geodetic Survey, for the graticules of topographical map sheets 
which need not fit exactly along the edges. 
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Rectangular Polyconical Projection* This is a modification of the 
simple poly conical projection. The parallels are constructed in the 
same way, but only one is divided truly. The meridians are curves 
passing through these points and intersecting all the parallels at right 
angles. The right angle intersections are therefore obtained by sacrificing 
the scale along all but one of the parallels. The projection is neither 
equal-area nor orthomorphie. 

The International Map Projection* A modified polyconical projection 
has been adopted for the International Map on the scale of 1/1,000,000. 
The sheets normally cover an area of 4° in latitude and 6° in longitude. 
The top and bottom parallels of each are constructed as in the simple 
polyconical projection, and are divided truly. The distance between 
them, however, is such that the meridians situated at 2° on either side 
of the centre are straight lines of correct length. The other meridians are 
straight lines joining corresponding points on the extreme parallels, and 
the intermediate parallels divide the meridians into equal parts. 

Bonne’s Projection. This is a modified conical projection designed 
to represent areas correctly. One standard parallel is drawn as in the 
simple conical projection. The centre meridian is a straight line divided 
truly, and through the points of division the remaining parallels are 
drawn as concentric circular arcs with the same centre as the standard. 
Each parallel is divided truly, and the meridians become curves passing 
through corresponding points on each. 

The scale is correct along the central meridian and along each parallel, 
and the projection is evidently equal-area since the perpendicular 
distance between the parallels is correct. The scale along the meridians 
increases towards the sides of the map, and the projection is not suitable 
for a wide range of longitude. It has been used to a considerable extent 
on European surveys, and was employed until recently by the Ordnance 
Survey for one-inch and smaller scale maps of Scotland and Ireland, 
New editions of these maps are, however, being produced on the Trans- 
verse Mercator projection. 

Sinusoidal Equal-Area or Sanson-Flamsteed Projection. This is a 
special case of the last in which the equator is the standard parallel. The 
parallels become straight lines, correctly spaced and perpendicular to 
the straight central meridian. The other meridians, obtained by dividing 
each parallel truly, would become sine curves for a spherical earth. The 
projection has all the properties of Bonne’s, and is used for the mapping 
of areas extending on either side of the equator. 

CYLINDRICAL PROJECTIONS 

These may be conceived as drawn on the development of a cylinder, 
and may be regarded as conical projections in the limiting case where 
the apical angle of the cone is zero. With the exception of Mercator’s 
projection, and the Cassini and Transverse Mercator projections, which 
are modified forms of a true cylindrical projection, they are of little or no 
practical value. 

Simple Cylindrical or Square Projection. The tangent cylinder touches 
the earth along the equator, which is therefore the standard parallel. 
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The meridians project into parallel straight lines perpendicular to the 
equator, and are spaced at their equatorial intervals. The parallels on 
either side of the equator are parallel straight lines at their correct dis- 
tances from it, so that the graticule consists of a series of rectangles which 
are practically squares. The exaggeration of scale along the parallels 
becomes very great away from the equator, and the projection could 
be applied only to the case of a very narrow strip along the equator. By 
conventionally applying the system to the mapping of a narrow strip 
along any other parallel with that parallel as a standard, the rate of 
increase of distortion on either side is, of course, greater. 

Cylindrical Projection with Two Standard Parallels, The distortion of 
the simple cylindrical projection can be reduced by making the scale 
correct along two parallels, one on either side of the equator and equi- 
distant from it. Large errors of scale, however, occur along the other 
parallels. 

Cylindrical Equal-Area Projection. The equal-area property may be 
obtained for the cylindrical projection by drawing the parallels at B sin <£ 
from the equator, where B is the radius of the earth, assumed spherical, 
and <f> is the latitude. The interval between the parallels therefore 
decreases north and south of the equator, and the projection could he 
usefully applied only in the case of a narrow strip along the equator. 

Mercator’s or Cylindrical Orthomorphic Projection. To secure ortho- 
morphism, the spacing of the parallels must be increased as we depart 
from the equator, in order to keep pace with the increase of scale along 
the parallels common to all cylindrical projections. For a sphere, this 
requires that the distance from the equator of a parallel in latitude (f> 
shall be = 2-30259 B log tan (45° + where 2-30259 = 1/M, M being 
the modulus of the common logarithms. 

The projection shows an increasing exaggeration of areas away from 
the equator, and, as is evident from the formula, the representation of 
the poles is infinitely distant from the equator. The projection is, how- 
ever, of great value for the construction of navigational charts, by virtue 
of the property that a line of constant bearing, known as a loxodrome or 
rhumb line, appears as a straight line on the chart. The rhumb line 
course between two points is longer than that along a great circle, but on 
account of its simplicity rhumb line sailing is preferred except for very 
long voyages. To find the course to be followed by a ship sailing on a 
constant bearing between two points represented on a Mercator chart, it 
is only necessary to draw a straight line between them and protract the 
angle it makes with any meridian. The compass bearing is then obtained 
by applying the magnetic declination to the true bearing as protracted. 

ZENITHAL PROJECTIONS 

The essential feature of this class of projections is the correct repre- 
sentation of azimuths from the centre of the map. The same property is 
possessed by the perspective projections, but is obtained in a different 
manner in those to be described, which are therefore classed by them- 
selves. They may be regarded as the other limiting case of the conical 
projection. As the standard parallel of the simple conical projection 
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increases in latitude, the tangent cone becomes flatter, and in the limit 
becomes a plane, tangent at the pole. A projection drawn on this plane 
by the same system as was used for the cone has the property of being 
azimuthal. 

Zenithal Equidistant Projection* In the case strictly analogous to the 
simple conical projection the pole forms the centre of the projection, 
and the meridians radiate from it at their true angles. The parallels 
become complete circles correctly spaced along the meridians and with 
the pole as their common centre. The resulting projection enables 
distances as well as azimuths from the pole to be shown correctly, and is 
suitable for the mapping of the polar regions, but the scale along the 
parallels increases away from the centre. 

The same principle may be applied to the construction of a projection 
for any portion of the earth’s surface by considering the projection as 
drawn upon a plane, tangent at the centre of the area to be included. 
Equally spaced rays from the centre would then represent great circles 
passing through the point of tangency and making equal angles with 
each other. The concentric circles equally spaced along the rays would 
represent equidistant circles on the earth. These lines are not required, 
and the meridians and parallels must be constructed. They are not 
simple curves, and are best drawn by plotting a number of their inter- 
sections by the use of tables or by computing their polar co-ordinates 
from the centre of the projection, as follows. 

Let (j> c = the latitude of the selected centre of the projection, 

<j> = the latitude of the point to be plotted, 

SL = the longitude difference between the centre and the point, 

A = the azimuth of the ray from the centre to the point, 
l = its length, 

a = the angle it subtends at the centre of the earth. 

Then, for a sphere, cos ct = sin <j> c sin <j> + cos <j> c cos <f> cos dL 
sin A sss cos (j> eosec ot sin $L 

j __ ttBol 0 

1 “ TW 

The intersections are plotted by rectangular co-ordinates from the 
computed polar co-ordinates. 

Zenithal Equal-Area Projection. By sacrificing the equidistant property 
we may construct an equal-area projection by making l = 2B sin fa. 
This projection, as well as the last, is useful for the mapping of large 
areas, and is much used for atlas maps. 

Airy’s Zenithal Projection. This projection was designed by Sir 
George Airy to give a zenithal projection with a minimum of misrepre- 
sentation. 

MISCELLANEOUS PROJECTIONS 

The following conventional projections cannot properly be classed 
under any of the foregoing heads. 

Globular Projection. On account of its simplicity, this projection is 
frequently used for the representation of a hemisphere. The equator 
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and the central meridian are equal straight lines at right angles, and each 
is divided into equal parts. The other meridians are circular arcs passing 
through the poles and the points of division of the equator. The meridian 
forming the circumference of the map is equally divided, and the parallels 
are circular arcs' through the points so obtained and the corresponding 
points of division of the central meridian. 

Polyhedric Projection* This projection, used for the topographical 
maps of several European surveys, may be regarded as a series of ortho- 
graphic projections upon a number of different planes, one for each 
sheet. The plane of projection for a sheet is that passing through the four 
points on the earth’s surface which form the corners of the sheet. 

Projection by Rectangular Co-ordinates or Cassini’s Projection* The 
system of rectangular spherical co-ordinates described in Chap. V, when 
used for plotting a map, gives the Cassini projection. This may be 
considered to be a form of cylindrical projection in which the cylinder 
touches the sphere along a meridian, instead of along the equator, and 
the generating lines of the cylinder are the great circles at right angles 
to this meridian, instead of meridians. In this projection, distances 
along the central meridian and along the great circles perpendicular to 
it are preserved, but away from the central meridian distances parallel to 
it are increased in length. 

To draw the meridians and parallels, a sufficient number of their 
intersections are laid down by rectangular co-ordinates, and in the 
resulting graticule the parallels and the meridians, other than the central 
one, are curved lines. The scale is correct along the central meridian, 
but is too great along the others, the error increasing towards the sides 
of the map. The projection is unsuitable for a map covering a wide range 
of longitude, but is useful for the mapping of comparatively small areas. 

It was adopted by the Ordnance Survey for the maps of England on 
scales of from one to four miles to an inch and for the six-inch map of 
Great Britain and Ireland, but it is now being replaced by the Transverse 
Mercator projection. Tables for its construction for the latitudes of 
Great Britain are published in the official “ Account of the Methods and 
Processes adopted for the Production of the Maps of the Ordnance 
Survey of the United Kingdom.” 

The Transverse Mercator Projection. Transverse Mercator co-ordinates, 
when used for plotting a map, also give a map projection called the 
Transverse Mercator, or Gauss Conformal, projection. This is simply ' 
the Cassini projection modified to become conformal and is a transverse 
form of the ordinary Mercator projection. Thus, in the ordinary Mercator 
projection, the spacing of the parallels of latitude is modified in accordance 
with the relation, Mercator meridian distance = RjM. log tan (45°+|<£). 

In the Transverse Mercator projection, distances along the great circles 
perpendicular to the central meridian are modified in accordance with the 

relation, Y u = MjM. log tan ^45° + 

In the Transverse Mercator projection, the meridians of longitude 
and the parallels of latitude are families of orthogonal curves — that is, 
curves intersecting one another at right angles — -the central meridian 
being a straight line. The graticule can be plotted by rectangular co- 
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ordinates by laying down the points of intersection of various meridians 
and parallels, using the formulae given in Chap. V. for the computation 
of rectangular co-ordinates from geographicals. Magnification of distance 
and area becomes greater as distance from the central meridian is increased 
but, of course, very small areas retain their true shape. 

Trapezoidal Projection. In this purely conventional projection both 
meridians and parallels are straight lines. The truly divided lines are 
the central meridian and two of the parallels, one at about a fourth of the 
range of latitude from the top of the sheet, and the other the same distance 
from the bottom. The projection is quite unsuitable for other than very 
small areas. 

Field Sheet Projections. These projections are used for the plotting 
of trigonometrical points controlling detail to be mapped in the field. 
Owing to the limited area embraced, by each field sheet, the projection 
may be of an approximate character designed for ease of drawing. The 
construction is described on page 454. 

The Choice of a Projection. Several considerations have to be taken 
into account by the cartographer in selecting the projection best suited 
to a particular case, and definite rules cannot be laid down. The choice 
must be largely governed by : (1) the region to be mapped, particularly 
as regards its extent, general shape, and position on the earth ; (2) the 
purpose of the map ; (3) whether the map is contained on (a) a single 
sheet or a series of sheets which can be fitted together, or (b) a series of 
independent sheets. 

(1) The choice of a projection for very large areas, such as a continent 
or a hemisphere, is a matter for the atlas maker. A fair general repre- 
sentation is all that can be secured. For the largest areas, such as a 
hemisphere, a projection having the azimuthal property, such as the 
zenithal equidistant or equal-area, or Airy’s and Clarke’s minimum error 
projections are the most generalty applicable, although the conventional 
globular is very commonly used. 

As the area decreases, the choice becomes wider, and the projection 
may be selected to suit the shape of the area and its position on the earth’s 
surface. Zenithal projections are suited for roughly circular areas. It 
has been seen that a simple conical projection is suitable for areas having 
a small range of latitude, while other projections, such as Bonne’s and 
the Transverse Mercator, are better adapted for areas narrow in longitude. 

Many projections, such as the conical, are ill adapted for the mapping 
of high latitudes, for which the zenithal projections are suitable. For 
the mapping of equatorial regions the choice is wider, and for large areas 
the zenithal projections and Sanson-Flamsteed’s are most commonly used. 

(2) The choice of a projection may be entirely controlled by the special 
purpose for which the map is intended to be used. Thus, the deficiencies 
of the Mercator and gnomonic projections are over -ruled because of their 
suitability for navigational charts. In the case of maps made for statistical 
purposes the equal-area property is all important, while atlas maps made 
to exhibit trade routes from a centre should be constructed on the zenithal 
equidistant projection. 

■ (3) The whole area surveyed may be represented on a series of sheets 
which may, or may not, be so projected that they can be exactly fitted 
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together. In the former case, there is one graticule, of which the individual 
maps contain different parts. Some of the maps are, in consequence, 
more distorted than others, and this system should not be used if the 
series of maps embraces a very large area, since each, sheet must be 
sensibly correct. A one-projection series is, however, quite suitable for 
the topographical maps of a comparatively small country, provided the 
projection is well chosen. It has the merit that by fitting together 
neighbouring sheets a smaller scale series may be reproduced by photo- 
graphy. The British Isles have been mapped on this system, the individual 
sheets being rectangular and not bounded by meridians and parallels. 
It is, however, generally desirable that the edges of sheets should coincide 
with meridians and parallels for convenience in taking bearings from 
the map. A conical projection with straight meridians is suitable, and by 
using two standard parallels the scale error is kept small. The latter was 
originally proposed for the 1/1,000,000 maps of India before the Inter- 
national Map projection was adopted.* 

When all the individual sheets are not meant to fit together exactly, 
the choice of a projection is not so difficult, since many projections are 
indistinguishable from each other within the small area embraced. 
Ease of construction is then an important factor. The polyconic projec- 
tion, simple or rectangular, is that most frequently used, since the radii 
of the parallels depend only upon their latitudes and are tabulated once 
for all. Adjacent sheets will fit along the parallels : the fit along the 
meridians, although not exact, is sufficiently good to enable field sheets 
to be joined. 

“MAP DRAWING 

Plotting by Rectangular Co-ordinates. In the case of comparatively 
small surveys the plotting of all control points is most simply performed 
by rectangular co-ordinates from a central meridian. Their values may 
be worked out from the lengths of the triangle sides by plane trigonometry, 
the curvature of the earth being disregarded. Otherwise, the co-ordinates 
are computed from the geographical co-ordinates of the stations. No 
graticule is required for the purpose of plotting, but it can be constructed 
on the final map. 

In large topographical surveys all control points, both on the field 
sheets and the fair map, are plotted by geographical co-ordinates with 
reference to a graticule. 

Construction of the Field Sheet Graticule. The projections used for 
field sheets are approximately polyconical, but, to simplify their construc- 
tion, each curve is drawn as a series of straight lines. The intersections 
of meridians and parallels are plotted either by rectangular co-ordinates 
or by the intersections of arcs. The data required in their construction 
will be found in such publications as the British War Office Projection 
Tables, the Survey of India Auxiliary Tables, the United States Coast 
and Geodetic Survey Tables, and in the official Text Book of Topographical 
and Geographical Surveying by Close and Winterbotham. 

A graticule may be constructed without the aid of graticule tables 

* ** On the Projection for a Map of India and Adjacent Countries on the Scale of 
1/1,000,000/’ by Col. St. G. C. Gore, Survey of India Professional Paper No. 1. 
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by computing for the graticule interval the linear distances along the 
meridians and along each parallel and plotting each compartment of 
the graticule as a trapezium with the meridians equally inclined to the 
parallels. This, system, known as the Survey of India, or Col. Slacker’s, 
projection, is sufficiently accurate for limited areas, and is largely used for 
field sheets. Tables of the quantities used in its construction are given 
in the Indian Auxiliary Tables, Thuillier and Smyth’s Manual of Surveying 
for India, and the Royal Geographical Society’s Hints to Travellers, but 

the plotting may easily be performed 
/ \ with the aid of a table of linear values 

H kl - 0 '41-15* Vjj j 0 f arcs of latitude and longitude. 

' i\ / \ / N As an example, let it be required 

' \ / \ f 1 to construct a graticule of 30' X 30' 

\ / \ / with 15' intervals between latitudes 

V 40° 45' and 41° 15'N. 

/ V / V Taking the straight line ARC (Fig. 

/ \ / \ v 165) as the central meridian, mark 

• < / \ / o \ ' ^ off AR and RC to represent on the 

required scale the linear distances 
' "\ / \ 7 \ v along the meridian from latitude 40° 

\ / \ / ' 45' to 41° O' and from 41° O' to 41° 

\ / / 15' respectively. From the tables, 

V V these distances in miles are AR = 

17*251 and RC = 17*252. With centre 
/ \ / \ x A and radius representing the linear 

■/ \ / , Vi , value of 15' of arc of parallel in 

latitude 40° 45', viz . 13*120 miles, 
\ A { describe short arcs at D and E. The 

Fig. 165. 1 corresponding radii for the latitudes 

of R and C are 13*071 and 13*021 
miles respectively, and similar arcs are drawn at F and G from centre R 
and at H and J from centre C. The comers of the trapezia are located 
by diagonals, the lengths of which are obtained from the tables or are 
calculated from 

d = V m 2 + p^p z , 

where m = the length of the meridian in the trapezium, 

Pi, p 2 = the lengths of the parallels. 

Having obtained the length of the diagonals in the two lower figures 
as 21*658 miles and that for the upper figures as 21*629 miles, points 
D, E, F, G, H, and J are fixed by intersecting the previously drawn arcs 
with arcs swept from centres A, R, and C. The points are then joined 
with straight lines. Each line is commonly divided into three equal 
parts, so that, by joining corresponding points, the graticule is divided 
into compartments of 5' of latitude and longitude. 

The War Office tables are arranged for plotting as follows. The line 
ARC (Fig. 166) is drawn as before, and perpendiculars are erected through 
its points of division. Along these lines the abscissae Ad, Ae, Rf, Rg, Ch, 
and Cj are set off equal to the tabulated values corresponding to the 
respective latitudes. The positions of the corner points d, e, h, and j are 
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checked by scaling the diagonals dj and H 
eli, which are also tabulated. Prom d, h 
e, f, g, h and j are erected perpen- 
diculars to the construction lines, on 
the side next the pole, and on them are 
marked off the ordinates dD, eE, etc., 
the values of which are tabulated for 
the respective latitudes and distances 
from the central meridian. The points F 
so obtained are the intersections of the * 
required meridians and parallels. 

Hotting Trigonometrical Points. The 
mapping of detail on the field sheets 
being based upon the station positions, 
the latter must first be plotted with 
reference to the meridians and parallels 
of the graticule by using the computed D 
latitudes and longitudes of the stations. d A 

Each point is plotted from the nearest Fig. 166. 

meridian and parallel by co-ordinates 

parallel to them. The lengths of these co-ordinates represent the linear 
equivalents of the angular distances of the point from the graticule 
lines, and are computed by the use of tables giving the linear values 
arcs of meridian and of parallel in different latitudes. 

In place of scaling linear co-ordinates, the points may also be plotted 
hy proportional division of the angular distances between the graticule 
lines. This is best done by diagonal scale. Although less accurate than 
plotting by linear distances, this method is sufficiently so for small scale 

work, and when many 
: SEE EE EE EE points have to be 

plotted it proves the 
quicker method. It 

7-75'r — ^ — has the merit 

points m 
in their 
tive positions on a 
A graticule which has 

i suffered expansion or 

===1111111 contraction through 

change of humidity. 

Eig. 167 illustrates 

the plotting "of a 

11 11 11 station of latitude 

1° icy 43" *75 N. mid 


7 * w~ 


Fig. 167. 


sections. 

The angular dis 
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fcanees of the point from the nearest graticule lines are 43"*75 N. and 
I' 14"*73 E. To convert these to linear distances for the first method 
of plotting, we find from the tables that in mid-latitude 1° 10' 21".87, 
say 1° 10', the value of 1" of arc of meridian is 100*7658 ft,, and in latitude 
1° 10' 43"*75, say 1° 11', the value of 1" of arc of parallel is 101*4323 ft. 
Therefore the required co-ordinates are 

43 // *75 X 100*77 = 4,409 ft. N. of the 1° 10' parallel, 
and 74"*73 X 101*43 = 7,580 ft. E. of the 30° 10' meridian. 

In applying the second method, two diagonal scales are constructed 
for the subdivision of a minute of meridian and of parallel respectively. 
The scales illustrated read to single seconds, but dimensions can be 
taken off to the nearest 0*1 sec. In high latitudes the value of 1 min. of 
parallel changes rapidly, and the same diagonal scale should not be 
used for all parallels : at least two, one near the top and the other near 
the bottom of the sheet, are required. 

In either method the position of the plotted point should be checked 
by measurements from the farther sides of the graticule compartment. 

Completion of Field Sheets. In the case of a small topographical survey 
for a special purpose, the field sheets may form the final maps. When, 
as in the production of maps for publication, they are used as material 
from which the final map is compiled, they must still be completed with 
the same refinement, since their accuracy cannot be improved upon by 
the cartographer. 

During the field work, information collected on auxiliary sheets is 
inserted in the field sheets as soon as possible, and the latter are inked 
up daily. It is important that the sheets should not be overburdened 
with detail, particularly if the scale is larger than that of the final map. 
To promote clearness, it is almost essential to substitute numbers for names 
on the field sheets, the names being set out in a reference table or book. 
Before field sheets can be passed as complete, the edges should be compared 
with those of the adjoining sheets, and any discrepancies adjusted out or 
resurveyed. 

Construction of the Final Map. The data from which the fair map 
sheets are prepared are the survey records of the framework and the 
field sheets and field books. The projection having been selected, the 
graticule is constructed by plotting a number of intersections of meridians 
and parallels by means of rectangular co-ordinates. Great care is necessary 
to ensure perpendicularity of the co-ordinates, and the operation is facili- 
tated by the use of the Coradi co-ordinatograph. If a table of co-ordinates 
is not available, the projection must be calculated, and, unless for the 
smallest scales, it is necessary to take account of the spheroidal form of 
the earth. A sufficient number of points should be plotted so that they 
can be joined by straight lines without spoiling the appearance of the 
graticule, but a set of pearwood curves of large radius is useful. The 
stations of the framework are plotted as on the field sheets and carefully 
checked. 

The transfer of detail from the field sheets is best accomplished by 
squaring in. In this process a series of small squares is drawn to the 
appropriate scales on both the field sheet and fair map, their positions 
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relative^ to the control points being exactly the same on both sheets. 
The detail is then plotted on the map with reference to the squares. The 
method is particularly useful when the field scale has to be reduced. 
When a general topographical map is being constructed on a small scale, 
the cartographer must be competent to make a selection of the features 
to be included, so that the physical character of the country may be 
clearly represented. 

Representation of Relief. The manner in which the relief of the ground 
is shown contributes largely to the quality of the map. The principal 
methods of representation are by means of : {a) Contours or Porm 
Lines ; (b) Haehuring ; (c) Shading. These are used singly or in combina- 
tion, but a map is of minor utility unless contours, or at least form lines, 
are shown. Although the other methods are sometimes used by them- 
selves, they are best regarded as aids to the contour line system. 

Contours. Contour lines give by far the most precise delineation of 
relief, and are indispensable for engineering and other purposes for which 
the values of the elevations are required. They should be numbered, 
and the vertical interval should have a constant value throughout the 
map. They do not obscure the detail as much as other systems, but to 
avoid any tendency to confusion they are best shown in brown. In 
rugged country, where the contours run close together, the nature of the 
relief may be presented without the necessity for close inspection of the 
map by drawing every fifth or tenth contour with a bolder line than the 
others. Porm lines, or sketched contours, although of inferior precision, 
possess the merits of contours as a means of representing form, and are 
superior to haehuring or shading unaccompanied by contours. 

To the inexperienced map user at least, the contour system alone 
does not impart to a map such a pictorial effect of relief that the general 
character of the country embraced by the sheet can always be understood 
at a glance. The difficulty may be overcome by the addition of hachures 
or hill shading but more easily by adopting the layer system of colouring 
the areas between adjacent contours. A range of graded tints is selected, 
each of which is applied between particular contours. There is no uni- 
versally adopted colour scale. That on the Ordnance Survey half-inch 
maps embraces thirteen tints ranging, as the elevation increases, from 
green through buff to brown. Yellow and orange may be inserted between 
green and the paler browns, and the deepest browns sometimes merge 
into red, or are followed by blue greys and finally by white for the highest 
peaks. The result is sometimes very effective, but it frequently happens 
that the deeper tints are made so dark that the detail is obscured. If the 
map includes a wide range of elevations, it is difficult to obtain an entirely 
satisfactory system of colours for the higher ground, and it is then pre- 
ferable to make one tint embrace several contours. 

Haehuring. Haehuring is a method of indicating relief in which short 
lines, called hachures, are drawn at right angles to the contours, i.e. along 
the direction of steepest slope. On the assumption of vertical illumination 
of the features mapped, the flatter the ground the lighter does it appear, 
and the relative steepness of the slopes is so indicated in drawing the 
hachures. On flat slopes the lines are rather widely spaced, and are 
drawn lightly so that the white intervening spaces predominate. As the 
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contours approach each other, the hachures are drawn closer together, and 
the lines are heavier, giving an increasingly dark tone as the slope increases. 
Definite scales of ratios between black and white for different angles of 
slope have been worked to, but, as they are difficult of application by those 
unaccustomed to their use, the variations are commonly made arbitrarily. 

It is impossible to secure that every irregularity which can be shown 
by contours will be faithfully represented by hachuring. Hachures 
should therefore be accompanied by contours. The pictorial effect of 
relief may be improved by drawing the hachures in such a manner as to 
suggest oblique illumination. The light is arbitrarily assumed to come 



Pig. 168 . Contouring. Pig. 169 . Horizontal 


Hachuring. 



Pig. 170 . Horizontal Hachur- Pig. 171 . Vertical 


ing — Oblique Illumination. Hachuring. 

from the north-west or upper left-hand corner of the sheet and at 45° 
elevation. Slopes facing it are shown lighter, and those in shadow darker, 
than under vertical illumination. The result gives an entirely false 
impression of the steepness of the ground, and the addition of contour 
lines is more than ever necessary. 

The drawing of hachures is tedious, and requires to be very carefully 
performed in order to produce the required effect of relief. They must 
be exactly perpendicular to the contours, and in consequence are curved 
between non-parallel contours. The lines should preferably be slightly 
wavy, and should break joint on the contours or, where the ground is 
very fiat, on intermediate contours sketched in pencil. 

Hachures possess the serious disadvantage that, unless perhaps when 
drawn in brown, they tend to obscure the other detail. In map reproduc- 
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tion, on other than the smallest scales, hachuring is now being superseded 
by the layer system, but it is sometimes employed in combination with the 
latter. Examples of hachuring in black may be studied on the older one- 
inch Ordnance Survey maps. 

The above system is called vertical hachuring to distinguish it from the 
horizontal system. In the latter, the strokes are drawn parallel to the 
contours, and they therefore resemble broken form lines. By introducing 
the same number between each pair of contours, the tone is darkened as 
the slope increases, and the effect of relief may be emphasised by drawing 
thicker lines on steep slopes. Horizontal hachuring lends itself to oblique 
illumination, but it has not found the favour which has been accorded to 
the vertical system. 

For the piece of ground represented by contours in Fig. 168, horizontal 
hachuring is shown with vertical illumination in Fig. 169, and with 
oblique illumination in Fig. 170. Fig. 171 represents vertical hachuring 
with vertical illumination. 

Shading. Shading differs from hachuring in that different intensities 
of slopes are indicated by shading applied with a stump or by colour 
wash instead of by lines. It has the merit of being less laborious than 
hachuring, but does not exhibit as much detail of form. Shading is 
performed in grey or in brown, and the illumination may be vertical or 
oblique. The latter gives an effective result if the shading is not so 
heavy as to obscure the contours and other detail. 

Except on atlas scales, shading is of little value unless the contours 
are drawn. In modem map reproduction the method is frequently used 
in combination with contours, the shading being printed in half tone. 
Hachures or layer tints may also be added, but in the latter case shading 
interferes with the colours, and, to minimise the confusion, very pale 
Indian ink should be used for the shade washes. 

Conventional Signs. As the scale of the map decreases, it becomes 
increasingly difficult to show clearly all the information it is desired to 
convey. A full code of symbols is necessary to avoid overcrowding of the 
map with written descriptions. In the case of official maps, a sheet of 
conventional signs is prepared, and these must be strictly adhered to 
by the draughtsmen, and should be understood by the user of the map. 

The civil engineer engaged in mapping should be guided in his selection 
of symbols by referring to official maps on a similar scale. It will usually 
be unnecessary to symbolise as much detailed information regarding 
existing artificial features as is required on general maps used for varied 
purposes. Information relating to circumstances likely to influence 
the design and construction of the proposed works must, however, be 
shown as clearly as possible. The character of lines of communication 
is always important. Railways are usually shown in black, and distinction 
is made between double and single lines, and standard and narrow gauges. 
Roads, as well as railways, must be drawn of exaggerated width for clear- 
ness, and indication should be given of their quality, particularly with 
regard to suitability for mechanical transport. Different classes are 
conventionally represented by differences in breadth, or in the boldness 
of the lines, or by colouring the better roads. All three conventions may 
be combined. • ■ \ 
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Triangulation and traverse stations should be shown with their reference 
numbers, different symbols being used to indicate the system to which 
they belong. Elevations shown should also be distinguished by different 
styles of figures according to the manner of their determination. 

All the symbols adopted should be illustrated in a list of conventional 
signs drawn in a convenient position on the map or on a separate sheet. 

Finishing the Map, Unless for indicating relief, colour washes should 
be used sparingly, but water areas should be tinted blue. Woods may 
be shown by a pale tint of green with or without tree signs, and boundaries 
are commonly emphasised by a band of colour. 

In lettering the map, all names should be placed to the right of the 
point to which they refer and parallel to the top of the sheet, except in 
the case of such items as rivers, ranges of hills, or railways. Different 
kinds of features should have distinctive, but not elaborate, styles of 
lettering both for clearness and to avoid monotony. 

The border should be of simple form, and should be divided in latitude 
and longitude. If the map extends over several sheets, it is an advantage 
in using the separate sheets if narrow overlaps are repeated on adjacent 
sheets. 

In the case of maps intended for photographic reproduction, it is usual 
to perform the plotting to twice the scale of the reproduction and the 
drawing is then reduced to the proper scale by photographic methods. 
The advantage of this procedure is that slight blemishes in draughts- 
manship are reduced and become almost imperceptible. When drawing 
for photographic reduction it is important to see that the lettering is 
large enough to be clearly legible on the reduced scale. If the map is 
to be printed in more than one colour, drawings of the features to appear 
in each colour are prepared for photography.* 

Models, The civil engineer may be called upon to prepare a model 
of the site of large works to illustrate the topographical conditions in 
the most expressive manner possible and one which readily appeals to 
persons unaccustomed to map reading. 

The model is constructed from the data furnished by a contoured 
map. At the outset the vertical scale must be selected. This will be 
the same as the horizontal scale for large scale models, but for scales 
smaller than about one inch to a mile the relief may be emphasised by 
exaggerating the vertical scale two or three times. For models on atlas 
scales greater ratios are adopted. 

The model is built up of sheets of paper, cardboard, or thin wood, 
each having a thickness proportional to the vertical interval between the 
contours. The individual contours are traced on these sheets from the 
map by means of transfer paper, and each sheet is then neatly cut along 
the outline of its contour. The shaped sheets are superimposed and 
glued together in their proper order and position, the correct placing 
of one sheet on another being facilitated if the upper contour is traced 
on the lower sheet. The resulting model is terraced, but is of value in 
that it exhibits the positions of the contours. For most purposes for which 
models are required, the steps should be filled in with wax or modelling 

* Sea Text Booh of Topographical and Geographical Surveying , edited by Col. Sir 
C. F. Close and Col, H. St. J. L. Winterbotham. 
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clay, with due regard to topographical form. The model is finally painted, 
detailed, lettered and varnished. 
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APPENDIX I 

MECHANICAL COMPUTING 
By L. J. Combie, Ph.D. 


The highly developed calculating machines that are now available are 
frequently employed in surveying calculations, not only in the field, 
but also in cases where calculations can be concentrated in centralised 
offices. A great variety of machines, both hand and electric, has been 



Fig. 172. Bbunsyega Calculating Machine, Model 20. 



Fig. 173. 10-Key Facit Calculating Machine, Mod&£ LX. 

produced for commercial applications. A machine for the particular 
needs of the surveyor should fulfil the following requirements : — 

(1) It should be a hand machine that can be easily transported, so 
that the same machine can be used either in the office or in the field. 

(2) It should not be subject to mechanical breakdowns, as it may 
frequently have to be used a long way from large towns where expert 
repair service is available. 
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(3) It should be able to stand the abuse to which it may be subjected 
by junior or native clerks. 

(4) It should be an up-to-date machine embodying the latest and best 
developments of the calculating machine art. 

(5) It should serve the true purpose of a calculating machine, namely 
to lessen fatigue, increase accuracy and speed up the work. Its operation 
should not be tedious or require great concentration or skill. 

(6) The price should be reasonable. 

The above considerations rule out electric machines, as they require 
more upkeep, and current is not usually available in the field ; also full 
keyboard machines on account of their weight and size, and also key- 
driven machines such as the Comptometer. The choice therefore falls 
on barrel-type machines, such as the Brunsviga (Fig. 172), Marchant, 
Odhner and Facit (Fig. 173). Of these the Brunsviga has perhaps 
been more widely applied in the past than any of the others, and will, 
therefore, be described in detail. It will, however, probably be superseded 
in the future by the Facit, which is similar in principle. 

A calculating machine is really simple, and may be learned in an 
hour, as no new arithmetical conceptions are required. It will perform 
the four fundamental processes of arithmetic — addition, subtraction, 
multiplication and division — and since all arithmetic consists of combina- 
tions of these four processes, it may be said that it can be used for any 
arithmetical problem. Consider first addition. It is necessary to have 
a means of conveying to the machine the number to be added ; this is 
done by means of setting levers, each of which may be set in any one of 
the positions 0, 1 ... 9. The right-hand lever represents units, the next 
tens, and so on. The number set is shown in a sight dial, situated imme- 
diately above the levers, so that the setting is easily verified. The next 
requirement is a register for showing the results of additions ; this is 
situated in the front of the machine, and is known as the product register. 
A forward turn of the operating handle adds whatever number is set on 
the levers to whatever number is already in the product register. Needless 
to say, the product register can be cleared or zeroised, which is done 
by a lever on its right. A lever on the left of the machine will clear 
the setting levers, or they may be altered at will by hand. For subtraction 
the handle is turned backwards. 

Multiplication is really only continued addition. If 6 be added seven 
times, the same result, namely 42, is obtained as by multiplying 6 by 7. 
Consider this principle applied to the multiplication of 789 by 456. 
The ordinary hand or schoolboy method results in a “ sum ” as shown. 
If 789 be set on the levers of the machine, and the handle turned 6 times, 
the product 4734 will appear in the product register. In 
789 order to eliminate the risk of error in counting the handle 

4=56 turns, a revolution counter or multiplier register is provided 

4734 at the top of the machine. We now require the product of 
3945 789 and 5, but wish the units of this product to be added 

3156 in the tens wheel of the product register. This is easily 

359784 effected, because the product register is mounted in a 
movable carriage. By means of the carriage spacer in front 
the carriage may be stepped one position to the right, so that its second 
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or tens wheel is aligned with the units setting lever. At the same time 
a moving indicator in the multiplier register has moved one position to 
the left, indicating that turns of the handle will now be effective in 
building up the tens figure of the multiplier. The operator makes five 
turns, but the new product 3945 is not separately shown ; it has been 
added to 4734, so that the product register now shows the product of 
789 and 56, namely 44184. In this respect the machine is superior to 
the schoolboy; it does not write its separate “partial products”, to 
be added at the end, but adds them as it goes along. The problem 
proposed is completed by stepping the carriage once more to the right, 
and making four more turns. The two factors and the product, namely 
456, 789 and 359784, are now all visible ; the two former may be verified, 
and the latter copied on to the computing sheet. 

A slight variation, known as short-cutting, is usually applied to the 
digits 6, 7, 8 or 9 in a multiplier. Thus a multiplier 19 may be treated 
as 9 in the units position and 1 in the tens position, but two forward turns 
in the tens position and one backward or subtractive turn in the units 
position will yield exactly the same result, with a saving of 7 turns, i.e. 
3 instead of 10. This process soon becomes automatic and involves no 
mental effort ; on the average it reduces the number of handle turns 
required by forty per cent, especially if the process is extended to include 
5’s that are preceded or followed by a larger digit. 

Mechanical division is equally simple, and, like multiplication, merely 
follows the schoolboy theory. Suppose 54321 is to be divided by 23 ; 
0 £)0 7 the normal pen and paper method is shown alongside. 

^3)543^i.(idol «j'] ae dividend 54321 is set on the setting levers, and 
_ the handle turned, so that the dividend appears in the 

83 product register (it is usually put in the left of this 

69 register). Having cleared setting levers and multiplier 

142 register, the divisor 23 is set on the levers, choosing 

138 levers in such a way that the 23 is aligned with the 54 

41 of the dividend. As the first figure of the quotient is 2, 

23 we require to multiply the divisor by 2, and to subtract 

jg the product from the first two figures of the dividend. 

It has already been, seen that multiplication by 2 is 
effected by making two turns, and that subtraction is effected by back- 
ward turns ; hence the operation required is evidently two backward 
turns, after which the remainder 8 (together with the unused figures 321 
of the dividend) appears in the product register. An apparent difficulty 
arises with the multiplier register, which now becomes the quotient 
register, counting, as in multiplication, the number of handle turns. 
It was observed that in short-cutting two backward turns produced an 8, 
whereas now a 2 must be recorded. Actually the multiplier register 
has two sets of figures on each wheel, and a sliding window exposes one 
set or the other. The multiplication set consists of white figures 0, 1 ... 9, 
and the division set of red figures 9, 8 . . . 0. The machine senses whether 
the operator is multiplying or dividing, by virtue of the fact that the 
first turn of the handle is forward in one case and backward in the other, 
and automatically exposes the desired set of figures. At this stage 
there is a red 2 in the multiplier register. The next operation in the 




Fig. 174. Marchant Electric Calculating Machine. 

any number in the product register to be transferred to the setting levers 
while the product register is being cleared. This feature is useful when 
the product of three or more factors is required, or when the complement 
of a negative result in the product register is required ; in the latter 
case the negative result is transferred to the levers, and the handle turned 
backwards. 

In the Eacit machine, shown in Eig. 173, the setting is done by ten 
setting keys, which are operated like the keys of a typewriter. Thus to 
set 64407 we touch the 6 key, the 4 key twice, the 0 key and the 7 key. 
This machine, which possesses all the virtues enumerated on page 462, 
is described more fully in a book listed on page 472. 

Simple as these processes are, both in theory and practice, many 
electric machines, such as the Archimedes, Madas, Marchant, Mercedes 
and Monroe make them automatic. The Marchant, illustrated in Fig. 174, 
is a full keyboard machine, with a row of auxiliary keys on the right to 
act as multiplier keys. When one of these keys — say the 6 — is depressed, 
the machine makes six turns, and the carriage is displaced to the next 
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hand method is to bring down another figure ; on the machine this is 
done by stepping the carriage one position to the left, so that instead 
of having 8 under 23, we now have 83. Three backward turns will produce 
3 in the quotient, and leave the remainder 14 (together with the unused 21) 
in the product register. Step the carriage again. Instead of estimating 
that the next figure of the quotient will be 6, and making six backward 
turns, the operator merely turns backwards, making the remainder 
119, 96, 73, 50, 27 and 4 with successive turns. As soon as the 
is less than the divisor the process is naturally finished, and the correct 
figure (here 6) of the quotient appears in the multiplier register, 
carriage is stepped, and one turn found to be sufficient in the next position. 
Should the operator inadvertently turn too many times, he is informed of 
the fact by the ringing of a bell , and corrects the over-turn by a forward turn . 

On the Brunsviga a transfer lever on the left of the machine ena 
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position. If, during this turning, another key is depressed, the machine 
will finish the first digit of the multiplier, move to the next position, 
turn in the second digit of the multiplier, and move to the third position. 
In other words, the setting of the multiplier can always be one step 
ahead of the multiplication. As the machine makes 1350 revolutions a 
minute, or 22| a second, even the highest digit (9) is absorbed in four 
tenths of a second. Hence the machine keeps pace with the setting of the 
multiplier, and yields its answer not more than half a second after the last 
digit is set. It is, indeed, so fast that short-cutting does not pay ! 
Division is fully automatic once the dividend and divisor are set, and 
takes about half a second for each figure of the quotient. Machines like 
this, although unsuitable for field use, are of great value where computa- 
, tions can be concentrated. They have been extensively used in recent 
years for the adjustment of triangulations, in which systems of more than 
a hundred normal equations frequently have to be formed and solved. 

The principal advantages offered by the use of calculating machines 
are : — 

(1) They increase the speed with which computation may be done, 
both directly, and also indirectly, by virtue of the fact that there are 
fewer errors to be removed than in the case of hand or logarithmic calcula- 
tions. 

(2) They relieve the computer of much mental effort. In particular 
they remove the fear of making errors, which is one of the most fatiguing 
elements in computing. 

(3) They will perform all four arithmetical processes, in any desired 
combination, e.g. ab + cd , whereas logarithms may be used for multiplica- 
tions and divisions only. 

(4) They permit the employment of junior grades of labour for routine 
calculations. 

(5) They are used with natural values of the trigonometrical functions 
instead of with logarithmic values. Every computer knows that the 
differences of the log sin or log tan of a small angle, or of the log cos or 
log tan of a large angle, are large and troublesome, whereas in a natural 
table the differences of sines or cosines are never troublesome, while the 
tangent is difficult only in the case of large angles, and even then trouble 
can usually be avoided by using the cotangent. 

In addition to easier interpolation, natural values of the trigonometrical 
functions offer a more equable sensitivity for inverse interpolation, as 
will he seen from the following table. 


Angle 

DIFFERENCES 

FOR V 

IN A, 7-figttre 
log 

TABLE 

log 

log 

log 

sm 

COS 

tan 

cot > 

sin 

COS 

tan 

cot 

0° 

48 

0 

48 

00 

00 

0 

00 

00 

15 

47 

13 

52 

724 

78 

6 

84 

84 

30 

42 

24 

65 

194 

37 

12 

49 

49 

45 

34 

34 

97 

97 

21 

21 

42 

42 

60 

24 

42 

194 

65 

12 

37 

49 

49 

75 

13 

47 

724 

52 

6 

78 

84 

84 

90 

0 

48 

00 

48 

0 

oo 

00 

00 
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For the cosines of small angles or the sines of large angles, the sensi- 
tivity of the natural table is more than twice that of the logarithmic 
table ; in other words the differences for a small variation are more 
than twice as great, so that the uncertainty in an angle interpolated 
from an accurate function is only half as great. In logarithmic work an 
angle less than 45° is often determined from its sine, and one greater 
than 45° from its cosine, in order to avoid insensitive parts of the table. 
It will be seen that the natural sine of an angle of 60° is more sensitive 
than the logarithmic sine of an angle of 45°. Again a tangent formula is 
frequently used in logarithmic work, especially with auxiliary angles 
whose magnitude cannot be controlled, to avoid insensitive regions, 
although this often leads to heavy interpolation near 0° and 90°. Since 
a tangent is usually computed as the quotient of two numbers, the 
machine user can always divide the smaller of his two numbers by the 
greater, thus obtaining a quotient between 0 and 1, whose sensitivity is 
always ample yet never embarrassingly large. 

Calculating machines are particularly useful in least square adjust- 
ments, in which they save a great deal of writing and adding, as quantities 
ah entering into a summation [a&] are automatically added on the 
machine as each product is formed. The Bruns viga Model 20 (Fig. 172) 
is also capable of evaluating [abc], which arises when unequal weights 
are assigned to observations. The clearing of the 20-figure product 
register may be controlled by a partial clearing lever, whose effect is to 
prevent the left-hand ten figures from being cleared. If a 2 6 x is formed in 
the usual way in the right of the product register, it may be transferred 
by means of the transfer lever to the setting levers ; multiplication by 
Cj gives which again may be transferred to the setting levers. 

The carriage is now moved to the extreme right, and the product turned 
into the left of the product register for storing. The operator proceeds 
to form a 2 b 2 c 2 in the same way, the left-hand half of the product register, 
containing Ojb^, remaining uncleared, and showing a^b^c x + a 2 b 2 c 2 and 
finally [abc\. 

The use of proportional parts in interpolation may be dispensed with 
if a calculating machine is available. Thus to interpolate sin 12° 34' 56"*78 
from 

x sin x A' cos x A' 

12° 34' 50" 0*217 8120 0*975 9907 

+ 473 - 105 


12 34 60 0*217 8593 0*975 9802 


set 0*217 8120 on the setting levers, and multiply by 1*000. Clear the 
setting levers and multiplier register and set 473; multiply by 1*000 
and check both the settings by verifying that the product register shows 
217 8593 followed, of course, by three ciphers. Change the multiplier 
to 0*678, when the product register will show the required result, namely 
0*217 8441, which can, if desired, be immediately transferred by means 
of the transfer feature to the setting levers for further multiplication. 

Twin machines (described below) may be used for the simultaneous 
interpolation of the sine and cosine of an angle. The same is true also 
of any machine with sufficient keyboard capacity. Thus to get both the 



sine and cosine of 12° 34' 56"*78, with a 10-column machine, we would enter 
into the product register (in two stages if necessary) 8120 000 9907 000, 
and then set on the setting levers 472 999 9895, which is obviously 
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equivalent to + 473 in the sine position and — 105 in the cosine, as is 
easily seen by turning the handle and producing 8593 000 9802 000, The 
remainder of the interpolation is as in the previous case, when the product 
register shows 8440 694 9835 810 so that 

sine = 0*217 8441 cosine = 0*975 9836 

Fuller descriptions of mechanical interpolation, including the once- 
dreaded problem of inverse interpolation, are given in Interpolation and 
Allied Tables, and in the book on the Twin March ant listed on page 472, 

Another type of machine, specially developed for survey calculations, 
consists of two single machines mounted together, so that both can be 
turned by the single crank handle. One machine always rotates in the 
same direction as the handle, but, by means of a control lever, the other 
can be controlled so that it rotates in the same or in the opposite direction ; 
or it may remain stationary. The first such machine was the Twin 
Brunsviga (about 1930). English attempts (1940) to produce a similar 
machine were superseded (1941) by the coupling of hand Marchants in 
pairs, as shown in Fig. 175. 

The obvious application of twin machines is to cases where two 
numbers are multiplied by a common multiplier, as when the sine and 
cosine of an angle are multiplied by a length, which occurs when resolving 
bearing and distance into rectangular co-ordinates. But, just as the 
logarithmic computer develops methods suited to the means at his 
disposal, so does the machine user develop techniques with the powerful 
means at his disposal. As an illustration suppose we wish to evaluate b from 



If we divide a by sin A on the upper machine, while at the same time 
sin B is set on the lower machine, and this machine is switched to go in 
the opposite direction to the upper machine, the desired quantity b will 
be in the product register of the lower machine, and a sin A will be in 
the multiplier register. In other words, a single operation has evaluated 
the complete expression. 

The field in which extensive use has been made of these machines is in 
military surveying, especially with rectangular co-ordinates, familiarly 
known as eastings and northings. The classical problems of bearing and 
distance, intersections, resections and inaccessible bases, so tedious with 
logarithms, lose all their terrors with a twin machine. Full descriptions 
of these machines and of these applications have been given elsewhere 
(see page 472) by the present writer. 

Another great success that has been scored by twin machines is in the 
interpolation of pairs of double-entry tables, such as those giving eastings 
and northings from latitude and longitude (or vice versa), or for converting 
one system of rectangular co-ordinates to another. If A and B are both 
functions of two independent variables, and if n and m are the fractions 
of the tabular interval in these two variables, the tables can be arranged 
for the following interpolation formulae 

,4 = a Q + a x n + a 2 m + a z nm + a 4 n 2 + a 5 m 2 
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The quantities a Q . . . % and b Q . . . which are tabulated, are set 
on the two components of a twin machine and multiplied simultaneously 
by their common multipliers. A check is provided, not by the weak 
process of repetition, but by having a similar inverse table, which is 
entered with the result of the first calculation, and should produce the 
original data. 

The laborious calculations necessary to convert geographicals to 
rectangular co-ordinates, or vice versa , are known to many. They can 
now be replaced by the use of two pairs of double-entry tables, one for 
each conversion ; each checks the other. A further advantage can also 
be secured. If in the two sets of formulae certain of the higher-order or 
elliptical terms are neglected, small inconsistencies arise. These are now 
(1943) avoided by computing first, from an agreed or adopted formula, 
the table for converting a geographical graticule to a rectangular grid — by 
far the easier table to compute since, for any fixed latitude, it is usually 
a power series in the difference between the longitude of the point and that 
of the central meridian. The inverse table is formed, not from the fearsome 
formulae of the textbooks, but by numerical inversion. With such pairs 
of direct and inverse tables and a twin machine, conversions can now be 
made in a tenth of the time formerly taken. 

The following list shows the tables that may be used for natural values 
of the trigonometrical functions. The full titles are given in the references 


at the end of this 

Appendix. 


No. of 

Interval of 


Decimals 

Argument 

Author 

4 

1' and 0°-l 

Milne-Thomson and Coinrie 

4 

10 s 

Comrie 

5 

1' 

Hedrick or Beetle 

5 

10" 

War Office 

5 

0°-01 

Lohse 

5 

0 e -01 

Steinbrenner 

6 

10" 

Brandenburg or Peters 

6 

0°-01 

Peters 

6 

0 g -01 

Peters 

6 

0 g -001 

Peters 

■7 

10" 

Brandenburg 

7 

0°-01 

Vogel (in preparation) 

7 

0°-001 

Peters 

8 

r 

Peters, Gifford or U.S. Coast 
and Geodetic Survey 

8 

r 

Hudson and Mills 

8 

0°-01 

Buckingham 

8 

0 ? *01 

Roussilhe and Brandicourt 

15 

10" 

Andover 


The 7-figure tables (not mentioned above) for every 10* by Benson 
and by Ives are marred by errors. Gifford’s 8-figure tables, which also 
contain a considerable number of errors, are, unfortunately, not arranged 
semi-quadrantally, so that two openings are necessary to find the sine 
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and cosine of an angle. They were superseded in 1939 by the tables of 
Peters (the copy for which was prepared by Connie) , in which all four 
functions of any angle appear on a single line. With this excellent table 
in existence, it is difficult to see why the U.S, Coast and Geodetic Survey 
produced a table of sines and cosines only, awkwardly arranged ; there 
is no preface to explain the motive, or the method of caiculation. 

The use of the decimal division of the quadrant has become increasingly 
popular in France, and has now been compulsory in Germany for some 
time. It suits the metric system of length, since, approximately, 

F = 100 km. 1' = 1000 metres 1" = 10 metres 
In other words, there is a one-to-one relation between units of length 
and units of angle. The same advantage occurs when feet and the sexa- 
gesimal system are combined, since V = 100 feet nearly. Inconveniences 
occur with metres and seconds, since 1" = 30 metres nearly. The diffi- 
culties of degrees, minutes and seconds can often be avoided by working 
entirely in seconds. 

The impossibility in each survey office of having all the machines and 
tables described, and many others, as well as the cost of expert labour 
abroad, are factors that have led to the establishment in London of a 
central calculating bureau (known as Scientific Computing Service ), with 
all known mechanical and library facilities. One table-making machine 
(not described above) will integrate from finite differences up to the 
sixth (a process used in subtabulation or systematic interpolation to smaller 
intervals) or will difference functions to the fifth difference, printing all 
differences. It is well known that differencing of functions that should 
be smooth is the most powerful means of detecting accidental (but not 
systematic) errors. The sort of work that lends itself to centralised 
computing, and is being done thus on an increasing scale, is figurai 
adjustment by least squares, reductions of large triangulations, and 
preparation of conversion and other tables for adopted projections. 

It must be emphasised that the best result from a calculating machine 
cannot, in general, be obtained by simply taking the formulae and 
methods developed for logarithmic work, and applying the machine to 
them. The expert computer will start de novo , and build up, from funda- 
mental formulae and first principles, methods that utilise to the full the 
new facilities afforded by even the simple machines described. One 
simple illustration suffices to illustrate the possible advantages of a 
machine. If we require a radius vector r from rectangular co-ordinates 
x and y, the usual logarithmic method is based on 

tan 6 = — 

V 

r = x cosec 8 = y sec 8 

involving four entries in tables. The direct formula 

f = <\/ %* + y* 

would involve five entries and much writing, but may be evaluated 
directly on a machine without any tabular entries or writing, although 
the use of Barlow’s Tables will shorten the labour of finding the square 
root. iCCC- ' CCCC; : ; 
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n-« TTI ° f th ? * hre T ® ab o ve - me ntioned 8-figure natural tables by 
Gifford, Peters and the U S. Coast and Geodetic Survey is given in the 
Empire Survey Review No. 47 (Vol. 8), p. 42 (January 1943). Since 
then it has been learned that the table by Peters, which is by far the 
most convenient of the three, is being reprinted in U.S.A., under licence 

Information about tables, both new and old, and, to a lesser 
extent, about ^Iculatmg machines, may be found in a new quarterly 
Mathematical Tables and Aids to Computation, now (1943) beim? 
produced under the sponsorship of the National Research Council of 
America. Each issue contains descriptions of recent mathematical tables 
lists of errors m tables, notes on manuscript tables, etc. The British 
agents are Scientific Computing Service Ltd. 

This same firm has in the press a book of 400-500 pages entitled An 
Index of Mathematical Tables, by A. Fletcher, J. U P? Miller and L 
Rosenhead, of the University of Liverpool. Part I gives, in twenty-four 
sections dealing with various functions or groups of related functions, 
lists of the known tables of those functions, with particulars of the 
author, date, range, interval, number of decimals and facilities for inter- 
polation. Part II gives, in alphabetical order of authors, bibliographical 
details of the tables each has published. This unique and monumental 
work will be the standard reference book from which information about 
existing tables may be obtained. 
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PROOF OF FORMULA FOR SAG CORRECTION FOR A 
HORIZONTALLY SUSPENDED TAPE 


Consider a perfectly flexible tape suspended under a known tension 
with its two ends at the same elevation. Imagine this tape to be cut at a 
certain point where the tension or pull is T and the tangent to the curve 
at this point makes an angle iff with the horizontal. Then the vertical 
component of the tension is T sin iff and the horizontal component is 
T cos iff. The change in the vertical and horizontal components at the 
end of a very short element of length dl may be written d(T sin ifs) and 
d(T cos ip) respectively. These changes in the components must balance 
the components of the external forces acting on the element. The only 
external force is w . dl, acting vertically downwards, where w is the weight 
of the tape per unit of length. 

Hence, 

d(T sin iff) = wdl. 
d(T cos t/f) = 0. 

Integrating, 

T sin ifs = wl + A . 

T cos ip = B. 

where A and B are constants of integration. 

Take the origin at the middle or lowest point of the span and measure 
all lengths from there. At this point, by principles of symmetry, the tape 
is horizontal so that iff = 0 and l = 0. Let the tension there be T Q . 
Then it follows that A = 0 and B = T 0 . This gives : — 


T sin iff = wl. 

T cos Iff = T 0 . 

. , / wl 

« • tan iff — jjp » 

* • cos ^ ~~ (I + tan 2 ift)i ~~ 



and 


We now have : — 


___ 1 w 2 l 2 . 3 wH* 

~~2 2V + 8 2V' 

. , tan iff 

Sm ^ ~ (1 + tan 2 ^)* 

__ wl / 1 w 2 l 2 

~TX + * 



dx 


= dl cos iff 
= dl(l — 

X ~ l — 


1 _J_ ^ 

2 '5y + 8?y 


1 w 2 l z 


3 wH* 

40 .ay 

the constant of integration vanishing since x = 0 when l 




e zv 
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Let S be the total chord length and L the total length of the curve. 
Then, since the curve is symmetrical about the lowest point, x = JR when 
l = JL. Consequently, 


| S = \L 
. 8 = L - 


w 2 L s 

AQ/V 2 ' 


3 vMS 
1280 TV 



w 2 L 2 3 w^L 5 
2417 + 640 TV 


Again, let F be the tension at the end of the tape where l — \L. At 
this point we have : — 


f(i 


F cos iff = T 0 . 


1 , 

( , , w-L 2 

~~ F 

V + 8 TV ' 

_ 1 I 

f w 2 L 2 \ 

/ + 8 F 2 )' 

~ F 1 

1 

(l +^\ 

V + 4 F 2 )• 

~~ Jf2 

= L - 

w 2 L 3 11 

24 F 2 1920 


The last term in this expression is negligible in practice. 
To obtain the sag of the tape, 

dy = dl sin ifs 


rt f id 1 w 2 P . \ 

V - 2 + - - •> 


the constant of integration again vanishing since y = 0 when l = 0 
Again, the sag, Y , is the value of y when l = jX, and hence : — 

r ___ wL 2 vFL 4 

* “ Ws ““ 1282 V 
wL 2 w 3 L 4 

, *7 : bF + nSF 3 * : ■ ' . ; 

Finally, the slope at the ends is given by : — 
x / wL 

W-gy- 


wL f w 2 L 2 \ 
+ ~8F* j 


ijj (in seconds) — 


2 F \ 

wL 

2 F sin 


APPENDIX III 

PROOF OF THEOREM IN SPHERICAL TRIGONOMETRY* 


To prove that, if PEG is a spherical triangle, right angled at C, and 
the angles P and 90 ° — * B are very small, then : — 

rj = c — b = cot b — f^cot b (1 + 3 cot 2 6), 




P = p cosec (6 + fa ) 9 
P cos (h + fa). 



We have, by the ordinary rules for the solution of a right-angled 
spherical triangle : — 

cos c = cos b cos p. 
cos (b + rj) = cos b cos p. 

f ^4 

cos b cos ^ — sin 6 sin ^ = cos M 1 


EiPl 
■ 2 ^ 24 




cos 


6 ( 1 ~ 2 + • ■ •)-“ 4 (’-|-+ ' ■ ) 


: COS 


£ , 

2 24 : 


7)2 ^2 m 4 

— rj sin b — 5- cos b + ~~ sin 6 = — ~~ cos b + cos 6 — 
2 O 2 24 

m2 

The first approximation is 17 = ~r cot 6 and the second gives :~ 

2 

npfi 7)2 

7 ] sin b = cos 6 — ~~ cos 6 — ~ cos 6 
2 24 2 

yp2 7) 4 m4 

= -5- cos 6 — — cos 6 — ~ cos 6 cot 2 b. 


p 


7 ] = cot b — cot 6 (1 -f 3 cot 2 b ).* 


Again, 


tan P = tan p cosec b 

* See page 291. 
47 a 


•} 



PROOF OF THEOREM IN SPHERICAL TRIGONOMETRY 

P = tan P — £ tan 3 P . 


-- -L L 4- t 
sin b I * ' 9 


r 

3~sin 3 h 


p B cos 2 h 
3 sin 2 h 




1 + ~- cot 2 b 


We also have 


sin b + -g- cot b cos b 


sin b -f- 1 7) cos b 
P 

sin (6 + §??)* 


“■{I-- 8 ) 

(?-*) 


cos B = cos b sin P . 


: cos 6 sin P. 


f f>3 

: cos P — ~ + 


1 jP*> 

+ 6 cos 8 6jP- — 4 
f P 2 

■- P cos b< 1 — —(1 — COS 2 b) + . . 


= P cos b\ 1 


P 2 sin 2 6 


Using the approximation P = p cosec 6, this gives : — 

^ — B — P cos fr|l — ^ j- approximately 

n ,f. y tan 6] 

= P cos b< 1 — — >■ 


= P ^cos b — sin bj 
■■ P COS (6 + Jrj). 


TABLE OF CONSTANTS 


IT . . 

1 + 7T . . . . 

Number 

. 3-14159 26536 

. 0-31830 98862 

Logarithm 
0-49714 98727 
9-50285 01273 

e , base of natural logarithms 
log 10 e — M ~ modulus 
log e 10 = 1 -r M 

. 2-71828 18285 

. 0-43429 44819 

. 2-30258 50930 

0-43429 44819 
9-63778 43113 
0-36221 56887 

1 radian, in degrees 

1 radian, in minutes . 

1 radian, in seconds 

. 57-2957 79513 

. 3437-74 67708 

. 206264- 80625 

1-75812 26324 
3-53627 38828 
5-31442 51332 

1 degree, in radians 
l minute, in radians . . 

1 second, in radians 

. 0-01745 32925 

. 0-00029 08882 

. 0-00000 48481 

8-24187 73676 
6-46372 61172 
4-68557 48668 

1 metre . . . . 

1 metre ..... 

1 kilometre .... 

. 39*37014 7 inches 
. 3-28084 55 feet 

. 0-62137 226 miles 

1-59516 703 
0-51598 578 
9-79335 186 

1 inch ..... 

1 foot , . . 

1 mile . . . 

. 25-3999 56 millimetres 
. 0-30479 947 metres 

1-60934 12 kilometres 

1-40483 297 
9-48401 422 
0-20664 814 

1 French legal metre . 

United States legal metre . 

. 3-28086 93 feet 

. 3-28083 33 feet 

0-51598 893 
0-51598 417 

1 kilogramme .... 

1 pound . . 

. 2-20462 23 pounds 

. 0-45359 243 kilogrammes 

0-34333 420 
9-65666 580 


Logarithms of numbers less than unity have been increased by 10. 

Not©. — The relations between the British and Metrical units of length given here 
are based on the latest determination of the ratio of the Imperial Standard Yard to 
the International Prototype Metre made by Sears, Johnson and Jolly in 1927, when 
they found that 1 metre = 39-370147 inches (Phil. Trans., A Series, Vol. 227, 1928). 
The values given in the corresponding table in the last edition of this book were 
based on the conversion factor, 1 metre ~ 39-370113 inches, determined by Chaney 
and Benoit in 1896. For an important and interesting account of different deter- 
minations of the relations between British and Metrical units of length, and of their 
effects on geodetic operations, see an article by McCaw on “ The Two Metres : The 
Story of an African Foot” in the Empire Survey Review , VoL V, No. 32, page 96, 
April 1939. 
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ANSWERS TO EXAMPLES 


CHAPTER I (page 37) 

1. - 12° 59' 10**6. 

2. 55° 17' 55*. 

3. 12*» 36m 12 s *9. 

4. 10 h 0S m 33«*7. 

5. 21* 12m 498-2. 

6. 22* 39 m 45*. 

7. 12 h 06 m (KM. 

8. 22* 44 m 00 s ; eastern. 

9. 22* 13 m 06 s *7 and 8* 06m 14s*3 ; 

55° 30' 41*. 

10. 12* 10m 28«-2. 

CHAPTER II (page 114) 

1. 4 m 11 s fast ; 5 m 00 s slow. 

2. lm 108.5 fast. 

3. 38 s *5 fast. 

4. 6 m 12 8 '3 slow. 

5. 4 m 20 s *4 fast. 

6. 90° 17' 28*, 71° 57' 28* west of 

south, 

7. 64° 32' 42* west of south. 

8. 0° 55' 52" west of south. 

9. 132° 26' 50" ; 21* 44m 4.3s. 

10. 55° 56' 03" N. 

11. 51° 30' 12" N. 

12. 2° 22' 40**8 N. 

13. 49° 01' 36" N. 

14. 23° 10' 59"*0 E. 

15. 17 s *34 gaming. 

16. 30' 19" *5, 49' 34" *5, 1° 13' 43"*5, 

53' 10" 5 west of A. 

17. 6 S *55 losing ; 21° 03' 36"*8. 

18. 13' 39* W. or 88° 42' 36* W. 

CHAPTER III (page 224) 

1. 58ft. 

2. 812 ft. 

3. Line of sight fails to clear C by 


5. 

31,348*544 ft. 

6 . 

1724*45 ft. 

7. 

16,532*37644 m. 

8 . 

+ 0*00586 ft. 

9. 

97° 08' 39* 88. 

10 . 

- 1"*32. 

11 . 

+ 3**9. 

12 . 

71° 49' 4 6"*22. 


CHAPTER IV (page 274) 

Answers to questions on angle adjust- 
ment are given in terms of the seconds 
only. 

1. a, 11*97 ; 6, 50"*17 ; c, 36"*08 ; 

a + 6 + c, 38"*22. 

2. a, 30"*60 ; 6, 13"*11 ; c, 3"*31 ; 

d, 49**47 ; e, 23"*51. 

3. AOB, 32"*74 ; BOC, 21"*88 ; 

COB, 2**54 ; DOE, 17**57 ; 

EOA, 45**27. 

4. a, 39**97 ; b, 15**29 ; c,32**45. 

5. a, 10**99 ; b, 30**42 * c, 29"*20; 

p.e. of an observed angle *= ± 
0**51, of an adjusted angle 

= ± 0**36. 

6. a, 22**6 ; 6, 44**9 ; c, 52**5. 

7. *± 0**51 ; ± l*-44. 

8. ± 0*039 ft. 

9. 1 : 1*28 : 6**00. . 

10. 32 miles. 

11. 41**01. 

12. ± 0*01803 ft. 

13. A, 27**19 ; B lf 35"*19 ; G v 57**62 ; 

B s ,2**82; C 3 , 14**36; B, 42**82. 

14. a , 3**28 ; 5, 34**48 ; c, 14**81 ; 

d, 46**50 ,* e, 24**21 ; /, 16**73 ; 
g 9 32**56 ; h, 7**43. p.e. of an 
observed angle — ± 1**107, of 
an adjusted angle ± 0**783 and 
of side CD ± 0*53 ft. 

15. a, 3**35 ; 6, 34**38 ; e, 14**69 ; d % 

46**43; e, 24**13; /, 16**85; 
g 9 32"*66 ; A, 7**52. 


64 ft. 

4. - 3*0046 ft. 


16. AB, 45,367*24 m. ; BC, 37,700*48 
m. 
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PLANE AND GEODETIC SURVEYING 


CHAPTER V (page 352) 

1. 6,382,000 m. 

2. 50° 25' 11*49 N. 

3. 25,8064 m. ; 178° 30' 56' 4. 

4. 111,239 m.; 111,258 m. 

5. 3"-86; log AB = 5-130 5994, 

log BC = 5 096 0424. 

6. 22° 00' 04"-80 S ; 14° 59' 40"43 E ; 

41° 22' 52'45. 

7. X = 195 699-5 ; T = 200 216-6 ; 

a'= 62° 16' I7"-37. 

8. tan i(A + B) — 

eosJ (^— $') oosecj ( <j> + -£') cot ; 

tan )t(A — B) = 

sin \(<f> — <j>') sec + <f>') oot — ; 


sin - = sin aL cos J>' cosec A 

V 

= sin A L cos $ cosec B ; 

A = 74° 32'*0, B « 264° 21'*3 ; 

5= 3194*9 miles. 

10. 38° 04' 19"*04. 

11. log 5 = 4*933 4005; A = 351" 43' 
34"* 18. 

12. = + 826 176*79 ; F^, = — 
669 424*60; X M « + 826 176*79 ; 
F w = - 669 539*48. 

13. y — 23'55"*3 8; X* — + 704 012*1; 

F B « - 633 741*7. 


14. 

11° 

56' 04"* 12 

N; 

9° 46 

' 22"-79 W. 

15. 

= 

= + 908 

565*18 ; 

r, = - 


729 692*22. 




16. 

X = 

: 4-553165*9; 

Y ~ ~ 

-513 002-5; 


y = 

- 1° 23' 

21"* 

•54. 


17. 

3 = 

= 3' 26"*4S ; 

' x :sst\ 

12-51 ft.; 


o = 

50*05 ft. 
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Abebbation, diurnal, correction for in 
azimuth observations, 86 
correction for in time observations, 
73 

Absolute length of base, correction for, 
155 

determinations of longitude, 110 
Accidental error, 226, 227 

in precise spirit levelling, 377, 378, 
379 

laws of, 228 

Accumulation of error in surveying, 119 
Accuracy of barometrical observations, 
417 

of base measurement, 141 
of first-order traverses, 199, 200 
of range finder, 422 
of second-order traverses, 200, 216, 217 
Acetylene lamps, 135 
Adjusted angles in triangulation, pro- 
bable error of, 263 
observations, probable error of, 250 
Adjustment by method of directions, 
258, 260 

conditions for figure, 251, 253, 257, 258 
figure, 251 

of binocular precise level, 364 
of chain of triangulation between fixed 
bases and azimuths, 264 
of collimation line of theodolite, 168>, 
169 

of complicated figures, 257 
of Cooke, Troughton & Simms level, 
368 

of geodetic quadrilateral, 253 
approximate, 260 

of horizontal axis of theodolite, 168 
of network of precise spirit levels, 379 
traverses, 265, 273 
of triangulation, 264 
of trigonometrical levels, 390 
of optical micrometer of Tavistock 
theodolite, 185 

of plate levels of theodolite, 168 
of precise traverses, 265 

by corrections applied directly to 
co-ordinates, 265 

to measured angles and 
lengths, 266, 269 
in terms of geographical co- 
ordinates, 265, 269 
of rectangular co-ordinates, 265, 
266 

of quadrilateral, 253 

of run of micrometer, 171, 172 

of simple figures, approximate, 263 

P & G, S. 


Adjustment of single triangle, 253 
of striding level of theodolite, 168 
of traverses, Bowditeh’s rule for, 265, 
266, 273 

of triangulation, 251, 264 
station, 251 
survey, 226 

Adjustments by least squares, use of 
calculating machines in, 238, 466, 
467 

of micrometers of Tavistock theodo- 
lite, 185 

of micrometers of theodolite, 168, 170, 
171 

of portable transit instrument, 47 
of sextant, 51 

of Tavistock geodetic theodolite, 185 
of theodolite, 168 
of Wild precise theodolite, 180 
of Zeiss precise level, 365 
of zenith telescope, 49 
Admiralty List of Radio Stations, 110, 
111, 113 

Aerial photographic surveying, 437 
advantages of, 437 
Arundel method of, 438 
cameras for, 437, 438 
contouring by, 439, 440 
engineering uses of, 437 
interpretation of photographs, 438 
photography, 438 
plotting from photographs, 438, 
439 

references on, 440 
uses of, 437 

Air Survey Committee, 438 
Airy’s figure of the earth, 286 
zenithal projection, 450 
Alidade, telescopic, 419 
Aligning and levelling telescope for base 
measurement, 149, 151 
Alignment, correction for horizontal, 
162, 215 
curve of, 

of luminous signals, 132, 133, 134, 135, 
137 

Almucantar, 108 
Altazimuth instrument, 165 
Altitude, 11 
geocentric, 20 

observed, correction to for level of 
theodolite, 68 
for parallax, 20 
for refraction, 19 

Altitudes of a.circum-polar star, latitude 
by meridian, 106 


4S1 


It 
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Altitudes of Polaris, latitude by, 98, 106 
of stars, azimuth by ex-meridian, 84, 
88, 113 

latitude by circum-meridian, 98, 
101 

by equal, 57, 98, 108, 109, 113 
by ex-meridian, 98, 108 
by meridian, 98, 105 
time by equal, 57, 72, 80, 113 
by ex-meridian, 72, 74, 113 
of sun, latitude by circum-meridian, 
98, 103 

by meridian, 98, 105 
time by equal, 72, 82 
by ex-meridian, 72, 78 

American Geographical Society, Star 
Lists of, 60 

Anchoring pole or trestle, 211, 212, 217, 
218 

Aneroid barometer, 19, 404, 406 
advantages of, 407 
construction of, 406 
error in reading of due to parallax, 
407, 417 

hysteresis in, 407 
lapse-rate formula for, 413 
method of reading, 407 
observations in the tropics, 409 
Paulin, 407 

table for graduation of, 414 
use of in West Africa, 410 

Angle, auxiliary, 467 
between plane curves, 288, 349 
and geodesic, 350 
book, keeping of, 194 
equations, 253, ( See also Angular 

Condition Equations.) 
hour. See Hour Angle, 
measurement, 164 
observations, first-order, 191, 194 
intervals between zeroes in, 191 
parallactic, 14 

Angles, comparison of spherical and 
spheroidal, 277 
conversion of into time, 22 
direction or reiteration method of 
observing, 190, 191, 193 
distance. See Distance Angles, 
horizontal, observation of, 189 
on a sphere, 3 

on precise traverses, allowable closing 
error of main, 206 
allowable closing error of sub- 
sidiary. 207 

on second-order traverses, allowable 
closing error of, 216, 217 
repetition method of observing. See 
Repetition Method of Observing 
Angles. 

spherical, 3, 277, 286 
spheroidal, comparison of with 
spherical angles, 277 


Angles, three tripod method of observ- 
ing, 206 

vertical, observation of, 383 
Angular conditional equations, forma- 
tion of, 257, 258 

measurements, determination of pro- 
bable error of in traversing, 222, 
272 

estimation of probable error of in 
traversing, 221, 222, 272 
intervals between zeroes in, 191 
on main triangulation, 164, 191, 194 
on precise traverses, 204 
main, 206 
subsidiary, 207 
on rapid triangulation, 400 
on second-order traverses, 216, 218 
triangulation, 193, 194 
on topographical and geographical 
triangulation, 396 

observations, miscellaneous correc- 
tions to, 194 

stations on second-order traverses, 
intervals between main, 216, 217 
Answers to examples, 479 
Antemeridiem, 23 
Aphelion, 16 
Apogee, 16 
Apse line, 16 
Apses of earth’s orbit, 16 
Arc, electric, 137 

of 30th meridian in Uganda, 135, 148, 
150, 384 

Archimedes calculating machine, 465 
An’cs, lay-out of oblique, 352 
Argand lamp, reverberatory, 135 
Aries, first point of, 12, 18 
Arithmetic mean, 229, 247 
probable error of, 247 
Artificial horizon, 54 
observing by, 55 

Arundel method of aerial photographic 
surveying, 438 

Ascension, right. See Right Ascension. 
Association, International Geodetic, 97, 
119, 378, 379 

Astrolabe, prismatic 55, 75 

advantages and disadvantages of, 
63 

computation of results, 61 
observing with, 60 
preparation of programme of work 
for, 59 

Astronomical and geodetic positions, 39 
azimuth, 40 
clock, 21 

determinations, combined, 113 
latitude, 40 

latitudes and longitudes and the 
defection of the vertical, 40 
measurements, corrections to, 18 
notation, 33 
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Astronomical observations, 39 

as horizontal framework, 43, 120, 
394, 395, 403 

derivation of corrections to, 71 
general procedure in, 68 
instruments for, 44 
pairing of, 59, 70, 74, 77, 78, 81, 84, 
87, 89, 91, 95, 96, 98, 101, 105, 
107, 109 
reduction of, 71 

positions as check on triangnlation or 
traverse, 41 
refraction, 18 
sextant. See Sextant, 
terms, definition of, 8 
time, 23 

into civil time, conversion of, 23 
triangle, 14 

right-angled, 14 
solution of, 14, 71 

work, barometrical observations in, 
19, 68 

Astronomically observed latitudes and 
longitudes, advantages and dis- 
advantages of, 43 

observed latitudes and longitudes as 
control for mapping, 43, 120, 394, 
395, 403 

Astronomy, references on field, 116 
use of in surveying, 1 
Atlas, Norton’s star, 15 
Attachment, solar, 63 
Australia, 317 

temperature measurements in by 
electric resistance, 155 
Autumnal equinox, 17 
Auxiliary angle, 467 
sheets, 418, 456 
Axes of error, 274 

Axis, correction for dislevelment of hori- 
zontal, 86, 194, 196, 206, 208 
major, of the earth, 279 
minor, of the earth, 279 
of a circle, definition of, 2 
of error, principal, 274 
strain in light-weight geodetic theodo- 
lites, 187, 193 

Azimuth and distance, calculation of 
from latitude and longitude, 300 
and latitude traverse, 302, 395, 403 
and time, combined determinations 
of, 96, 113 
astronomical, 40 

by circumpolar stars at culmination, 
84, 95 

at elongation, 84, 87 
by close circumpolar stars, 84 
by equal altitudes of stars, 84, 94, 
113 

by ex-meridian altitudes of stars, 84* 
88, 113 

of the sun, 84, 91 


Azimuth by hour angles of stars, 84, 93 
of sun, 84, 93 

correction in observations for azimuth 
by circumpolar stars at elonga- 
tion, 95 

in primary time determinations, 73 
to for dislevelment of horizontal 
axis of theodolite, 86, 208 
to for mean position of earth’s pole, 
97 

to for semi-diameter of sun, 92 
to for height of signal, 97 
definition of, 11 
determination of, 83, 84 
geodetic, 40 

Laplace correction to observed, 40, 
207, 221 

methods for determination of, 84 
observations for, 85 

on precise traverses, 207 
on second-order traverses, 216, 217 
reference mark for, 83 
primary determination of, 84, 95 
radius of curvature of earth in any, 
280,281 

stations, intervals between, 43 

on first-order traverses, 200, 
207 

on second-order traverses, 200, 
216, 217 

Azimuthal projections, 444, 452 
Azimuths as check on traversing and 
triangulation, 43 

in first-order work, corrections to 
observed, 97 

reverse, calculation of from azimuth 
and distance, 286, 287, 289, 
294, 299 

of from latitude and longitude, 
300, 301 


Back sights and foresights, correction 
for inequality of, 375 
equality of in precise spirit 
levelling, 372, 374, 375, 382 
solution of normal equations, 237 
Backward and forward levelling, allow- 
able discrepancy between, 371, 379 
Baily formula for barometric heights, 
412 

Baker, Captain T. Y., B.N., 56 
Balance, spring. See Spring Balance. 
Ball, Dr. J., 62, 108, 110 
Balloons, use of in aerial photographic 
surveying, 437 
Barograph, micro-, 409 
Barometer, 19, 404 

aneroid. See Aneroid Barometer, 
mercurial. See Mercurial Barometer, 
observations of in astronomical work. 

19, 68 
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Barometrical gradient, 408 
levelling, 396, 404 
advantages of, 404 
effect of humidity on, 408 
effect of irregularities of baro- 
metrical gradient on, 408 
effect of temperature on, 408 
field work of, 408 
lapse-rate formulae for, 408, 413 
limits of error in, 417 
observations in, 408, 409 
scop© of, 404 

simultaneous observations in, 409 
single observations in, 408 
sources of error in, 408, 416 
observations, accuracy of, 417 
corrections applicable to, 411, 415 
reduction of, 411, 413 
sources of error in, 408, 416 
tables for reduction of, 411, 412, 
413, 414, 415 
pressure, 19, 404 
Barr and Stroude, Messrs., 440 
Base bars, 142 

Base line, calculation of length of, 155 
Lossiemouth, 150 
measurement, accuracy of, 141 
by flexible apparatus, 145 
by rigid bars, 139 
by steel and brass wires, 155 
by wires and tapes in catenary, 
145, 147, 153 
equipment for, 148, 150 
field work in, 150 
levelling in, 150 

organization of field parties for, 
150 

probable error of, 141, 163 
rapid, 400 

straining apparatus for, 150 
use of long tapes for, 153 
sites, selection of, 124 
to triangulation, connection of, 125 
lines, distances between, 125 
for triangulation, 120, 124, 400 
lengths of, 125 

measuring apparatus, bimetallic. See 
Bimetallic Base Measuring 
Apparatus. 

Colby, 142 

Eimbeck Duplex, 143 
flexible, 145 
forms of, 139 
“Macca,” 149 
optical, 139, 142, 144 
standardisation of, 140 
Woodward iced bar, 144 
stereoscopic, 434, 435 
Beacon, self-centering, 133 
Bearing and distance, calculation of from 
conical orthomorphic co-ordi- 
nates, 336 


Bearing and distance, calculation of from 
rectangular spherical co-ordinates, 
316 

calculation of from Transverse Mer- 
cator co-ordinates, 321 
computed from rectangular spheri- 
cal co-ordinates, distortion of, 
309, 312 

Bearings, grid. See Grid Bearings. 

rectangular spherical, 304 
Bench marks, 372 
Benoit, J. B., 139, 478 
Besselian interpolation coefficients, 27 
tables of, 27 

Bessel’s figure of the earth, 285 
interpolation formulae, 27 
tables of astronomical refraction, 19 
Bilhy , J. S 130 

Bilby portable observing tower, 121, 
122, 130, 200 

Bimetallic base measuring apparatus, 
139, 143 

correction for temperature for, 
156 

Binaries, observations of for latitude, 99 
Binocular precise level. 362 
adjustment of, 364 
Binomial coefficients, tables of, 28 
expansion, 7 

Blacker’s projection, 454 
Boiling-point thermometer, 404, 417 
observations with, 418 
reduction of observations, 418 
tables for use with, 418 
Bonne’s projection, 448, 452 
Bordeaux wireless time signals. 111 
Boss’ Catalogue of Stars, 15 
Boundaries, location of, 350 
Bowditeh rule for adjustment of tra- 
verses, 265, 266, 273 
Box chronometer, 64 
Boyle-Gay -Lussac law for gases, 412 
Brazil-Bolivia boundary survey, 108 
Bridges-Lee photo-theodolite, 427 
Brightness of stars, 15 
Broken- telescope transit, 46, 181 
Brown , Colonel B. LL r 422 
Brunsviga calculating machine, 462, 
463, 467 

Bulletin Horaire, 112 
Bureau International des Poids et 
Mesures, 138, 140, 145 
of Standards, Washington, 147 
Burns , Major-General E. L* M., 335 
Burt’s solar attachment, 63 


Cadastbat, surveys, object of, 393 
Calculating machine, Archimedes, 465 
Brunsviga, 462, 463, 467 
double interpolation by, 469 
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Calculating machine, Facit, 462, 463, 
465 

interpolation by, 466, 467, 469 
inverse interpolation by, 469 
least square adjustments by, 238, 
466, 467 
Madas, 465 

Marchant, 463, 465, 468, 469 
Mercedes, 465 
method of operation of, 463 
Munroe, 465 
Odliner, 463 
machines, 462 

advantages of, 466 
electric, 462, 463, 465 
advantages of, 465 
disadvantages of, 463 
hand, 462, 463 
keyboards of, 463 
requirements of, 462 
twin, 467, 469 

advantages of, 469 
varieties of, 462 

Camera, aerial surveying, 437, 438 
stations, selection of, 429 
surveying, 426, 434 
tilt, 438, 439 

determination of, 439 
Canada, 199, 208, 278, 285, 332, 424 
National Research Council of, 188 
Canadian. Geodetic Survey, 127, 168, 339 
method of computing traverses, 
339 

Cancer, Tropic of, 17 

Canopus, 16 

Capricorn, Tropic of, 18 

Care of invar tapes and wires, 147 

Carpentier, M., 148 

Casella double reading theodolite, 175, 
218 

Casella, Messrs. C. F., 427 
Cassini co-ordinates, 268, 278, 303. See 
also Rectangular Spherical Co- 
ordinates. 

projection. 448, 451. 

Catalogues of stars, 15 
Catenary, correction for deformation of 
159, 160 
table for, 161 

measurements, 145, 147, 153, 201, 208, 
209, 217, 218 
Celestial bodies, 1 
body, position of, 10 
equator, 9 
horizon, 9 
meridian, 9 
poles, 2 
sphere, 1 

Central projection, 445 
Ceylon, geodetic levelling of, 373. 377, 
379 

Chain figure system of fcriangulation, 124 


Chain of triangulation, adjustment of 
between fixed bases and azimuths, 
264 

Chambers’s seven-figure mathematical 
tables, 28, 314 
Chaney , M., 478 

Change of gravity, correction to baro- 
metrical observations for. 411, 415 
correction to linear measurements 
for, 158, 215 

of tension, correction for, 156, 215 
Charts, navigation, 445, 449, 452 
Check on formation of conditional 
normal equations, 242, 243 
of observational normal equations, 
231, 232, 235 

on solution by conditional equations, 
final, 245 

by observational equations, final, 
238 

on triangulation or traverse positions, 
astronomical positions as, 41 
taping, 213, 217, 218 
Choice of conditional equations, 259 
of projection, 452 
Chronograph, 47 
tape, 48 

Chronometer, box, 64 
mean time, 67 
pocket, 64 

rate, correction for in primary time 
observations, 73 
sidereal, 67 

Chronometers, comparison of, 67 
Churchill , J, H„ 362 
Circle, axis of, 2 
portable transit, 46 
vertical, 383 
Circles, great, 2 
poles of, 2 
secondaries of, 3 
small, 2 
vertical, 9 

Circum-meridian altitudes of stars, lati- 
tude by, 98, 101 
of sun, latitude by, 98, 103 
Circumpolar star, latitude by meridian 
altitudes of, 98, 106 
stars, 13 

at culmination, azimuth by, 84, 95 
at elongation, azimuth by, 84, 87 
Cistern barometer, 405 
Civil time, 23 

into astronomical time, conversion 
of, 23 

Clarke, Colonel A . E 199, 260, 277, 
287, 445 

Clarke’s (1858) figure of the earth, 
283, 285, 286, 294 

(1866) figure of the earth, 97, 282, 
285, 295 

(1880) figure of the earth, 283, 285, 286 
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Clarke’s formula? for long lines, 286, 287, 
300, 349 

for medium and short lines, 286, 
287, 289, 299, 300, 301, 302, 306, 
340 

“ Geodesy,” 199, 277, 287, 289 
minimum error projection, 445, 452 
Classification of errors, 226 
of map projections, 443 
of precise traverses, 200 
of stars, 15 

of triangulation, 122, 123 
Claude , A., 56 
Clinometer, Indian, 419 
Clock, astronomical, 21 
sidereal, 21 

Close and Winterbotham’s Text-book 
of Topographical Surveying,” 62, 86, 
103, 285, 294, 296, 301, 393, 399, 412, 
418, 453, 460 

Close circumpolar stars, azimuth by, 84 
Closed figure, scale correction around a, 
347 

Closing error between azimuth stations 
on precise traverses, allowable 
angular, 206 

between azimuth stations on second- 
order traverses, allowable angular, 
216, 217 

of subsidiary angles on precise 
traverses, allowable, 207 
Co -altitude, 11 
Co-declination, 11 

Coefficient of expansion of invar, 145 
variations of, 146 
of steel tapes, 154 
of terrestrial refraction, 127, 384 
Coefficients, Besselian interpolation, 27 
binomial, 28 

Lagrange interpolation, 29 
Coincidence method of comparing 
chronometers, 67 
Co-latitude, 10 
Colby , Major-General , 142 
Colby base measuring apparatus, 142 
Collimation correction in azimuth deter- 
minations by circumpolar stars at 
culmination, 95 

in primary time determinations, 73 
line of theodolite, adjustment of, 168, 
169 

Colour filters, use of on levels and 
theodolites, 361 

Combined astronomical determinations, 
113 

observations for time and azimuth, 96 
and latitude, 113 
traverse and triangulation, 203 
Comparator, 140 
stereo-, 435 

Comparison of chronometers, 67 

of spheroidal and spherical angles, 277 


Comparison of watches, 67 
Compass, solar, 63 

traverse, computation of, 399 
primary, 420 

secondary and tertiary, 420 
traversing, 396, 420 

Compensating base measurement appa- 
ratus, 139, 142 

Complicated figures, adjustment of, 257 
Components of local deviations of the 
vertical, 41 

Compound stereoscope, 439 
Compression of the earth, 279 
Comptometer, 463 
Computation, geodetic, 276 

of barometrical observations, 411, 413 
of compass traverses, 399 
of deviations or loops, 201 
of length of base line, 155 
of lengths of sides of triangles, 276 
of minor theodolite traverses, 345, 
398 

of precise levels, 375 
traverses, 338, 340, 342 
of prismatic astrolabe observations, 61 
of secondary and minor traverses in 
terms of Transverse Mercator co- 
ordinates, 345, 398 
of tables, 29, 32, 471 
of topographical and geographical 
triangulation, 397 

of traverses by approximate methods, 
342, 345, 398, 399 

by method used by the Geodetic 
Survey of Canada, 339 
in terms of geographical co-ordi- 
nates, 338, 398, 399 
of Transverse Mercator co-ordi- 
nates, 338, 340, 342, 345, 398 
of triangulation, 276 
of trigonometrical levels, 385, 386, 
387, 388 

Computed quantities, probable error of, 
248 

Computing, mechanical, 462 

Service, Ltd., The Scientific, 471 
Comrie , Dr. L. J., 462, 470, 471 
Comstock , Prof . G . O., 69 
Conditional equations, 239, 241 
choice of, 259 

final check on solution by, 245 
formation of angular, 257, 258 
of side, 258, 259 
normal equations, 242 

checks on formation of, 242, 243 
formation of, 242, 243 
number of, 258, 38 1 
solution of, 245 
Conditioned quantity, 227 

quantities, most probable values of, 
238 

probable error of, 250 
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Conditions favourable for trigonomet- 
rical observations, 189 
for figure adjustment, 251, 253, 257, 
258 

number of, 258, 381 
Conformal, definition of, 317, 444 
projections, 444. See also Ortho- 
morphic Projections. 

Conical co-ordinates, 333 
equal-area projection, 447 
orthomorphic co-ordinates, 278 332 
338, 447 5 

calculation of from bearing and 
distance, 335 

from geographical co-ordinates 
334 

conversion of into geographical 
co-ordinates, 335 
formulas for, 334 
general properties of, 333 
modified meridian distance for 
334 

projection, 447 

projection, modified secant, 446 
simple, 446, 452 

with two standard parallels, 446, 453 
projections, 444, 445, 446, 449, 450 
452, 453 

Constant errors, 226, 227 
Constants, table of, 478 
Constellations, 15 

Construction of field sheet graticule, 453 
of final map, 456 
of map models, 460 
of maps, references on, 461 
of tables, 29, 32, 471 
Contact base measuring apparatus, 139 
143 

Contouring from air photographs, 439, 440 
from stereoscopic photographs, 437 
Contours, 457 

Control for mapping, astronomical obser- 
vations as, 43, 120, 394, 395, 403 
horizontal for topographical surveys, 
393, 394, 395, 396 
primary horizontal, 120 
vertical, for topographical surveys, 
393, 394, 396, 404 
Conventional signs, 459 
Convergence, 286, 304, 334. See also 
Reverse Azimuths. 

calculation of from conical orthomor- 
phic co-ordinates, 334, 335 
from latitude and longitude, 306 
from rectangular spherical co-ordi- 
nates, 305, 307, 308 
from Transverse Mercator co-ordi- 
nates, 320 
of meridians, 286 

Cooke, Troughton & Simms Ltd., 
Messrs., 56, 58, 59, 149, 173, 366, 371, 
373 


Cooke, Troughton & Simms precise 
level, 366, 373 
adjustment of, 368 

Co-ordinate system, altitude and azi- 
muth, 1 1 

declination and hour angle, 12 
and right ascension, ] 2 
systems, 10 

Co-ordinates, Cassini, See Cassini Co- 
ordinates, 
conical, 333 

orthomorphic. See Conical Ortho- 
morphic Co-ordinates, 
geographical. See Geographical Co- 
ordinates. 

Lambert. See Lambert Co-ordinates, 
plane rectangular. See Plane Rect- 
angular Co-ordinates, 
rectangular ^ spherical. See Rectangu- 
lar Spherical Co-ordinates. 
Transverse Mercator. See Transverse 
Mercator Co-ordinates. 
Co-ordinatograph, Coradi, 456 
Correction, azimuth, in azimuth observa- 
tions by circumpolar stars at 
elongation, 95 


m primary time determinations, 73 
collimation, in primary azimuth obser- 
vations, 95 

time determinations, 73 
eye and object, in trigonometrical 
levelling, 385, 388 

for aberration in primary azimuth 
> observations, 86 
time observations, 73 
for absolute length of base, 156 
for astronomical refraction, 18 
for change of tension, 156, 215 
for changes of sun’s declination in 
solar observations, 82, 94 
for chronometer rate in primary time 
observations, 73 

for curvature and refraction in precise 
spirit levelling, 375 

in trigonometrical levelling, 384 
reconnaissance, 127 
of path of star, 61, 71, 75, 77, 86, 89, 
91, 93 


derivation of formula for, 71 
for deformation of catenary, 159, 160, 
161 

for differential refraction, 100 
for dislevelment of horizontal axis, 86 
194, 196, 206, 208 
for diurnal aberration, 73, 86 
for dynamic height in precise levelling, 
376 

for eccentricity of instrument, 194, 198 
of signal, 194, 198 

for height of signal above mean sea 
level in angular observations, 194, 
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Correction, for height of signal above 
mean sea level in azimuth ob- 
servations, 97 

of station above mean sea level 
in latitude observations, 110 
"» for horizontal alignment, 162 
for inclination of end readings of a 
tape in catenary, 162, 2X5 
for index error of a spring balance, 
157, 215 

for inequality of sights in precise 
levelling, 375 

for level in azimuth observations, 86, 
208 

in latitude observations by Talcott’s 
method, 100 

in observations of horizontal angles, 
194, 196, 206 
of vertical angles, 68 
in primary time observations, 73 
for mean position of earth’s pole in 
azimuth observations, 97 
in latitude observations, 110 
for orthometric height in precise 
levelling, 375 

for parallax in solar observations, 20 
for phase of signal, 132, 194, 197 
for rate of chronometer, 65, 66, 73 
for reading of eyepiece micrometer, 
85, 194, 196 

for reduction of measured lengths to 
lengths at mean sea level, 162, 
215, 217, 218 

to meridian in observations by 
Talcott’s method, 100 
for latitude by circum-meridian 
altitudes of stars, 102 
Correction, for refraction in observations 
by Talcott’s method, 100 
in precise spirit levelling, 375 
in trigonometrical levelling, 385 
reconnaissance, 127 
for run of micrometer, 170 
for sag, 157, 159, 160, 215, 474 
on odd length bays, 213 
on slopes, 159, 160 
table of, 161 

for scale. See Scale Correction, 
for semi-diameter of sun, 20, 92 
for slope, 159, 215, 217, 218 
for standardisation of staff, 375 
of tape, 155, 215 
of thermometers, 150 
for temperature, 156, 215, 217, 218 
bimetallic apparatus, 156 
in barometrical observations, 411, 
415 

for terrestrial refraction, 127, 384, 385 
for variation of gravity in linear 
measurements, 158, 215 
in barometrical observations, 411, 
415 


Correction, Laplace, 40, 207, 221 
Corrections to angular observations, 
miscellaneous, 194 
to astronomical observations, 18 
derivation of, 71 

to barometrical observations, 411, 415 
to measured length of base line, 155 
lengths, 215 

to observed azimuths in first -order 
work, 97 

latitudes in first-order work, 110 
to precise levels, 375 
to wireless time signals, 112 
Correlative normal equations. See Con- 
ditional Normal Equations. 
Correlatives, method of, 241 
Craig, J. I., 317 

“ Creep ” in light-weight geodetic theo- 
dolites, 188 

Creep of invar with age, 146 
Criterion for neglect of second and 
higher order differences, 27 
Pierce’s, 251 
Culmination, 13 

Curvature and refraction, correction for. 
See Correction for Curvature and 
Refraction. 

effect of in precise levelling, 374 
in trigonometrical levelling, 383 
on intervisibility of stations. 127 
in any azimuth, radius of, 280, 281 
mean radius of earth’s, 280, 282 
of meridian, radius of, 279, 280 
of path of star, correction for, 61, 71, 
75, 77, 86, 89, 91, 93 
derivation of correction for, 71 
of prime vertical section, radius of, 280 
Curve of alignment, 350 
of probability, 228 
plane, or line of sight, 288, 349 
Curves on the spheroid, 288, 349 
plane, angle between, 288. 349 
Cylindrical equal-area projection, 449 
orthomorphic projection, 449 
projection, simple, 448 

with two standard parallels, 449 
projections, 444, 448 


Daubrassie , M. y 238 

Day and night observations, relative 
merits of, 189 
lunar, 21 
mean solar, 22 
sidereal, 21 
solar, 21, 22 

variations in length of, 22 
Decimal division of quadrant, 471 
Declination, 11 

and hour angle system, 12 
and right ascension system, 12 
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Declination, magnetic, 119 
of son at given local time, 35 

correction to solar observations for 
changes of, 82, C4 
from Nautical Almanac , 33 
Deformation of catenary, correction for, 
159, 160 
table for, 161 

De Qraaf Hunter , Dr. J 384 
Dennis, W. M. 9 188 

Derivation of corrections to astronomical 
observations, 71 
Derived normal equations, 237 
Description of stations, 126, 138 
Detail survey, accuracy of in topo- 
graphical surveying, 393 
methods used in topographical 
surveying, 395, 418 

Determination of approximate Green- 
wich time, 112 
local time, 410 
of azimuth, 83, 84 
methods for, 84 
primary, 84, 95 
of camera tilt, 439 

of elevations from photographs, 426, 
431 

of focal length of camera lens, 428 
of Greenwich time, 110 
of horizon line, 428 
of latitude, 97 
methods for, 98 
primary, 98 
of longitude, 110 
of principal line, 428 
of probable error of angular measure- 
ments in traversing, 222, 272 
of the figure of the earth, 119, 283 
of time, 72 

methods for, 72 
primary, 72 

of value of one division of eyepiece 
micrometer, 196 
of theodolite level, 69, 165 
of one turn of micrometer screw, 
49 

Deviations of plumb line or vertical, 39, 
40, 119, 284, 285 

and observed latitudes and longi- 
tudes, 40 
components of, 41 
effect of on azimuth control, 41 
on the survey of position, 41 
local, 39, 119, 284, 285 
or loops in traversing, 200, 201, 216 
DeviUe f Dr. E.> 425 
Diagonal eyepiece, 46 
Differences between Colonial and Ameri- 
can methods of precise traversing, 
201 

criterion for neglect of second and 
higher, 27 


Differences in methods of survey of pre- 
cis© and ordinary traverses, 200 
interpolation by successive, 26 

Differential refraction, correction for, 100 

Dimensions of invar tapes and wires, 148 
of the earth, 119, 285 

Dip, magnetic, 119 

Direct measurements, 227 

Direction instruments, 190 

observations, reduction of to mean sea 
level, 97, 194, 198 
of plumb line, 39, 40, 119, 279, 284 
or reiteration method of observing 
angles, 190, 191 

Directions, adjustment by method of, 
258, 260 

Directly observed independent quan- 
tities, most probable values of, 229 
probable error of, 247 

Discrepancy between forward and back- 
ward lines of precise levelling, allow- 
able, 371, 379 

Dislevelment of horizontal axis of theo- 
dolite, correction for, 86, 194 > 196, 206, 
208 

Displacements, probable linear* 219, 
221, 271, 273, 274 
resolved, 274 

Distance and azimuth, calculation of 
from given latitude and longitude, 
300 

and bearing, calculation of from 
conical orthomorphic co-ordi- 
nates, 336 

from rectangular spherical co- 
ordinates, 316 

from Transverse Mercator co- 
ordinates, 321 
angles, 124, 259, 264 
choice of, 124, 259 
magnitude of, 124, 259 
grid. See Grid Distance, 
measurement of by pacing, 423 
by range finder, 421 
by sound, 423 
by time, 423 
by wheel, 422 

meridional. See Meridional Distances, 
polar, 11 
zenith, 11 

Distances along a meridian. See Meri- 
dional Distances, 
between base lines, 125 

trianguiation stations, 123, 127 
on a sphere, 3 

Distortion of length and bearing com- 
puted from rectangular spherical co- 
ordinates, 309, 312 

Distortions arising from use of a map 
projection, 443 

Diurnal aberration, correction for, 73 
in azimuth observations. 86 
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Diurnal aberration, correction for, in time 
observations, 73 

variation of atmospheric pressure in 
the tropics, 408, 409 
Division of eyepiece micrometer, deter- 
mination of value of, 196 
of level, Wisconsin method of deter- 
mining value of, 69, 165 
of micrometer screw, determination 
of value of, 49 

Double entry, tables of, 32, 469, 470 
interpolation, 31, 469, 470 
by machine, 469 
reading theodolites, 164, 172 
advantages of, 173 

Doubtful observations, rejection of, 250 
Driencourt , L. t 56 
Drummond light, 135, 137 
Duplex mirror, 134 
Duplication of measurements, 214 
Dynamic height, 375 
correction for, 376 


Eabth, axes of, 279 
compression of, 279 
determination of figure of, 119, 283 
dimensions of, 119, 285 
eccentricity of, 279 

figure of the. See Figure of the Earth, 
mean density of, 119 
motion of the, 16 
the, 9 

Earth’s crust, structure of, 119 
vertical movements of, 119 
orbit, 16 

Eccentricity of instrument, correction 
for, 194, 198 

of signal, correction for, 194, 198 
Ecliptic, 16 
obliquity of, 16 
Egypt, Survey of, 133, 317 
Eimbeck duplex base measuring appa- 
ratus, 143 
Eimbeck , TF., 143 

Electric arc, use of in triangulation, 137 
beacon lamp, 135 

calculating machines, 462, 463, 465 
advantages of, 465 
disadvantages of, 463 
Electrical resistance, measurement of 
temperature of tapes by, 154 
Elevations from photographs, deter- 
mination of, 426, 431 
Elongation, 13, 14 
of a star, local sidereal time of, 36 
End readings of a tape, correction for 
inclination of, 162, 215 
measurement of, 151, 213, 218 
Engineering uses of aerial photographic 
surveying, 437 


England and Wales, second geodetic 
levelling of, 377, 379, 380 
Entry, tables of double, 32, 469, 470 
Equal altitudes of stars, azimuth by, 84, 
94, 113 

latitude by, 57, 98, 108, 109, 113 
time by, 57, 72, 80, 113 
of sun, azimuth by, 84, 94 
time by, 72, 82 

area projections. 444, 447, 448, 449, 
450, 452 

Equality of backsights and foresights in 
precise levelling, 372, 374, 375, 382 
Equation of curve of probability, 228 
of time, 23 

from Nautical Almanac , 24 
variations in, 24 

Equations, angle. See Angle Equations, 
conditional. See Conditional Equa- 
tions. 

correlative. See Conditional Normal 
Equations. 

normal. See Normal Equations, 
observational. See Observational 
Equations, 

side, 254, 255. See also Conditional 
Side Equations. 

Equator, celestial, 9 
terrestrial, 9 

Equidistant projection, zenithal, 450, 
452 

Equinox, autumnal, 17 
vernal, 17 

Equinoxes, precession of, 12, 18, 21 
Equipment for base line measurement, 
148, 150 

for wireless time signals, 112 
Equivalent projections, 444 
Emit, W. A., 62 

Error, accidental. See Accidental Error, 
accumulation of in surveying, 119 
and rate, watch, 65 
axes of, 274 

centering, of sextant, 53 
! in barometrical levelling, limits of, 417 
in precise spirit levelling, allowable, 
371, 379 

in traversing, estimation of allowable, 
218 

in trigonometrical levelling, allowable, 
389 

index of sextant, 51, 52 
laws of accidental, 228 
linear, propagation of in traversing, 
219 

in triangulation, 264 
mean, 245 

square. See Mean Square Error, 
probable. See Probable Error, 
propagation of in precise spirit level- 
ling, 377 

in trigonometrical levelling, 388 
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Error, residual, 227, 247, 248 
scale. See Scale Error, 
systematic. See Systematic Error, 
true, 227 

Errors, classification of, 226 
constant, 226, 227 

in distance and bearing arising from 
the use of plane rectangular co- 
ordinates, 315 
theory of, 226 
Etuvage, 146 
Euler’s formula, 280 
Everest » Colonel , 296 
Everest’s figure of the earth, 285 
formula*, *296, 301 
Examples, 37, 114, 224, 274, 352 
answers to, 479 
Excess, spherical, 6, 252, 277 
spheroidal, 252, 277 

Ex-meridian altitudes of stars, azimuth 
by, 84, 88, 113 
latitude by, 98, 108 
time by, 72, 74, 113 
of sun, azimuth by, 84, 91 
time by, 72, 78 

Exploratory and reconnaissance surveys, 
394, 395 

surveys, methods of, 395 
objects of, 394 
scales for, 394 
Exponential series, 7 
Eye and ear method of recording time, 
46, 70 

and object correction in trigono- 
metrical levelling, 385, 388 
Eyepiece, diagonal, 46 

micrometer, correction for reading of, 
194, 196 

determination of value of one 
division of, 196 

reduction to horizontal of angle 
measured with, 85 
us© of for vertical angle measure- 
ments, 383 


Fabry, M.> 139 

Eacit calculating machine, 462, 463, 
465 

Ferrero’s formula for probable error of 
an observed angle in triangulation, 
222, 263 

Field astronomy instruments used for, 
44 ■ 

references on, 116 , 
uses of, 1 : 

observations in triangulation, 188 
of view of telescope, illumination of, 
44, 165 

parties for base line measurement, 
organization of, 150 


Field, sheet graticule, construction of, 
453 

projections, 452 
sheets, 418 

completion of, 456 
preparation of, 419, 453 
sketching, 395, 396, 425 
tapes and wires, standardisation of, 
152, 214, 215, 217, 218 
Figure adiustment, 251 

conditions for, 251, 253, 257, 258 
of the earth, 119, 278 
Airy’s, 286 
Bessel’s, 285 

Clarke’s. See Clarke’s Figure of the 
Earth. 

determination of, 119, 283 
Everest’s, 285 
Hayford’s, 285 
Helmert’s, 285 
“ Madrid,” 283, 285 
results of determination of, 285 
Fiji, Trigonometrical Survey of, 62, 
391 

Filters, colour, use of on levels and 
theodolites, 361 

Final map, construction of, 456 
Finder, mechanical programme, 59 
Finishing the map, 460 
First-order angle observations, 391, 194 
traverses, 200 

accuracy of, 199, 200 
intervals between azimuth stations 
on, 200, 207 
triangulation, 122, 123 

probable angular error of, 193 
First Point of Aries, 12, 18 
of Libra, 18 
Flemer , J. A., 427 

Flexible base measuring apparatus, 139, 
140, 145 

comparative merits of rigid and, 
139 ■ 

Florida, State of, 332 
Focal length of camera lens, determina- 
tion of, 428 

Formation of angular conditional equa- 
tions, 257, 258 

of conditional equations, 257 
of correlative normal equations, 242, 
243 

checks on, 242, 243 
of observational normal equations, 
230, 232, 233, 235, 242 
checks on, 231, 232, 235 
of side conditional equations, 258, 
259 

Form lines, 457 
Fortin barometer, 405 
Fourcade, H, G., 435, 440 
France, 278, 285, 303, 425, 437, 471 
! Frazer, B. A,, 440 
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French Academy expeditions to Peru 
and Lapland, 279 

Fundamental standards of length, 138 
stars, apparent places of, 15, 32, 60 


Galton sun signal, 133 
Gams, K. F., 317 

Gauss conformal projection, 451. See 
also Transverse Mercator Projection. 
Geocentric altitude, 20 
horizon, 9 
latitude, 40, 279 
Geodesic, 349 

Geodesy and Geophysics, International 
Union of, 119, 285 
application of to other sciences, 119 
Association of, 97, 119, 378, 379 
chief divisions of, 119 
field of, 119 

practical importance of, 119 
Geodetic azimuth, 40 
computation, 276 
latitude, 40, 279 

latitudes and longitudes and the 
deviation of the vertical, 40 
levelling, 358 

of Ceylon, 373, 377, 379 
of England and Wales, second, 377, 
379, 380 

references on, 391 
longitude, 40 
points, 119 

positions, astronomical and, 39 
calculation of, 286 
quadrilateral, 253 
adjustment of, 253 
approximate adjustment of, 260 
surveying, 119 
general principles, 119 
references on, 354 
tables, 280, 283, 285 
Geographical co-ordinates, 10 

adjustment of precise traverses in 
terms of, 265, 269 

computation of traverses in terms 
of, 338, 398, 399 

conversion of conical orthomorphie 
co-ordinates into, 335 
of into conical orthomorphie co- 
ordinates, 334 

of into rectangular co-ordinates, 
470 

spherical co-ordinates, 304 
of into Transverse Mercator co- 
ordinates, 320, 323 
of rectangular spherical co-ordi- 
nates into, 304, 306 
of Transverse Mercator co-ordi- 
nates into, 320 
surveying, methods of, 395 


Geographical surveys, 394 
triangulation, 396 

angular measurements on, 396 
computation of, 397 
Geoid, 279, 284 

Geometrical properties of sphere, 2 
Geometry, spherical, 2 
Germany, 471 

Globular projection, 450, 452 
Gnomonic projection, 445, 452 
Gold Coast, 199 

Survey Department, 160, 273 
Gore , Colonel St. G. C. t 453 
Graduating engines, 164 
Graduation errors of precise levelling 
staffs, determination of, 372 
of theodolite, reduction of, 190, 191, 
192 

Graphic triangulation. See Plane Table 
Triangulation. 

Graticule, 419, 443, 453. 

Graticules, construction of field sheet, 
453 

Gravity, correction for change of, 158, 
215 

to barometrical observations for 
variations of, 411, 415 
corrections to value of, 158 
value of, 158 

variations in force of, 119, 158, 375, 
376, 377 

Grazing rays, 128, 201 

Great Britain, 303, 325, 437, 451 

central meridian for Transverse 
Mercator co-ordinates, 325 
principal triangulation of, 260 
re- triangulation of, 135, 192 
second geodetic levelling of, 377, 
379, 380 

circle, definition of, 2 
sailing, 445 

Trigonometrical Survey of India, 135, 
142. See also Survey of India. 
Greek alphabet, 478 
Greenwich meridian, 10 
time, 26 

approximate determination of, 112 
determination of, 110 
from local time, calculation of, 34 
Gregory-jSTewton interpolation formula, 
28 

Gribble, T. G., 408 
Grid bearings, 3X4 

calculation of, 313, 314, 321, 336 
distance, 314 

from true distance, calculation of, 
313, 314, 322, 323, 337 
Gridiron system of triangulation layout, 
124 

Grip, tape, 213 

Ground control points for aerial photo- 
graphic surveying, 438 
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Guillaume, Dr. C. E., 145, 146, 14S 
Guillaume-Carpentier base apparatus, 
148, 149, 150, 164 
Guillaume measuring tripods, 149 


Hachubing, 457 
horizontal, 458, 459 
vertical, 458, 459 
Hanover, 317 
Hart, G. A., 438, 440 
Hayford’s figure of the earth, 285 
Height above sea level, correction for, 
162, 215, 217, 218 
dynamic. See Dynamic Height, 
of signal, correction to observed 
azimuth for, 97 

correction to observed direction for, 
194, 198 

of station, correction to observed 
latitude for, 110 
of triangulation stations, 127 
orthometric. See Orthometric Height. 
Heights and slopes, measurement of, 
149, 150, 151, 209, 213, 218 
of triangulation stations, relative, 128 
Heliograph, 131, 133 
alignment of, 132, 133, 134 
Heliotrope, 131, 132 

alignment of, 132, 133, 134 
Helmert’s figure of the earth, 285 
Henrici , O . and E. O., 159 
Horizon, artificial, 54 
observing with, 55 
celestial, 9 
geocentric, 9 
line, 425, 426 

determination of, 428 
rational, 9 
sensible, 9 
true, 9 

Horizontal alignment, correction for, 
162, 215 

angles, observation of, 189 
axis, adjustment of, 168 

correction for dislevelment of, 86, 
194, 196, 206, 208 
control for primary work, 120 

for topographical surveys, 393, 394, 
395, 396 

hachuring, 458, 459 
parallax, 20 

Horrebow-Talcott level, 181 
Horsfield , W., 62 

Hotine , Brigadier M., 147, 148, 160, 188, 
438 

Hour angle and right ascension, relation 
between, 21, 23 

and time, relation between, 21, 23 
definition of, 13 
method of reckoning, 13 
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Hour angle of stars, azimuth bv, 84, 
93 

of sun, azimuth by, 84, 93 
system, declination and, 12 
Huddart , L H. L., 424 
Humidity, effect of on barometric 
levelling, 408 

Hunter , Dr. J. De Graaf. 384 
Hydrographical Department, Admiralty, 
59 

Hypsometer. See Boiling-point Ther- 
mometer. 

Hysteresis in the aneroid barometer, 407 


Iced bar base measuring apparatus, 
139, 140, 144 
Iconometry, 425 
Identification of points, 127, 401 
Illumination of field of view of telescope, 
44, 165 

of micrometers, 45, 165 
Impersonal micrometer, 46, 48, 181 
Index error of precise staffs, determina- 
tion of, 373 
of sextant, 51, 52 

of spring balance, correction for, 
157, 215 

India, Great Trigonometrical Survey of, 
135, 142 
maps of, 453 

Survey of. See Survey of India. 
Indian clinometer, 419 
Indirect measurement, 227 
Indirectly observed independent quan- 
tities, most probable value of, 229 
observed independent quantities, pro- 
bable error of, 249 

Inequality of backsights and foresights, 
correction for, 375 

Instrument, correction for eccentricity 
of, 194, 198 

portable transit, 44, 46, 72 
stability of, 188 

Instruments for astronomical observa- 
tions, 44 

Intensity of earth’s magnetic force, 119 
International Bureau des Poids et 
Mesures, 138, 140, 145 
formula for calculation of barometric 
heights, 412 

Geodetic Association, 97, 119, 378, 
379 

formulae for errors of precise 
spirit levelling, 378, 379 
map projection, 448 
metre, 138, 478 

(Onogo) system of wireless time 
signals, 113 

Union of Geodesy and Geophysics, 
119, 285 
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Interpolation, 26 

by machine, 466, 467, 469 
by successive differences, 26 
coefficients, Besselian, 27 
Lagrange, 29 
double, 31, 469, 470 
by machine, 469 
formula, Bessel’s, 27 
Gr egory-Newton . 28 
Lagrange, 28 
inverse, 29 

by machine, 469 
linear, 26, 27 

tables for, 27, 28, 29, 30, 469 
Interpretation of photographs, 438 
Intersection, plane table, 395 
use of in rapid triangulation, 402 
Intervals between azimuth stations, 43 
on first-order traverses, 200, 
207 

on second-order traverses, 200, 
216, 217 

main angular stations on second- 
order traverses, 216, 217 
zeroes in angular observations, 191 
Intervisibility of stations, 126, 127 

effect of earth’s curvature and 
refraction on, 127 
effect of height of stations on, 127 
Invar, 120, 140, 145 
advantages of, 140 
coefficient of expansion of, 145 
creep of with age, 146 
elastic limit of, 147 
modulus of elasticity of, 147 
stable, 147 

tapes and wires, care of, 147 
dimensions of, 148 
tension used with, 150 
tensile strength of, 147 
use of in precise levelling staffs, 371 
variations of coefficient of expansion 
of, 146 

Inverse cases (latitudes, longitudes and 
reverse azimuths), 300 
interpolation, 29 
by machine, 469 
Ireland, 448 


Jdderin , J?., 147, 155 

Jeffreys , Dr. H., 158 

Johnson , W. H. f 478 

Joining traverses to triangulation, 202 

Jolly , H. L. P., 268, 377, 478 

Jordan , Dr. W., 277 


Kinmra , Prof . H., 97 
Kites, use of for aerial photographic 
surveying, 437 


Lagrange interpolation formula, 28 
La Hire’s projection, 445 
Lallamand , Ch., 378 

Lallamand’s formula for probable error 
of levelling, 378 

Lambert co-ordinates, 268, 278, 332. 
See also Conical Orthomorphie Co- 
ordinates. 

Lambert , J. H., 317 
Lamp, acetylene, 135 

Argand reverberatory, 135 
Drummond, 135 
electric, 135 
arc, 137 
hurricane, 135 
magnesium, 137 
McCaw, 135 

Tilley petrol vapour pressure, 135 
Laplace , P. 411 

Laplace correction, 40, 207, 221 

formula for barometric heights, 411, 
412 

points, 40, 201 

Lapland, French Academy Expedition 
to in, 1736, 279 
Lapse -rate, definition of, 414 
formulae for aneroid scales, 413 
for barometrical levelling, 408, 413 
Lateral refraction, 189 
Latitude and azimuth traverse, 302, 
395, 403 

and time, combined observations for, 
113 

astronomical, 40 
by altitudes of Polaris, 98, 106 
by circum-meridian altitudes of stars, 
98, 101 

of sun, 98, 103 

by equal altitudes of stars, 57, 98, 
108, 109, 113 

by ex -meridian altitudes of stars, 98, 
108 

by meridian altitudes of a circumpolar 
star, 106 

of stars, 98, 105, 113 
of sun, 98, 105 
by Talcott’s method, 49, 98 
by transits of stars, 98, 105, 113 
calculation of from azimuth and 
distance, 286, 287, 289, 294, 299 
from conical orthomorphie co-ordi- 
nates, 335 

from rectangular spherical co-ordi- 
nates, 304 

from Transverse Mercator co-ordi- 
nates, 320 
co-, 10 

determination of, 97 
geocentric, 40, 279 
geodetic, 40, 279 
layout of parallels of, 351 
methods of determination of, 98 
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Latitude, observed, correction to for 
height of station, 110 
for mean position of earth’s pole, 
110 F 
primary determination of, 98 
radius of parallel of, 279, 280 
terrestrial, 10 
sign of, 10 

variations of, 110, 119 
Latitudes _ and longitudes, advantages 
and disadvantages of astronomi- 
cally observed, 43, 120, 394 
astronomically determined, as con- 
trol for mapping, 43, 120, 394, 
395, 403 

in first-order work, corrections to be 
applied to, 110 
Lavssedat , A., 425, 437 
Laws of accidental error, 228 
Lay-out of meridians, 350 
of oblique arcs, 352 
of parallels of latitude, 351 
of precise traverses, 201 
of Sydney Harbour Bridge, 369 
of triangulation, 123 
Least square adjustments by calculating 
machines, 238, 466, 467 
squares, general principles of, 228 
Legal metre, 138 
Legendre’s rule, 276 
theorem, 276 

Length computed from rectangular 
spherical co-ordinates, distortion 
of, 309, 312 

fundamental standards of, 138 
of base line, calculation of, 155 
of side in triangulation, 123 
of sight in precise spirit levelling, 373 
of solar day, variations in, 22 
standards of, 138 

wavelength of light as fundamental 
standard of, 139 

Lengths, corrections to measured, 215 
of sides of triangles, computation of, 
276 

Lettering on maps, 460 
Level correction in azimuth observa- 
tions, 86, 208 

in horizontal angle observations, 86, 
194, 196, 206 

in latitude observations, 100 
in primary time observations, 73 
for precise levelling, sensitiveness of, 
359, 362, 368, 369 

for Talcott method, sensitiveness of, 49 
for theodolite, sensitiveness of, 44, 
165, 167 

for zenith telescope, sensitiveness of, 
49 

Horrebow -Talcott, 181 
of theodolite, correction to for 
observed altitude, 68 


Level striding. See Striding Level. 

. trier, 165.. r 

Wisconsin method of determining 
value of one division of, 69, 165 
Levelling, barometrical. See Baro- 
metrical Levelling, 
for base line measurement, 150 
geodetic, 358. See also Precise Spirit 
Levelling. 

of England and Wales, second geo- 
detic, 377, 379, 380 
precise spirit. See Precise Spirit 
Levelling, 
reciprocal, 374 

telescope for base line measurement, 
aligning and, 149, 151 
trigonometrical. See Trigonometrical 
Levelling. 

Levels of theodolite, determination of 
value of one division of, 69, 165 
plate, adjustment of, 168 
Libra, first point of, 18 
Lightweight geodetic theodolites, axis 
strain in, 187, 193 
creep in, 188 
Line, apse, 16 

horizon, 425, 426, 428 
of sight or plane curve. See Plane 
Curve. 

principal, 425, 426, 428. 

Linear displacements, probable, 2X9, 221, 
271, 273, 274 

error in triangulation, propagation of, 
264 

interpolation, 26, 27 
measurements in precise traversing, 
201, 208 

probable error of, 219, 271 
in second-order traversing, 217, 218 
Local apparent time from local mean 
time. 34 

from standard mean time, 37 
deviations of the plumb line or 
vertical, 39, 40, 119, 284, 285 
mean time from local apparent time, 
34 

sidereal time, 35 
of local apparent noon, 35 
sidereal 0 h , 35 
of transit of a star, 36 
sidereal time from local mean time, 36 
from standard mean time, 37 
of elongation of a star, 36 
Location of boundaries, 350 
Logarithmic series, 7 
Logarithms, number of places used in 
computing triangulation, 277 
Longitude and time, relation between, 
25 

astronomical, 40 

calculation of from azimuth and dis- 
tance, 286, 287, 289, 294, 299 
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Longitude calculation from conical or- 
thomorphic co-ordinates, 335 
from rectangular spherical co-ordi- 
nates, 304 

from Traverse Mercator co-ordi- 
nates, 320 

determination of, 110 
geodetic, 40 
terrestrial, 10 

method of reckoning, 10 
Long lines, Clarke’s formulee for, 286, 
287, 300, 349 

tapes, use of for base measurement, 
153 

Loops or deviations in traversing, 200, 
201, 216 

Lossiemouth base line, 150 
Lower transit, 13 
Loxodrome, 449 
Luminous signals, 131 

alignment of, 132, 134, 135, 137 
widths of, 133 
Lunar day, 21 


“Macca” base measuring apparatus, 
149 

Machine, table making, 47 1 
Machines, calculating. See Calculating 
Machines. 

Maclaurin’s theorem, 7 
Madas calculating machine, 465 
“ Madrid ” figure of the earth, 283, 285 
Magnetic declination, 119 
dip, 119 

force, intensity of earth’s, 119 
Magnitude of stars, 15 
Main angular stations on second- order 
traverses, intervals between, 216, 217 
Malaya States Survey Department, 199 
Mangin reflector, 135 
Map construction, 443 
references on, 461 
finishing of, 460 
models, 460 

projection, choice of, 452 
projections, 443 
classification of, 443 
object of study of, 443 
references on, 461 

Mapping, astronomical observations as 
control for, 43, 120, 394, 395, 403 
Maps, lettering on, 460 
scales for, 394 

Marchant calculating machine, 4C3, 465, 
468, 469 

Mark, reference, for azimuth observa- 
tions, 83 

Marking of stations, 137, 204 
tripods, 210, 211, 217, 218 


Mathematical tables, Chambers’s Seven- 
Figure, 28, 314 
sensitivity of, 466, 467 
Maxwell , J. Cleric, 138 
McCaw acetylene lamp, 135 
McCaw , Capt. G. T., 41, 62, 96, 129, 134, 
135, 263, 290, 292, 323, 335, 350, 391, 
415, 478 

Mean and apparent solar time, relation 
between, 23 

and probable errors, relation between, 
245 

and sidereal time intervals, relation 
between, 24 

tables for conversion of, 25 
arithmetic, 229, 247 
probable error of, 247 
error, 245 

radius of curvature, 280, 282 
sea level, correction to measured 
lengths for height above, 
162, 215, 217, 218 
observed directions for height 
above, 97, 194, 198 
latitude for height of station 
above, 110 

determination of, 358 
variations of, 119, 358 
solar time, 22 

square and probable errors, relation 
between, 245 
error, definition of, 245 
use of, 247 

standard time from local apparent 
time, 37 

sidereal time, 37 
time chronometer, 67 

intervals to sidereal intervals, tables 
for conversion of, 25 
local, from local apparent time, 
34 

of apparent noon, 35 
of local sidereal 0 li , 35 
time, 35 

of transit of a star, 36 
Measured lengths, corrections to, 215 
Measurement of base line by flexible 
apparatus, 145 

by invar tapes and wires, 145, 
147, 153 

by rigid bars, 139 
by steel and brass wires, 155 
of distance by pacing, 423 
by range finder, 421 
by sound, 423 
by time, 423 
by wheel, 422 

of end readings, 151, 213, 218 
of heights in base line measurement, 
149, 150, 151 

in traversing, 209, 213, 218 
of odd-length bays, 209, 213 
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Measurement of slope on base lines, 149, 
150, 151 

on traverses, 209, 213, 217, 218 
of subsidiary angles on precise tra- 
verses, 207 

of temperature by electric resistance, 
154 

in base line measurement, 152, 154 
in traversing, 209, 213, 2X7, 218, 
398 

Measurements, angular. See Angular 
Measurements. 

corrections to astronomical, 18 
direct, 227 
duplication of, 214 

in catenary, 145, 147, 153, 201, 208, 
209, 217, 218 
indirect, 227 

. 1 inear . . S ee Linear Measurements . 

Measuring party on base measurement, 
151 

tripods, 211, 213, 217, 218 
for base measurement, 148, 149 

Mechanical computing, 462 
references on, 472 
programme finder, 59 

Medium and short lines, Clarke’s formula* 
for, 286, 287, 289, 299, 300, 301, 302, 
306, 340 

Mercator projection, Transverse, 448, 
451, 452 

Mercator’s projection, 449 

Mercedes calculating machine, 465 

Mercurial barometer, 19, 404 
construction of, 404 
disadvantages of, 406 
error due to parallax in reading, 417 
method of reading, 405 
transport of, 406, 416 

Meridian altitudes of a circumpolar star, 
latitude by, 1 06 
of stars, latitude by, 98, 105 
of sun, latitude by, 98, 105 
arc of in Uganda, 135, 148, 150, 384 
celestial, 9 

distance for conical orthomorphic 
co-ordinates, modified, 334 
distances along a, 282 
Greenwich, 10 
normal to the, 279, 280 
radius of curvature of, 279, 280 
reduction to in latitude observations 
by circum-meridian altitudes, 102 
iu latitude observations by Talcott’s 
method, 100 
terrestrial, 9 

Meridians, convergence of, 286 
lay-out of, 350 

Meridional component of deviation of 
plumb line, 41 
distances, 2S2 

tables of, 283, 285, 286 


Merits of day and night observations, 
relative. 189 

of double reading theodolites, 173 
of rigid and flexible base , measxiring 
apparatus, relative, 139 
of star and sun observations, relative, 
70 

of tapes and wires for base measure- 
ment, relative, 145 

of triangulation and precise traversing, 
relative, 120, 199 
Method of correlatives, 241 
of directions, adjustment by, 258, 260 
Methods for determination of azimuth, 
84 

of latitude, 98 
of time, 72 

of detail survey in topographical 
surveying, 395, 418 
of precise traversing, differences be- 
tween British, Colonial and Ameri- 
can, 201 

of survey of precise and ordinary 
traverses, differences between, 200 
Metre, international, 138, 478 
legal, 138 

ratio of yard to, 138, 478 
Miehelson , Prof., 139 
Micro -barograph, 409 
Micrometer, adjustment of, 168, 170, 171 
of Tavistock optical, 185 
of for run, 171, 172 
correction for run of, 170 
eyepiece, correction for reading of, 
194, 196 

determination of value of one divi- 
sion of, 196 

reduction of angle measured by, 85 
use of for vertical angle observa- 
tions, 383 

impersonal, 46, 48, 181 
optical, 173 

parallel plate, 175, 360, 364, 366, 367, 
369, 370 
run of, 170 

screw, determination of value of one 
division of, 49 
theodolites, 165 

transit or impersonal, 46, 48, 181 
Micrometers, illumination of, 45, 165 
of theodolite, adjustments of, 168, 
170, 171 

Microscope, pointer, 165 
Mid-latitude formula*, 286, 287, 299 
Minor theodolite traverses, 397 
computation of, 345, 398 

of in terms of Transverse Mer- 
cator co-ordinates, 345, 398 
traverses, survey of, 398 
Mirror, duplex, 134 
Miscellaneous projections, 444, 450 
Mistakes, 226, 227 


498 


INDEX 


Models, map, 460 

Modified meridian distance for conical 
orthomorphic co-ordinates, 334 
secant conical projection, 446 
Modulus of elasticity of invar, 147 
Molitor , Prof., 371 

Monometallic base measuring apparatus, 
139, 144- 

Most probable value of an observed 
quantity, 227 
Motion of the earth, 16 
of the stars, apparent, 2 
of the sun, apparent, 16, 18 
Munroe calculating machine, 465 


Nadir, 9 

Nadiral telescope, 1651 
National Physical Laboratory, 53, 140, 
141, 413 

Kesearch Council of Canada, 188 
Natural trigonometrical functions, list 
of tables of, 470 

Nauen wireless time signals, 111 
Nautical Almanac , 12, 14, 15, 22, 25, 26, 
27, 28, 29, 30, 32, 33, 60, 83, 85, 99 
changes in, 32 
use of, 32 

Nautical sextant. See Sextant. 
Navigation charts, 445, 449, 452 
Network of precise spirit levels, adjust- 
ment of, 379 

traverses, adjustment of, 265, 273 
of triangulation, adjustment of, 264 
of trigonometrical levels, adjustment 
of, 390 

Newton-Gregory interpolation formula, 
28 

Newton , Isaac , 279 
Nigeria, 199, 325 

Night observations, relative merits of 
day and, 189 
signals, 135 
Nilex steel, 371 
Non-setting stars, 13 
Normal equations, 229 

checks on formation of correlative, 
242, 243 

of observational, 231, 232, 235 
correlative, 242 
derived, 237 

formation of correlative, 242, 243 
of observational, 230, 232, 233, 
235, 242 

general formulae for correlative, 241 
for observational, 231 
relative number of conditional and 
observational, 381 
solution of correlative, 245 
of observational, 235 
section, curve of. See Plane Curve. 


Normal to the meridian, 279, 280 
Norton’s Star Atlas, 15 
Notation, astronomical, 33 
used in the Nautical Almanac , 33 
Note -keeping, 70, 194, 214 
in precise levelling, 374 
Notices to Mariners , 110, 112 
Number of conditions, 25 S, 381 

of observational and correlative normal 
equations, relative, 381 
Nutation, 12, 21 


Oblate spheroid, 279 
Oblique arcs, layout of, 352 
Obliquity of the ecliptic, 16 
Observation of azimuth, 85 
of horizontal angle, 189 
of latitude, 97 
of time, 72 

of vertical angles, 383 
towers, 130, 18S, 199 
Bilby portable, 121, 122, 130, 200 
heights of, 130 
on precise traverses, 204 
relative heights of, 130 
Observational equations, 229 

final checks on solution by, 238 
normal equations. See Normal 

Equations. 

Observations, angular. See Angular 

Measurements. 

astronomical. See Astronomical 
Observations. 

azimuth. See Azimuth Observations, 
barometrical, in astronomical work* 
19, 68 

day and night, relative merits of, 189 
doubtful, rejection of, 250 
field, in triangulation, 188 
in barometrical levelling, 408, 409 
of temperature. See Temperature, 
Measurement of. 
pendulum, 284 

reciprocal, in trigonometrical levelling, 
384, 385, 380 

reiteration or direction, 190* 191 
second- and third-order, 193 
repetition, 190 
second- and third-order, 194 
solar, reference mark for, 84 
tidal, 119, 358 
torsion balance, 284 
trigonometrical. See Trigonometrical 
Observations. 

Observed angle in triangulation, Ferrer o’s 
formula for probable error of, 222, 263 
Observing angles, direction or reiteration 
method of, 190, 191 
repetition method of, 190 
three-tripod system of, 206 
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Observing by theodolite, 68, 188 
sun with diagonal eyepiece, 46 
times, eye and ear method of, 70 
transits, 46 

Obstructions on line of sight, 129 
Odd-length bays, measurement of, 209, 
213 

sag correction for, 213 
Odhner calculating machine, 463 
Odometer, 423 

Onogo system of wireless time signals, 
113 

Opaque signals, 131 
width of, 131 

Optical base measuring apparatus, 139, 
142, 144 
micrometer, 173 
adjustment of, 186 
plummet, 149 

system of Tavistock geodetic theodo- 
lite, 184 

Orbit, apses of the earth’s, 16 
earth’s, 16 

Ordnance Survey, 124, 130, 135, 142, 
150, 159, 164, 165, 192, 289, 303, 317, 
364, 365, 366, 368, 370, 371, 372, 373, 
377, 384, 394, 448, 451, 457, 459 
Organization of field parties for base line 
measurement, 150 
Orientation of picture traces, 430 
Orthographic projection, 445 
Orthometric height, 375 
correction for, 375 

Orthomorphic, definition of, 317, 444 
projections, 444, 447, 449, 451 


Pacing, measurement of distance by, 423 
Pairing astronomical observations, 59, 
70, 74, 77, 78, 81, 84, 87, 89, 91, 95, 
96, 98, 101, 105, 107, 109 
Parallactic angle, 14 
Parallax, 19 
horizontal, 20 

in reading aneroid barometer, error 
due to, 407, 417 

mercurial barometer, error due to. 
417 

stereoscopic, 435, 436 
Parallel of latitude, radius of, 279, 280 
plate micrometer, 175, 360, 364, 366, 
367, 369, 370 

Parallels of latitude, layout of, 351 
Paris (Eiffel Tower) wireless time signals, 
111 

Path of star, correction for curvature of, 
61, 71, 75, 77, 86, 89, 91, 93 
Paulin aneroid barometer, 407 
Pendulum observations, 284 
Perambulator, 423 
Perigee, 16 


Perihelion, 16 
Perot, M 139 
Perspective, 425 

projections, 444, 449 
Peru-Bolivia Boundary Survey, 108 
Peru, French Academy expedition to in 
1735, 279 

Peters , J., 470, 471 
Phase, 131, 132, 197 

of signal, correction for, 132, 194, 197 
Photographic surveying, 396, 424 
advantages of, 425 
aerial. See Aerial Photographic 
Surveying, 
field work, 429 
general principles, 425 
references on, 440 

stereo-. See Stereo-photographic 
Surveying. 

Photographs, contouring from air, 439, 
440 

from stereoscopic, 437 
determination of elevations from, 426, 
431 

interpretation of, 438 
plotting from, 431 
from air, 438, 439 
from stereoscopic, 435, 436 
preparation of for plotting, 430 
Photo-theodolite, 427 
Zeiss, 433, 434 
Picture traces, 426 

orientation of, 430 

Pierce’s criterion for rejection of doubtfu 3 
observations, 251 
Pisces, 18 

Places of fundamental stars, apparent, 
15, 32, 60 

Plane curve or line of sight, 288, 349 
curves, angles between, 288, 349 
rectangular co-ordinates, errors in 
distance and bearing arising from 
use of, 315 
table, 395 

intersection, 395 
resection, 395 

triangulation, 395, 401, 403, 429 
tabling, 395, 418, 425 
field work, 419 

preparation of field sheets, 419, 453 
Plate levels of theodolite, adjustment of, 
168 

Plotting by rectangular co-ordinates, 453 
from air photographs, 438, 439 
from photographs, 431 
from stereoscopic photographs, 435, 
436 

of field sheet graticule, 453 
preparation of photographs for, 430 
trigonometrical points, 455 
Plumb line . components of local devia- 
tions of, 41 
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Plumb line, deviations of, 39, 40, 119, 
284, 285 

of and observed latitudes and 
longitudes, 40 

direction of, 39, 40, 119, 279, 284 
effect of deviations of on azimuth 
control, 41 

on the survey of position, 41 
Plummet, optical, 149 
Pocket chronometer, 64 
Pointer microscope, 165 
Points, geodetic, 119 
identification of, 127, 401 
Laplace, 40, 201 
Polar distance, 1 1 
triangle, 4 
Polaris 1 5 

latitude by altitudes of, 98, 106 
use of in azimuth observations, 85, 87, 
207 

Pole or trestle, anchoring, 211, 212, 217, 
218 

Poles, celestial, 2 

of circle, definition of, 2 
terrestrial, 9 

Poly conical projection, rectangular, 448, 
453 

simple, 447, 448, 453 
Polyhedrie projection, 451 
Portable transit instrument, 44, 46, 72 
Position of celestial body, 1 0 
Positions, astronomical and geodetic, 39 
calculation of geodetic, 286 
station, 278 
Postmeridiem, 23 
Prandl prism, 57 

Precession of the equinoxes, 12, 18, 21 
Precise and ordinary traverses, differ- 
ences in methods of survey of, 200 
level, binocular. See Binocular Pre- 
cise level. 

Cooke, Troughton & Simms. See 
Cooke, Troughton & Simms Pre- 
cise Level. 

Watts’ self-adjusting, 368, 369 
Zeiss. See Zeiss Precise Level, 
levels, 359 

by Watts, 368, 369, 373 
essential features of, 359 
reception of wireless time signals, 112 
spirit levelling, 358, 359 

accidental error in, 377, 378, 379 
allowable discrepancy between 
backward and forward lines 
of, 371, 379 
probable errors of, 379 
and ordinary spirit levelling, 
differences between, 359 
computation of, 375 
correction for curvature and 
refraction in, 375 
for dynamic height in, 376 


Precise spirit levelling, collection for 
inequality of backsights and 
foresights in, 375 
for orthometric height in, 375 
for standardisation of staffs in, 
375 

corrections to be applied to, 375 
effect of curvature and refraction 
on, 374 

equality of backsights and fore- 
sights in, 372, 374, 375, 382 
general methods of fieldwork, 371 
length of sight in, 373 
note-keeping in, 374 
precautions in running lines, 372 
probable error of, 378, 379, 382 
propagation of error in, 377 
systematic error in, 377, 378, 379 
uses of, 358 

levels, adjustment of network of, 
379 

weighting of lines of, 379 
staffs, 369 

correction for standardisation of, 
375 

determination of graduation errors 
of, 372 

of index errors of, 373 
supports for, 371 
traverses, adjustment of, 265 

by means of corrections applied 
directly to co-ordinates, 265 
of corrections applied to 
measured angles and lengths, 
266, 269 

in terms of geographical co-ordi- 
nates, 265, 269 

of rectangular co-ordinates, 
265, 266 

network of, 265, 273 
allowable angular closing error be- 
tween azimuth stations on, 206 
closing error of subsidiary angles 
on, 207 

angular measurements on, 204, 206, 
207 

azimuth observations on, 207 
classification of, 200 
computation of, 338, 340, 342 
layout of, 201 

linear measurements on, 201, 208 
main angular observations on, 206 
measurement of subsidiary angles 
on, 207 

observation towers on, 204 
relative advantages of triangulation 
and, 120, 199 
setting out of, 204 
signals and station marks on, 204 
weighting of, 265, 271, 273 
Precise traversing, 120, 199 
accuracy of, 199 
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Precis© traversing, differences between 
British Colonial and American 
methods of, 201 

in methods of ordinary and, 200 
probable error of linear measure- 
ments in, 219, 271 

Precision of the most probable value, 245 
Preparation of field sheets, 419, 453 
of photographs for plotting, 430 
Pressure, barometrical, 19, 404 

diurnal variations of in the tropics, 
408, 409 

Price , T. P., 379 
Primary compass traverse, 420 
determination of azimuth, 84, 95 
of latitude, 98 
of time, 72 

horizontal control, 120 
triangulation, 122, 123 
Prime vertical, 9 

component of deviation of the 
plumb line, 41 

section, radius of curvature of, 280 
Principal axes of error, 274 
line, 425, 426 

determination of, 428 
point, 425, 426 

Triangulation of Great Britain, 260 
Principles of least squares, general, 228 
Prism, Prandl, 57 
Prismatic astrolabe, 55, 75 

advantages and disadvantages of, 
63 

computation of observations with, 
61 

observing with, 60 
preparation of programme of work 
for use with, 59 
Probability, curve of, 228 
equation of, 228 

Probable and mean errors, relation 
between, 245 

square errors relation between, 245 
error, application of to weighting, 249 
definition of, 245 
formulse for, 247, 248, 250 
of adjusted angles in triangulation, 
263 

observations, 250 

of angular measurements in first- 
order triangulation, 191 
in traversing, determination of, 
222 272 

estimation of, 221, 272 
of arithmetic mean, 247 
of base line measurement, 141, 163 
of computed quantities, 248 
of conditioned quantities, 250 
of directly observed quantities, 247 
of indirectly observed independent 
quantities, 249 
of side in tri angulation, 264 


Probable error of linear measurements 
in precise traversing, 219, 271 
of observed angles in triangulation, 
Ferraro’s formula, 222, 263 
of precise spirit levelling, 378, 379, 
382 

of single measure, 247 
of trigonometrical levelling, 388, 389 
of weighted mean, 247 
use of, 247 

linear displacements, 219, 221 271, 

273, 274 

resolved displacements, 274 
value, the most, 227 

precision of the most, 245 
values of conditioned quantities, 238 
of directly observed independent 
quantities, 229 

of indirectly observed independent 
quantities, 229 

Procedure in astronomical observations, 
general, 68 

Programme finder, mechanical, 59 
of measurement by reiteration, 191 
by repetition, 193 

of work for observations with the 
prismatic astrolabe, preparation of 
59 

Projection, Airy’s zenithal, 450 
Blacker’s, 454 
Bonne’s, 448, 452 
by rectangular co-ordinates, 451 
Cassini, 448, 451 
central, 445 
choice of a, 452 

Clarke’s minimum error, 445, 452 
conical equal-area, 447 
orthomorphic, 447 
simple, 446, 452 

with two standard parallels, 446, 453 
cylindrical equal-area, 449 
orthomorphic, 449 
simple, 448 

with two standard parallels, 449 
Gauss conformal, 451 
globular, 450 
gonomonic, 445, 452 
International map, 448 
La Hire’s, 445 
Mercator, 449, 452 
modified secant conical, 446 
orthographic, 445 
polyconieal, simple, 447, 448, 453 
polyhedric, 451 

rectangular polyconieal, 448, 453 
Sanson-FIamsteed, 448, 452 
sinusoidal equal-area, 448 
Sir Henry J ames\ 445 
stereographic, 445 
Survey of India, 454 
tables, 453, 454 

Transverse Mercator, 448, 451, 452 


502 


INDEX 


Projection, trapezoidal, 452 
zenithal equal-area, 450, 452 
equi-distant, 450, 452 
Projections, azimuthal, 444, 452 
classification of, 443 
conformal, 444. See also Or tho- 
rn orphic projections, 
conical, 444, 445, 446, 440, 450, 452, 
453 

cylindrical, 444, 448 
equal-area, 444, 452 
' equivalent, 444 
field sheet, 452 
map. See Map Projections, 
miscellaneous, 444, 450 
orthomorphic, 444, 447, 449. 451 
perspective, 444, 449 
references on map, 461 
zenithal, 444, 449, 452 
Propagation of error in precise spirit 
levelling, 377 
in traversing, 219 
in trigonometrical levelling, 38S 
of linear error in triangulation, 264 
Properties of spheroid, 279 
Puissant, L„ 294 

Puissant’s formulae, 286, 287, 294, 299, 
300, 301, 302, 338, 340, 342, 399 
modifications of, 286, 296, 342 
Pulfrieh , 0., 435 


Quadkilatebal, adjustment of, 253 
geodetic. See Geodetic Quadrilateral. 
Quarter squares, tables of, 314 


Radio signals. Admiralty List of, 110, 
111, 113 

Radius of a parallel of latitude, 279, 280 
of curvature in any azimuth, 280, 281 
mean, 2S0, 282 
of meridian, 279, 280 
of prime vertical section, 280 
Range finder, accuracy of, 422 

measurement of distance by, 421 
principle of, 421 
Rannie, J. L 188 
Rapid base measurement, 400 
tri angulation, 399 
angular measurements in, 400 
use of intersected and resected 
stations in, 402 

Rate, chronometer, correction for in 
primary time observations, 73 
standing. See Standing Rate, 
travelling. See Travelling Rate, 
watch error and, 65 
Ratio of yard to metre, 138, 478 
Rational horizon, 9 


Reception of precise wireless time 
signals, 112 

of wireless time signals. 111 
Reciprocal levelling, 374 

observations in trigonometrical level- 
ling, 384, 385, 386 

Reconnaissance and exploratory surveys, 
394, 395 
surveying, 393 
surveys, methods of, 395 
object of, 394 
scales for plotting of, 394 
traverse, 201 
triangulation, 120, 126 
by aeroplane, 1 27 

Rectangular co-ordinates, adjustment of 
precise traverses in terms of, 265, 
266 

conversion of into geographical, 470 
plotting by, 453 
projection by, 451 
systems of, 278 

poly conical projection, 448, 453 
spherical bearings, 304 

convergence, 304. See also Con- 
vergence. 

co-ordinates, 278, 303. 

calculation of bearings and dis- 
tances from, 316 
from bearings and distances, 
308 

from geographical co-ordinates, 
306 

conversion of into geographical 
co-ordinates, 304, 306 
distortion of length and bearing 
computed from, 309, 312 
relation between Transverse Mer- 
cator co-ordinates and, 317, 
318, 319, 322, 451 
sign conventions for use with, 305 
spheroidal. co-ordinates,"'' 3.03. ' ; 
Reduction of astronomical observations, 
71 

of barometrical observations, 411, 413 
of measured lengths to mean sea 
level, 162, 215, 217, 218 
of observed '''directions "'.'.to v ' mean" ; sea :: 

level, 97. 194, 198 
of scale error, 324, 337, 446, 449 
to the meridian in latitude observa- 
tions by circum-meridian alti- 
tudes, 102 

in latitude observations by Talcott’s 
method, 100 
Reeves f E, A. f 56 

Reference mark for azimuth observa- 
tions, 83 
tapes, 149 

References on aerial photographic survey- 
ing, 440 

on field astronomy, 116 
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References on geodetic levelling, 391 
, surveying, 3 54 
on map construction, 461 
projections, 461 

, on. mechanical .computing, 472 
on photographic surveying, 440 
on survey adjustment, 364 
on topographical surveying, 440 
Referring object, 83 
Reflector, Mangin, 135 
Refraction and curvature, table of, 127 
astronomical, IS 
tables of, 19 

coefficient of terrestrial, 127, 384 
correction for astronomical, 18 

in latitude observations by Talcott’s 
method, 100 
in precise levelling, 375 
in trigonometrical levelling, 384, 
385, 386 
work, 127 

differential, correction for, 100 
effect of in precise levelling, 374 
in trigonometrical levelling, 383 
lateral, 189 

terrestrial, correction for, 127, 384, 
385 

R^glette, 148 

Reiteration observations, second- and 
third-order, 193 

method of observing angles, 190, 191 
Rejection of doubtful observations, 250 
Relation between Transverse Mercator 
and rectangular spherical co- 
ordinates, 317, 318, 319, 322, 451 
yard and metre, 138, 478 
Relative advantages of day and night 
angular observations, 189 
of rigid and flexible base measuring 
apparatus, 139 

of sun and star observations, 70 
of tapes and wires for base measure- 
ment, 145 

of triangulation and precise tra- 
verses, 120, 199 

determinations of longitude, 110 
heights of triangulation stations, 128 
Relief, representation of, 457 
Repeating instruments, 190 
Repetition method of observing angles, 
190 

observations, second- and third-order, 
194 

programme of measurement by, 193 
Representation of relief, 457 
Requirements of calculating machines, 
462 

Resection, plane table, 395 

use of in rapid triangulation, 402 
Residual, 227, 247, 248 
Resistance, measurement of temperature 
by electrical, 154 


Results of figure determinations, 285 
Re - triangulation of Great Britain, 135, 
192 ' 

Reverse azimuths, calculation of from 
azimuth and distance, 286, 287, 
289, 294, 299 

from latitude and longitude, 300, 
301 

Reversion of series.. 8 
Rhumb line, 449 

Rhythmic time signals., standard, 110, 
111, 112, 113 
Rigel, 15 

Right-angled spherical triangle, solution 
of, 6 

ascension, 12 

and declination system, 12 
and hour angle, relation between, 
21, 23 

and sidereal time, relation between, 
21 

of sun and given local time, 35 
from Nautical Almanac , 33 
relation between hour angle and, 
23 

Rigid and flexible base -measuring appa- 
ratus, comparative merits of, 139 
Rigidity of tape, effect of on sag correc- 
tion, 160 

River crossings, levelling over, 369, 374 
Rope and sound traverse, 421 
Route sketching, 424 
traverse, 394, 395, 422 
Royal Geographical Society, 283, 285, 
286, 454 

Rugby wireless time signals. 111 
Run of micrometer, 170 

adjustment for, 171, 172 
correction for, 170 


Saegmullab’s solar attachment, 64 
Sag, correction for, 157, 159, 160, 215, 
474 

for odd-length bays, 213 
on a slope, 159, 160 
table for, 161 
of tape, 475 

Sailing, great circle, 445 
Sanson-Flamsteed projection, 448, 452 
Scale correction, 215, 340, 342, 345, 346, 
347 

in Transverse Mercator system, 
215, 340, 342, 345, 346, 347 
round a closed figure, 347 
error, calculation of, 313, 318, 322, 
336, 337 

of computed distances, 313, 318, 
322, 336, 337 

reduction of, 324, 337, 446, 449 
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Scale readings in catenary measurements, 
151, 213, 218 

correction for inclination of, 162, 215 
Scales for exploratory and reconnais- 
sance surveys, 394 
for topographical maps, 394 
Scientific Computing Service Ltd., 471 
Scotland, 448 

Test Triangulation in, 165, 192 
Screw, micrometer, determination of 
value of one division of, 49 
Sea level, correction of base line for 
height above mean, 162 
to measured lengths for height 
above mean, 162, 215, 217, 218 
to observed direction for height 
of signal above mean, 97, 
194, 198 

latitude for height of station 
above mean, 110 
determination of mean, 358 
variations in mean, 119, 358 
Sears, J. E. f 478 

Second and third-order reiteration 
observations, 193 
repetition observations, 194- 
order traverses, 200, 397 

accuracy of, 200, 216, 217 
allowable closing angular error 
on, 216, 217 

angular measurements in, 216, 

■ 218 

intervals between azimuth sta- 
tions in, 200, 216, 217 
iinear measurements on, 217, 218 
methods used in the United 
States for the survey of, 216 
other methods used for survey of, 
217 

setting out of, 218 
signals for, 218 
survey of, 216, 217 
Secondaries of circles, 3 
Secondary and minor traverses, com- 
putation of in terms of Transverse 
Mercator co-ordinates, 345 
and tertiary compass traverse, 420 
triangulation, 122, 123 
Selection of base line sites, 124 
of camera stations, 429 
of triangulation stations, 125 
Self-adjusting level by Watts, 368, 369 
Self-centering beacon, 133 
Semi-diameter of sun, correction for, 20, 
92 

Semiliki base line in Uganda, 164 
Sensible horizon, 9 

Sensitiveness of level tube for precise 
level, 359, 362, 368, 369 
of level for theodolite, 44, 49, 165, 167 
Sensitivity of mathematical tables, 460, 
467 


Series, exponential, 7 
logarithmic, 7 
Maclaurin’s, 7 
reversion of, 8 
Taylor’s, 7 
trigonometrical. 7 
useful, 6 

Setting out party in base measurement, 
duties of, 151 
out precise traverses, 204 
out second-order traverses, 218 
tripods, 151 
Sextant, 44 

astronomical or nautical, 50 
centering error of, 53 
index error of, 51, 52 
testing and adjustment of, 51 
Shading, 457, 459 

Short and medium lines, Clarke’s 
formulae for, 286, 287, 289, 299, 300, 
301, 302, 306, 340 
Side equations, 254, 255 

formation and number of, 258, 259 
Sidereal chronometer, 67 
clock, 21 
day, 21 
time, 21 

and hour angle, relation between, 21 
and right ascension, relation between, 
21 

from local mean time, 36 
from standard mean time, 37 
intervals, relation between mean 
and, 24 

to mean time intervals, tables for 
conversion of, 25 
of elongation of a star, 36 
of transit of a star, 21 
Signal, correction for eccentricity of, 
194, 198 

for phase of, 132, 194, 197 
for solar observations, 84 
Galton sun, 133 

Signals, Admiralty List of Radio, 110, 
111, 113 

alignment of luminous, 132, 133, 134, 
135, 137 

and station marks on precise traverses, 
204 

corrections to wireless time, 112 
for second-order traverses, 218 
for triangulation, 131 
International (Onogo) system of wire- 
less time, 113 

luminous. See Luminous Signals, 
mast, 131 
night, 135 

opaque. See Opaque Signals, 
precise reception of wireless time, 112 
reception of wireless time. 111 
standard rhythmic wireless time, 110, 
111, 112, 113 
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Signals, target, 131 

United States system of wireless time, 
113 

wireless time, 110 
Signs, conventional, 459 
Simple conical projection, 446, 452 
cylindrical projection, 448 
figures, approximate adjustment of, 
263 

polyconical projection, 447, 448, 453 
Single triangle, adjustment of, 253 
Sinusoidal equal-area projection, 448 
Sir Henry James’ projection, 445 
Sirius, 16 

Sites, selection of base line, 124 
Sketch board, Verner Cavalry, 424 
Sketching, route, 424 
topographical, 395, 396, 425 
Slope, correction for, 159, 215, 217, 218 
measurement of on base lines, 149, 
150, 151 

on traverses, 209, 213, 217. 218. 
398 

sag correction on a. See Sag Correc- 
tion. 

Small circles, definition of, 2 
Solar attachment, 63 
compass, 63 
day, 21, 22 

variations in length of, 22 
observations, signal for use on, 84 
time, 22 

apparent, 22 
mean, 22 

Solstice, summer, 17 
winter, 17 

Solution of astronomical triangle, 14, 71 
of correlative normal equations, 245 
of observational normal equations, 235 
of right-angled spherical triangles, 6 
of spherical triangles, 3 
Sound and rope traverse, 421 
measurement of distance by, 423 
velocity of, 424 
South Africa, 278, 317 
Spacing wire or tape, 150, 151 
Sphere, angles on, 3 
celestial, 1 
distances on a, 3 
geometrical properties of, 2 
Spherical and spheroidal angles, com- 
parison of, 277 
angles, 3, 277, 286 

co-ordinates, rectangular. See Rect- 
angular Spherical Co-ordinates, 
excess, 6, 252, 277 
geometry, 2 
triangle, definition of, 3 
right-angled, 6 
solution of, 3 
trigonometry, 2, 3 

proof of theorem in, 476 


Spheroid, curves on the, 288, 349 
dimensions of. See Figure of the 
Earth, 
oblate, 279 
properties of, 279 

Spheroidal and spherical angles, com- 
parison of, 277 

co-ordinates, rectangular, 303 
excess, 252, 277 

Spring balance, 151, 153, 209, 211, 217, 
218 

correction for index error of, 157, 
215 

Squares and square roots, tables of, 

471 ; 

Stability of instrument, 188 
Stadia hairs, 359 
readings, 368, 372 
Staffs, precise. See Precise Staffs. 
Standard mean time from local apparent 
time, 37 

sidereal time, 37 

of length, wavelength of light as a, 
139 

rhythmic wireless time signals, 110, 
111, 112, 113 
times, 26 

Standardisation of base apparatus, 140 
of field tapes, 152, 214, 215, 217, 218 
of precise staffs, 372 
correction for, 375 
of reference tapes, 140, 141, 214 
of tape, correction for, 155, 215 
of thermometers, 150 
Standards of length, 138 
fundamental, 138 
Washington Bureau of, 147 
Standing rate, 65 

determination of, 65 
Star and sun observations, relative 
merits of, 70 
Atlas, Norton's, 15 

derivation of formulae for correction 
for curvature of path of a, 71 
Lists of American Geographical 
Society, 60 

local mean time of transit of a, 38 
sidereal time of elongation of a, 36 
of transit of a, 21 
transits, time by, 72, 74 
Stars, apparent motions of, 2 

places of fundamental, 15, 32, 60 
brightness of, 15 
catalogue of, 15 
circumpolar, 13 

classification and nomenclature of, 15 
magnitude of, 15 
non -setting, 13 
Station adjustment, 251 

marks on precise traverses, signals 
and, 204 
positions, 278 
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Stations, description of, 126, 138 

effect of refraction and curvature on 
intervisibility of, 127 
height of tri angulation, 127 
intervisibility of, 126, 127 
Laplace. See Laplace Points, 
marking of, 137, 204 
relative heights of triangulation, 128 
selection of camera, 429 
of triangulation, 125 
Stereo-autograph, 436 
Stereo-comparator, 435 
Stereographic projection, 445 
Stereo-photographic surveying. 433 
field work, 434 
plotting in, 435, 436 
Stereo plotter, 437 
Stereoscope, compound, 439 
topographical, 439 
Stereoscopic base, 434, 435 
combination, 436 
parallax, 435, 436 
photographs, contouring from, 437 
plotting from, 435, 436 
Stop watch, 65 

Straining apparatus for base line 
measurement, 150 
tripods, 150, 212 

Strength of triangulation figures, 124 
Stretcher, tape, 153, 209, 210, 217 
Striding level, 44, 46, 69, 86, 165, 167 
adjustment of, 168 
correction for dislevelment of, 86, 
194, 196, 206, 208 

determination of value of one 
division of, 69, 165 

Subsidiary angles on precise traverses, 
allowable closing error of, 207 
on precise traverses, measurement 
of, 207 

Subtense bar, 418 

Successive differences, interpolation by, 
26 

Sudan, 152 
Summer solstice, 17 

Sun and star observations, relative 
merits of, 70 

apparent motion of, 16, 18 
correction for semidiameter of, 20, 92 
observations of with diagonal eyepiece, 
46 

signal, Galton, 133 
the, 16 

Sun's declination at given local time, 35 
from Nautical Almanac , 33 
right ascension at given local time, 35 
from Nautical Almanac , 33 
Supports for precise staff, 37 1 

for tapes in base measurement, 153 
in traversing, 21 L 212, 217, 218 
Surface taping, 201, 217, 21S 

methods of in precise traversing, 208 


Survey adjustment, 226 
references on, 354 

of detail in topographical surveying, 
395, 418 

of Egypt, 133, 317 

of India, 192, 285, 3S4, 437, 453, 454. 
See also Great Trigonometrical 
Survey of India, 
projection, 454 

Ordnance. See Ordnance Survey. 

“ Survey Computations,” 30, 283, 294, 
301, 310, 389 

Surveying, aerial photographic. See 
Aerial Photographic Surveying, 
camera, 426, 434 
aerial, 437, 438 

geodetic. See Geodetic Surveying, 
photographic. See Photographic Sur- 
veying. 

stereo -photographic. See Stereo- 

photographic Surveying, 
topographical. See Topographical 
Surveying. 

Sydney Harbour Bridge, laying-out of, 
369 

Systematic error, 226, 227 

in precise levelling, 377, 378, 379 

Systems, co-ordinate, 10 
of rectangular co-ordinates, 278 
time, inter conversion of, 23 


Table for graduation of aneroid baro- 
meter, 414 

for sag correction on a slope, 161 
making machine, 471 
of constants, 478 
of curvature and refraction, 127 
Tables, Chambers’s Seven-figure Mathe- 
matical, 28, 314 
construction of, 29, 32, 471 
for conversion of mean time intervals 
into sidereal time intervals, 25 
of time intervals into angles, 22 
of sidereal time intervals into 
mean time intervals, 25 
for interpolation, 27, 28, 29, 30, 469 
for reduction of barometrical observa- 
tions, 411, 412, 413, 414, 415 
for use with boiling-point thermo- 
meter, 418 

geodetic, 280, 283, 285 
mathematical, sensitivity of, 466, 467 
of astronomical refraction, 19 
of Besselian interpolation coefficients, 
27 

of Binomial coefficients, 28 
of double entry, 32, 469, 470 
of Lagrange interpolation coefficients, 
29 ' 

of meridional distances, 283, 285, 286 
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Tables of natural trigonometrical func- 
tions, 470 

of quarter squares, 314 
of squares and square roots, 471 
projection, 453, 454 
to assist in computing Transverse 
Mercator co-ordinates, 331 
Tacheometry, 396, 418 
Talcott level, 181 

Talcott’s method of observing latitude, 
49, 98 

Tape chronograph, 48 
grip, 213 
sag of, 475 

stretchers, 153, 209, 210, 217 
supports, 153, 211, 212, 217, 218 
Tapes and wires, care of invar, 147 
dimensions of invar, 148 
for base measurement, relative 
advantages of, 145 
in catenary, measurements by, 145, 
147, 153, 201, 208, 209, 217, 218 
held, standardisation of, 152, 214, 215, 
217, 218 

long, use of for base measurement, 1 53 
reference, 149 

standardisation of, 140, 141, 214 
Taping, check, 213, 217, 218 
in precise traversing, 208 
in second-order traverses, methods of, 
217, 218 

probable error of, 219, 271 
surface. See Surface Taping, 
Tavistock geodetic theodolite, 164, 173, 
175, 181 

adjustments of, 185 
optical system of, 184 
small theodolite, 184, 206, 218 
Taylor’s theorem, 7 
Telescope, broken-, 46, 181 

for base measurement, alignment and 
levelling, 149, 151 
nadiral, 165 

zenith. See Zenith Telescope. 
Telescopic alidade, 419 
Temperature, correction for, 156, 215, 
217, 218 

for in bimetallic apparatus, 156 
to barometrical observations, 411, 
415 

effect of on barometrical levelling, 408 
measurement of, by electric resistance 
of tapes, 154 

in' astronomical work, 19, 68 
in base measurement, 152, 154 
in traversing, 209, 213, 217, 218, 398 
Tensile strength of invar, 147 
Tension, application of to tape, 150, 153, 
209, 211, 212, 215, 217, 218 
correction for change of, 156, 215 
used with invar tapes and wires, 150 
Terms, astronomical, definition of, 8 


Terrestrial equator, 9 
horizon, 9 
latitude, 10 
longitude, 10 
meridian, 9 

Tertiary triangulation, 122, 123 
Test triangulation in Scotland, 165, 192 
Theodolite, 44 

adjustments of, 168 

of Tavistock geodetic, 185 
of Wild precise, 180 
advantages of double reading, 173 
Cassella double reading, 175, 218 
observing by, 68, .188 
optical system of Tavistock geodetic, 
184 

photo-, 427 

Tavistock geodetic. See Tavistock 
Geodetic Theodolite, 
small, 184, 206, 218 
Watts Zeiss, 218 
Wild “ astronomical,” 46, 180 

precise. See Wild Precise Theodo- 
lite. 

universal, 175, 178, 206, 218 
Zeiss photo-, 433, 434 
universal, 173, 175, 206 
Theodolites, axis strain in light-weight 
geodetic, 187, 193 
creep in light-weight geodetic, 188 
direction, 190 

double reading. See Double-reading 
Theodolites, 
micrometer, 165 
repeating, 190 

Theorem in spherical trigonometry, 
proof of, 476 
Maclaurin’s, 7 
Taylor’s, 7 
Theory of errors, 226 
Thermometer, boiling-point. See Boil- 
ing-point Thermometer, 
observations with in astronomical 
work, 19, 68 

in base measurement, 152, 154 
in traversing, 209, 213, 217, 218, 398 
Thermometers, standardisation of, 150 
Third-order reiteration observations, 193 
repetition observations, 194 
traverses, 200. See also Minor Theo- 
dolite Traverses. 

triangulation. 122, 123. See also 

Topographical Triangulation. 
Thompson , JS. H ., 238, 440 
Three-tripod system of observing angles, 
206 

Tidal observations, 119, 358 

Tilley petrol vapour pressure lamp, 135 

Tilt, camera. See Camera Tilt. 

Time, 20 

and azimuth, combined determina- 
tions of, 96, 113 
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Tim© and hour angle, relation between, 
21, 23 

and latitude, combined determina- 
tions of, 113 

and longitude, relation between, 25 
apparent local, from local mean time, 
34 

from standard mean time, 37 
astronomical, 23 

by equal altitudes of stars, 57, 72, 80, 
113 

of the sun, 72, 82 
of two stars, 80 

by ex-meridian altitudes of stars, 72, 
74, 113 

of the sun, 72, 78 
by star transits, 72, 74, 113 
by sun transits, 83 
civil, 23 

determination of, 72 
methods for, 72 
equation of, 23 

from Nautical Almanac , 24 
Greenwich, 26 

approximate determination of, 112 
determination of, 110 
from local time, 34 

intervals, conversion of into angular 
measure, 22 

into angular measure, tables for, 
22 

mean, conversion of into sidereal 
time intervals, 25 
conversion of into sidereal time 
intervals, tables for, 24 
sidereal, conversion of into mean 
time intervals, 25 
local, 26 

mean, from local apparent time, 34 
of local apparent noon, 35 
sidereal time, 35 
of transit of a star, 36 
sidereal, from local mean time, 36 
from standard mean time, 37 
of elongation of a star, 36 
of transit of a star, 21 
mean solar, 22 

measurement of distance by, 423 
primary determinations of, 72 
rough determination of for aneroid 
levelling, 410 
sidereal, 21 

signals, wireless. See Wireless Time 
Signals, 
solar, 22 

standard mean, from local apparent 
time, 37 

from local sidereal time, 37 
systems, interconversion of, 23 
Timekeepers, 64 

Times, eyo and ear method of observing, 
46, 70 


Times, standard, 26 
taking, 60 
Tobey , TF. M., 340 
Topographical maps, scales of, 394 
specimens of, 393 
sketching, 395, 396, 425 
stereoscope, 439 
surveying, 393 
methods of, 395 

of detail survey used in, 395, 418 
references on, 440 
surveys, general features of, 393 
horizontal control for, 393, 394, 395, 
396 

object of, 393 

vertical control for, 393, 394, 396, 
404 

triangulation, 393, 394, 395, 396 
angular measurements on, 396 
computation of, 397 
Torsion balance observations, 284 
Touismnt , Z., 414 

Tower, portable Bilby observing, 121, 
122, 130, 200 

Towers, observation. See Observation 
Towers. 

Transit, broken -telescope, 46 
circle, 46 

instrument, portable, 44, 46, 72 
portable, adjustment of, 47 
lower, 13 
observing a, 46 

of a star, latitude by, 98, 105, 113 
local mean time of, 36 
sidereal time of, 21 
time by, 72, 74, 113 
of the sun, time by, 83 
or culmination, 13" 

or impersonal micrometer, 46, 48, 181 
upper, 13 

Transverse Mercator co-ordinates, 215, 
268, 278, 303, 316, 338, 451 
computation of from bearing and 
. distance, 321 

of from geographical co-ordi- 
nates, 320, 323 

of secondary and minor tra- 
verses in terms of, 345, 398 
of traverses in terms of, 338, 
340, 342, 345, 398 
of triangulation in terms of, 
325 

conversion of into geographical 
co-ordinates, 320. 
formulae for, 319 
general properties of, 319 
relation between rectangular 
spherical co-ordinates and, 317, 

. 318, 319, 322, 451 
sign conventions for use with, 322 
tables to assist in computing, 331 
projection, 448, 451, 452 
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Transverse Mercator system, scale cor- 
rection in. See Scale Correc- 
tion. 

scale error in. See Scale Error. 
Trapezoidal projection, 452 
Travelling rate, 65 

determination of, 66 
Traverse and triangulation, combined, 
203 

latitude and azimuth, 302, 395, 403 
primary compass, 420 
rope and sound, 42 1 
route, 394, 395, 422 
secondary and tertiary compass, 420 
to triangulation, joining, 202 
Traverses, accuracy of first-order, 199, 
200 

of second-order, 200, 216, 217 
adjustment of networks of, 265, 273 
of precise. See Adjustment of 
Precise Traverses. 

Canadian Geodetic Survey method of 
computing, 339 

computation of by approximate 
methods, 342, 345, 398, 399 
of in terms of geographical co-ordi- 
nates, 338, 398, 399 
of Transverse Mercator co-ordi- 
nates, 338, 340, 342, 345, 398 
of precise, 338, 340, 342 
of secondary and minor in terms of 
Transverse Mercator co-ordinates, 
345, 398 

first-order. See First-order Traverses, 
minor theodolite. See Minor Theodo- 
lite Traverses. 

precise. See Precise Traverses, 
second-order. See Second-order Tra- 
verses. 

theodolite, for topographical work, 
methods of survey of, 397 
third-order, 200 
Traversing, compass, 396, 420 

deviations or loops in, 200, 201, 216 
estimation of allowable error in, 218 
precise. See Precise Traversing, 
propagation of error in, 219 
use of in topographical surveying, 393, 
394, 395 

value of astronomical positions as 
check in, 41 

Triangle, adjustment of single, 253 
astronomical, 14 
right-angled, 14 
solution of, 14, 71 
polar, 4 

spherical, definition of ? 3 
formulae for solution of, 3 
spherical excess of, 6, 252, 277 
Triangles on earth’s surface, computa- 
tion of length of sides of, 276 
Triangulation, 122 


Triangulation, adjustment of, 251, 264 
of chain of between fixed bases and 
azimuths, 264 

and traverse, combined, 203 
relative advantages of, 120, 199 
angle measurement in, 164, 191. 193, 
194, 396 

base lines for, 120, 124, 400 
calculation of, 276 

of in terms of Transverse Mercator 
co-ordinates, 325 
chain figure system of, 124 
classification of, 122, 123 
connection of base line to, 125 
field observations in, 188 
figures, strength of, 124 
geographical. See Geographical Tri- 
angulation, 
grades of, 122, 123 
gridiron system of, 124 
in Scotland, Test, 165, 192 
layout of, 123 
length of side in, 123 
of Great Britain, Principal, 260 
plane table, 395, 401, 403, 429 
preliminary operations, 126 
principles of, 122 

probable error of an adjusted angle in, 
263 

of an observed angle in, Ferrero’s 
formula for, 222, 263 
of a computed side in, 264 
propagation of linear error in, 264 
rapid. See Rapid Triangulation, 
reconnaissance for, 126 
by aeroplane, 127 
schemes, 123 

stations, description of, 126, 138 
distances between, 123, 127 
height of, 127 
relative heights of, 128 
selection of, 125 
to traverses, joining of, 202 
topographical. See Topographical 
Triangulation. 

value of astronomical positions as 
check on, 41 

Trigonometrical levelling, 358, 382 
allowable error in, 389 
correction for curvature and refrac- 
tion in, 384, 385 

effect of curvature and refraction 
in, 383 
errors of, 388 

eye and object correction in, 385, 
388 

limitations of, 358, 382 
methods of, 358, 383, 384 
probable error of, 388, 389 
propagation of error in, 388 
reciprocal observations in, 384, 385, 
386 
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Trigonometrical levelling, rough deter- 
minations by, 388 
uses of, 358, 382 

levels, adjustment of network of, 390 
computation of, 385, 388, 387, 388 
weighting of lines of, 390 
observations, favourable conditions 
for, 189 

general methods of taking, 189 
points, plotting of, 455 
series, 7 

Tripods, marking, 210, 211, 217, 218 
measuring, 211, 213, 217, 218 
for base measurement, 148, 149 
setting, 151 
straining, 150, 212 

Tropical year, 25 

Tropic of Cancer, 17 
of Capricorn, 18 

Tropics, aneroid observations in the, 409 
diurnal variation of atmospheric pres- 
sure in the, 408, 409 

True error, 227 
horizon, 9 

Twin calculating machines, 467, 469 
advantages of, 469 

Two stars, time by equal altitudes of, SO 


Uganda, 145, 384 

arc of 30th meridian in, 135, 148, 150, 
384 

Semiliki base in, 164 
Undetermined multipliers or correlatives, 
241 

Union of Geodesy and Geophysics, 
International, 119, 285 
United States, 121, 204, 206, 207, 208, 
209, 278, 285, 287, 332, 437 
Coast and Geodetic Survey, 121, 
130, 143, 144, 192, 199, 200, 205, 
208, 210, 211, 214, 216, 217, 223, 
265, 271, 286, 295, 338, 361, 362, 
364, 371, 384, 447, 453, 470, 471 
systems of co-ordinates used in the, 
278, 332 

of wireless time signals, 113 
Upper transit, 13 


Vabiations in equation of time, 24 
in force of gravity, 119, 158, 37 5, 376, 
377 

of latitude, 110, 119 
of mean sea level, 119, 358 
Vega, 15, 16 
Velocity of sound, 424 
Vernal equinox, 17 
Verner Cavalry sketch board, 424 
Vertical angles, observation of, 383 
circle, the, 383 


Vertical circles, 9 

control for topographical surveys, 
393, 394, 396, 404 
deviations of, 39, 40, 119, 284, 285 
direction of, 39, 40, 119, 279, 284 
hachuring, 458, 459 
local deviations of the, 39, 119, 284, 
285 

prime, 9 

von Orel , E., 436 


Washington wireless time signals, 113 
Watch error and rate, 65 
stop, 65 

Watches, comparison of, 67 
Watts, Messrs. E. R. and Son Ltd., 165, 
168, 368, 407 

precise levels, 368, 369, 373 
self-adjusting level, 368, 369 
-Zeiss theodolite, 218 
Wavelength of light as standard of 
length, 139 
Weight, 227 

Weighted arithmetic mean, 229 
probable error of, 247 
Weighting, application of probable error 
to, 249 

of lines of precise spirit levels, 379 
of trigonometrical levels, 390 
of precise traverses, 265, 271, 273 
West Africa, tapes used in for base 
measurement, 150 
use of aneroid in, 410 
Wheel, measurement of distance by, 422 
Width of luminous signals, 133 
of opaque signals, 131 
Wild, H., 172 

Wild “ astronomical ” theodolite, 46, 180 
Messrs. H. & Co. Ltd., 173 
precise theodolite, 164, 173, 175, 177 
adjustments of, 180 
Universal theodolite, 175, 178, 206, 218 
Williams, W. W., 373 
Winterbotham’s Survey Computa- 
tions,” 30, 283, 204, 301, 310, 389 
Winter solstice, 17 
Wireless time signals, 110 
33ordeaux, 111 
corrections to, 112 
equipment for observing, 112 
International (Onogo) system of, 
113 

list of, 110, 111, 113 
N auen, 111 

Paris (Eiffel Toweri, 111 
precise reception of, 112 
reception of, ill 
Rugby, 111 

standard rhythmic, 110, 111, 112, 
113 
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Wireless time signals, United States 
system of, 113 

Wires and tapes, care of invar, 147 
dimensions of invar, 148 
for base measurement, relative 
■.■■'merits of, 145 . 
in catenary, measurements by, 
145, 147, 153, 201, 208, 209, 
217, 218 

Wisconsin method of determination of 
value of one division of level, 69, 165 
Woodbury, IF. 25., 437 
Woodward iced-bar base measuring 
apparatus, 144 
Woodward, J S. S., 144 
Wright and Hayford’s “ Adjustment of 
Observations,” 251 


Yard to metre, ratio of, 138, 478 
Yates , P. t 223, 273, 274, 346, 347 


Year, tropical, 25 
Young , A. E. 9 158 


Zeiss & Co. Ltd., 172, 365, 435 
optical plummet, 149 
photo-theodolite, 433, 434 
precise level, 364 

adjustments of, 365 
Universal theodolite, 173, 175, 206 
Zenith, 9 
distance, 11 

correction to for curvature of path 
of star, 61 
telescope, 44. 49, 98 
adjustments of, 49 

Zenithal equal-area projection, 450, 452 
equidistant projection, 450, 452 
projection, Airy’s, 450 
projections, 444, 449, 452 
Zeroes, intervals between in angular 
observations, 191 



